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PREFACE. 



The following summary view of the first principles of al- 
gebra is inleiicled lo be accommodated to llie melliod of in- 
BtructioQ generally adopied in the AmeriG&n colleges. 

The boolis wiilcli have been publislied iii Great Britain on 
inatltematical subjects, are principally of two classes. — One 
conaistfl of extended treatises, which enter into a thorough in- 
vealigation of the particular departments which are the ob- 
jects of their inquiry. Many of thej^e are excellent in their 
kind ; but they are too voluminous for the use of the body 
of students in a college. 

The oilier class are expressly intended for beginners ; but 
many of them are written in so concise a matuier, tliat im- 
portant proofs and illustrations are excluded. They are 
mere text-books, containing only the outlines of subjects 
which are to be explained and enlarged upon, by the pro- 
fessor in his lecture room, or by the private tutor in Ms 
chamber. 

In the colleges in this country, there is generally put into 
the hands of a class, a book froni wliich i hey are expected of 
themselves to acquire the principles of the science to which 
they are attending : receiving, however, from their instructor, 
any additional assistance which may be found necessary. An 
elementary work for such a purpose, ought evidently to con- 
tain the explanations which are requisite, to bring the sub- 
jects treated of within the comprehension of the body of 
tlie class. 

If the design of studying the mathematics were merely to 
obt^n such a knowledge of the pritclwal parts, as is re<|uired 
for transacting business ; it might be sullicieiit to commit to 
memory some of the principal rules, and to make the opera- 
tions familiar, by attending to the examples. In this me- 
chanical way, the accountant, the navigator, and the land 
surveyor, may be qualified for their respective employments, 
with very little linowledge of the principles that lie at the 
foundation of the calculations which tliey are to make. 

But a higher object is proposed, in the case of those who 
are acquiring a liberal education. The main design slmuld 
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t7 PREFACE. 

be to call into exercise, to discipline, and to invigorate the 
poweii- of llie mind. It ia the logic of the mathematics which 
constitutes tlieir principal value, as a part of a course of col- 
legiate instruction. Tlie time and attention devoted to them, 
is for tlie purpose of forming sound reasoners, rather tlian ex- 
pect mathematicians. To accomphsh this object it is neces- 
sary that the principles be clearly explained and demonstra- 
ted, and that the several parts be arranged in such a manner, 
as to show the dependence of one upon another. The whole 
should be so conducted, as to keep the reasoning powers in 
continual exercise, without greatly fatiguing them. No 
other subject affords a better opportunity for exemplifying the 
rules of correct thinking. A more iinished specimen of clear 
and exact logic has, perhaps, never been produced, than the 
Elements of Geometry by Euclid. 

It may be thought, by some, to be unwise to form our gen- 
eral habils of arguing, on the model of a science in which 
the inquiries are accompanied with absolute cerlamty ; while 
the common business of life must be conducted upon probable 
evidence, and not upon principles which admit of complete 
demonstration. There would be weight in this objection, if 
the attention were confined to the pure mathematics. But 
when these are connected with the physical sciences, astro- 
nomy, chemistry, and natural philosophy, the mind has op- 
portunity to exercise its judgment upon all the various de- 
grees of probability which occur in the concerns of life. 

So far as it is desirable to form a taste for mathematical 
studies, it is important that the books by which the student is 
first introduced to an acquaintance with these subjects, should 
not be rendered obscure and forbidding by their conciseness. 
Here is no opportunity to awaken mterest, by rhetorical ele- 
gance, by exciting the passions, or by presenting images to 
the imagination. The beauty of the mathematics depends 
on the distinctness of the objects of inquiry, the symmetry of 
their relations, the luminous nature of the arguments, and the 
certainty of the conclusions. But bow is this beauty to be 
perceived, in a work which is so much abridged, tiiat the 
chain of reasoning is often interrupted, important demonstra- 
tions omitted, and the transitions from one subject to another 
dO abrupt, as to keep their connections and dependencies out 
of view 1 .... 

It may not be necessary to state every proposition and its 
proof, wilh all the formality which is so strictly adhered to 
by Euclid ; as it is not essential to a logical argument, Ihal 
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PREFACE. V 

I in regular and entire sj'llogisms. A step of 
a dejnoiistraiion may be safeiy omitied, when it is so simple 
and obvious, that no one possessing a moderate acquaintance 
wilh the subject, could fail to supply it for liiinself. But this 
liberty of omission ouglit not to be extended to cases in 
which il will occasion obscurity and embarrassment. If il 
be desirable to give oppoitiuiily for Uie mind to display and 
enlarge its powere, by surmounting obstacles; full scope 
may be . found for this kind of exercise, especially in the 
higlier brandies of the Mathematics, from difficulties wliich 
will unavoidably occui', witliout creating new ones for Uie 
sake of perplexing. 

Algebra re(]uires to be treated in a more plain and diffuse 
manner, than some other parts of the mathematics; because 
it is to be attended to, early in the course, while the mind of 
the learner has not been habituated to a mode of thinking so 
abstract, as that which will now become necessary. He has 
also a Mew language to learn, at the same time he is settling 
the principles upon which his futiu-e inquiries are to be con- 
ducted. These prhiciples ought to be established, in the 
most clear and satisfactory manner which the naiuie of the 
case will admit of. Algebra and geometiy m-iy be consider- 
ed as lying at the foundation of the succeeding branches of 
the mathematics, both pure and niLxed Euclid and others 
have given to the geometrical pai t a degree of cleainess and 
precision which would be very desuable, but is hardly to be 
expected, in algebiTL 

For the reasons which have been mentioned, the manner 
in which the following pages are written, is not the most 
concise. Bui the work is necessarily limited in extent of 
subject. It is far from being a complete treatise of algebra. 
It IS merely an introduction. It is intended to contain aa 
much matter, as the student at college can attend to, with 
advantage, during the short time allotted to this particular 
study. There is generally but a small portion of a class, 
who have either leisure or inclination, to pursue mathemati- 
cal inquiries much farther than is necessary to maintain an 
honorable standing in the institution of which they are 
members. Those few who have an unusual taste for this 
science, and aim to become adepts in it, ought to be refer- 
red to separate and complete treatises, on the different 
branches. No one who wishes to be thorougldy versed in 
mathematics, should look to compendiums and elementary 
books for any tiling more tha n^ the fii-st principles. As soon 
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ns these are nc(]uired, he elioiiid be guided in his inquiries by 
tlie genius and spirit of original autliors. 

Ill tlte seieciion of mateiialsj those articles have been 
taken wliich have a piactical application, and which are pre- 
paialory to succeeding parts of the mathematics, pliilosopliy, 
and astronomy. The <ibiect has not been to introduce ori- 
ginal mailer. In the mathematics, which have been cultiva- 
ted with success from the days of Pythagoras, and in which 
the principles already established are sufficient to occupy the 
most active mind for years, the parts to which the student 
(lughl first to attend, are not those recently discovered. Free 
use has been made of the works of Newion, Maclaurin, 
Saunderson, Simpson, Euler, Emerson, Lacroix, and others, 
but in a way that rendered it inconvenient to refer to them, 
in particular instances. The proper field for the display of 
mathematical genius, is in the region of invention. Bui 
what is requisite for an elementary work, is to collect, ar- 
range and illustrate, materials already provided. However 
hnnible this employment, he ought patiently to submit to it, 
whose object is to instruct, not those who have made consid- 
erable progress in the mathematics, but those who are just 
commencing the study. Original discoveries are not for the 
benefit of begimiers, though Ihey may be of great importance 
to the advancement of science. 

The arrangement of the parts is snch, that the explanation 
of one is not made to depend on another which is to follow. 
The addition, multiplication, and division of powers, for in- 
stance, is placed after involution. In (he statement of gen- 
eral rules, rf they are reduced to a small number, their ap- 
plications to particular cases may not, always, be readily un- 
derstood. On the otlier hand, if they are very numerous, 
they become tedious and burdensome to the memory. The 
rules given in this introduction, are most of them compre- 
hensive ; but they are explained and applied, in subordinate 
arricles. 

A particular demonstration is sometimes substituted for a 
genera/ one, when the application of the principle to other 
cases is obvious. The examples are not often taken from 
philosophical subjects, as the learner is supposed to be fa- 
miliar with none of the sciences except arithmetic. In treat- 
ing of negalive quantities, frequent references are made to 
mercantile concerns, to debt, and credit, &c. These are 
merely for the purpose of illustration. The whole doctrme 
of negatives is made to depend on the single principle, that 
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lliej are qiiajUiLica lo be subtracted. But llie student) at 
lliis early penod, is not accustomed to a'uslriiction. He re- 
quires particular exampies, to catch his attention, and aid his 
conceptions. 

Tl»e section on proporlttm, will, perhaps, be thought use- 
less lo thfwe who read the fifth Book of Euclid. That is suf- 
licienl for the purposes of pure geometrual t! ei no ns [ration. But 
il is important that the propositions eliouid also be presented 
under tlie algebraic forms, lu addition to this, great assis- 
tance may be derived from the algebraic notalioit, in demon- 
si rating, and reducing lo system, the law» of proportion. The 
eubject instead of being broken up into a nmltitude of dis- 
inict propoijitions, may be comprehended in a few general 
principles. 
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INTRODUCTORY OBSERVATIONS 



MATHEMATICS IN GENERAL. 



Art. 1. Mathematics w the science of ^uANTiTr. 

Any tiling which can be muUipUedt divided, or measured, is 
called quanlily. Tims, a line ia a ((uantity, because it call 
i)e doubled, trebled, or halved ; and can be measured, by 
applying to it another line, as a foot, a yard, or an ell. 
Weight is a quantity, which can be measured, in pounds, 
ounces, and grains. Hme is a species of quantity, whose 
measure can be expressed, in houi's, minutes, and seconds. 
But colw is not a quantity. It cannot be said, with propri- 
ety, that one color is twice as great, or half as great, as 
another. The operations of the mind, such as thought, 
choice, desire, hatred, &c. are not quantities. They ai'e in- 
capable of mensuration.* 

3. Those parts of the Mathematics, on which all the 
others are founded, are Arilhnelic, Algebra, and Geometiy. 

3. Arithmetic is the science of numbers. Its aid is 
required to complete and apply the calculations, in almost 
every other department of the mathematics. 

4. Algebra is a method of computing by letters and other 
symbols. Fluxions, or the Difl'erential and Integi'al Cal 
cuius, may be considejed as belonging to the higher oranches 
of a[gebra.t 

5. Geometry is thai«()art of the mathematics, which li'eau 
of magnitude. By magnitude, in the appropriate sense ol 
the term, is meant that species of quantity, which is extend- 
ed; that is, which has one oi' more of the three dimensions, 
leaglk, breadth, and thickness. Thus a line is a magnitude, 
because it is extended, in length. A svtrface is a magnitude, 
Iiaving length and breadlh. A solid is a magnitude, having 

• See NoLe A. f See Note B. 
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2 MATHEMATICS. 

leiigtli, bretidtli, and ihickness. But motion, though a quan- 
tity, is not, strictly speaking, a magnitude. It lias neither 
lengtli, breadth, nor thickness.* 

6. Trigonometry aiid Conic Sections are branches of 
(he mathematics, in which the principles of geometry ore 
applied to triangles, and the sections of a cone. 

7. Mathematics are either pure or mixed. In pure matlie- 
maticB, qtiantities m-e considered, independently of any sub- 
stances aclually existing'. But, in mixed mathematics, the 
relarions of quantities are investigated, in coimection with 
some of the properties of matter, or with reference to liie 
common transactions of business. Thus, in Surveying, 
mathematical principles are applied to the measuring of 
land ; in Optics, to the properties of light ; and in Astrono- 
my, to the motions of the heavenly bodies. 

8. The science of the pure mathematics has long been 
distinguished, for the clearness and distinctness of its princi- 
ples ; and the irresistible conviction, which they carry to the 
mind of every one who is once made acquainted with them. 
This is to be ascribed, partly to the nature of the subjects, 
and partly to the exactness of the definitions, the axioms, 
and the demonstrations. 

9. The foundation of all mathematical knowledge must 
be laid in definitions. A definition is an explanation of what 
is meant, by any woi-d or phrase. Thus, an equilateral tri- 
angle is defined, by saying, that it is a figure bounded by 
three equal sides. 

It is essential to a complete definition, that it perfectly dis- 
tinguish the thing defined, from every thing else. On many 
Bubjecta it is difficult to give such precision to language, tJiat 
it shall convey, to every hearer or reader, exactly the same 
ideas. But, in the mathematics, the principal terms may be 
so defined, as not to leave room for the feast difference of 
apprehension, respecting their meaning. All must be agreed, 
as to the nature of a circle, a square, and a triangle, when 
they have once learned the definitions of these figures. 

Under the head of definitions, nn?y be included explana- 
tions of the characters which ai'e used to denote the I'elations 
(»l quantities. Thus the character V is explamed or defined, 
(»y saying that it signifies the same as the words sqiiai'e root. 

10. The next step, after becoming acquainted with tlie 
meaning of mathematical terms, is to bring them together, in 

• Some writers, tiowever, use mngnitiiclc fts synoiivmous with quanlilv 
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MATHEMATICS. 3 

the form of propositions. Some of the relations of quantities 
reijiiire no process of reasoning, to rendei- tliem evident. To 
be undei-stood, they need only to be proposed. That a 
square is a different figure from a circle; tlmt the whole of a 
thing is greater than one of its parts ; and that two straight 
Imes canjiot enclose a space, are- propositions so manifestly 
true, that no reasoning upon llieni could make them more 
certain. Tliey are, therefore, called self-evident truths, or 
axwms- 

11. There are, however, comparatively few mathematical 
truths which are self-evident. Most require to be proved by 
a chain of reasoning. Propositions of this nature are denom- 
inated Iheorem; and the process, by which lliey are shown 
to be true, ia called demanslralwn. This is a male of argu- 
ing, in which, every inference is immediately derived, either 
from definitions, or from principles which have been previ- 
ously demonsirated. In this way, complete certainry is made 
to accompany every step, in a long course of reasoning. 

12. Demonstration is either direct or indirect Tiie for- 
mer is the comnton, obvious mode of conducling a demon- 
strative argument. But in some instances, it is necessary to 
resort to indirect demonstration; which is a method of es- 
tablishing a piopositiod, by proving that to suppose it not 
true, would lead to an absurdity. This is frequeiUly called 
rerfiwtio ad absurdum. Thus, in certain cases in geometry, 
two lines may be proved to be equal, by showing that to sup- 
pose them unequal, would involve an absurdity. 

13. Besides the principal theorems in the mathematics, 
there are also Lemmas and Corollaries. A Lemma is a pro- 
position which is demonstrated, for the purpose of using it, in 
the demonstration of some other proposition. This prepara- 
tory step is taken to prevent the proof of the principal theo- 
rem from becoming complicated and tedious. 

14. A Corollary is an inference from a preceding proposi- 
tion. A Scholium is a remark of any kind, suggested by 
something which has gone before, though not, like a corolla- 
ry, immediately dei)ending on it. 

15. The immediate object of inquiry, in the mathemalica, 
IS, frequently, not the demonstmtion of a general Iruiti, but 
a metnod of performing some operation, snch as reducing a 
vulgar fraction to a decimal, extracting the cube root, or 
inscribing a circle in a square. This is called solving a prob- 
lem. A theorem is something to be proved. A problem ia 
something to be done. 
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4 MATHEMATICS. 

16 When tliat wliich is required to be done, is so easy, a? 
to be obvious to every one, wifbout an explanation, it is call- 
etl upostulale. Of lliis nature is ilie drawing of a straight 
line, from one point to another. 

17. A quaiitily is said to he g^uen, when it is eitlier sup- 
IKised to be aljeody kriown, or is made a condition, in tlie 
slalemeiil of any theorem or problem. In the rule of pro- 
portion in arithmeiic, for instance, three terms must be given 
to enable us to fine! a fourth. These ihree terms are the 
data, upon wliich (he calculation is founded. If we are re- 
quired to find the number of acres, in a circular island len 
miles in circumference, the circular figure, and the length of 
the circumference arc the data. They are said to be given 
by supposition, that is, by the conditions of the problem. A 
quantity is also said to be given, when it may be directly and 
easily inferred from something else whicli is given. Thus, if 
two numbers are given, their sum is given; because it is ob- 
tained, by merely adding the numbera together. 

In Geometry, a quanlity may be given, either in posi'lon, 
or magnitude, or both. A line is given in position, when its 
Htuatmi and direction are known. It is given in magnitude, 
when its length is known. A circle is given in position, when 
the piace of its centre is known. It is given in magnitude, 
when the length of its diameter is known, 

18. One proposition is contrary, or contradictory to another, 
when, what is afiinned, in the one, is denied, in the other. 
A proposition and its coiitrary, can never both be true. It 
cannot be true, that two given lines are equal, and that they 
are not equal, at the same time. 

19. One proposition is the converse of another, when the 
order is inverted ; so that, what is given or supposed in the 
first, becomes the conclusion in the last ; and what is given 
tn the last, is the conclusion, in the first. Thus, it can be 
proved, first, that if the Hdes of a triangle are equal, the an- 
gles are equal ; and secondly, that if the cmgles are equal, 
the sides are equal. Here, in the first proposition, the equal- 
ity of the ddes m given ; and the equality of the angles m- 
ferred: in the second, the equality of the angles is given, and 
the equality of the sides inferi'ed. In many instances, a pro- 
oosition and its converse are both true; as in the preceding 
example. But this is not always the case. A circle is a 
figure bounded by a curve ; but a figure bounded by a curve 
,8 not of course a circle. 
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20. The practical applications of the matlieinatics, in tha 
common concerns of business, in the useful arts, and in the 
variotis branches of physical science are almost innumerable. 
Mathematical principles aj'e necessary in Mercantile ironsoc- 
Iwns, for keeping, arranging, and settling accounts, adjusting 
the prices of commodities, and calculating the profits of trade : 
in J^avigation, for directing the course of a ship on the ocean, 
adapting the position of her sails to the direction of the wind, 
finding her latitude and longitude, and determining the bear- 
ings and distances of objects on shore ; in Sunei:ing, for 
measuring, dividing, and laying out grounds, taking the eleva- 
tion of hills, and fixing the boundaries of fields, estates, and 
public territories : in CivU Engineering, for constructing 
bridges, aqueducts, locks, &c, : in Mechanics, for understand- 
ing the laws of motion, the composition of forces, the equili- 
brium of the mechanical powers, and the structure of ma- 
chines : in Architecture, for calculating the comparative 
strength of timbers, the pressure which each will be rei^uired 
to sustain, the forms of arches, the proportions of columns, &c. : 
in Fordjkaiion, for adjusting the position, lines, and an- 
gles, of the several parts of the works : in Gvnnery, for regu- 
lating the elevation of the cannon, the force of the powder, 
and the velocity and range of the shot ; in Oplies, for tracing 
the direction of the rays of light, understanding the forma- 
tion of images, the laws of vision, the separation of colors, the 
nature of the rainbow, and the construction of microscopes 
and telescopes : in •Astremomy, for computing the distances, 
magnitudes, and revolutions of the heavenly bodies ; and the 
influence of the law of gravitation, in raismg the tides, dis- 
turbing the motions of the moon, causing the return of the 
comets, and retaining the planets in their orbits : in Geogra- 
phy, for determining the figure and dimensions of tlie earth, 
the extent of oceans, islands, continents, and countries ; the 
latitude and longitude of places, the courses of rivers, tl\e 
height of mountains, and the boundailes of kingdoms : in His- 
lory, for fixing the chronology of remarkable events, and 
estimating the strength of armies, the wealth of nations, the 
value of their revenues, and the amount of their population : 
and, in the concerns of Government, for apportioning taxes, 
arranging schemes of finance, and regulating national ex- 
penses. The mathematics have also iniportant applications 
to Chemistry, Mineralogy, Music, Painting, Sculpture, and 
indeed to a great proportion of the whole circle of arts and 
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21. It is true, that, in many of the branches which have 
been mentioned, the ordinary business is frec|uent!y trans- 
acied, and the mechanical operations performed, by persons 
who liave not been regularly instructed in a course of mathe- 
matics. Machines are framed, lands are surveyed, and ships 
are steered, by men who have never thoroughly investigated 
the principles, which Ue at the foundation of their respective 
arte. The reason of this is, that the methods of proceeding, 
in tlieir several occupations, have been pointed out to them, 
by the genius and labor of others. The mechanic often 
works by rules, which men of science have provided for his 
use, and of which he knows notliing more, than the practical 
application. The mariner calculates his longitude by tables, 
for which he Is indebted to mathematicians and astronomers 
of no ordinary attainments. In this manner, even the ab- 
rtruse paita of the mathematics are made to contribute theii 
wd to the common arts of life. 

22. But an additional and more important advantage, to 
persons of liberal education, is to be found, in the enlarge- 
ment and improvement of the reasoning powers. The mind, 
like the body, acquires strength by exertion. The art of 
reasoning, like other arts, is learned by practice. It is per- 
fected, only by long continued exercise. Mathematical stu- 
dies are peculiarly fitted for this discipline of the nund. 
They are cdculated to form it to habits of fixed attention ; 
of sagacity/m detecting sophistry ; of caution, in the admis- 
Hion*Of proof i of dexterity, in the arrangement of arguments ; 
and of skill, in making all the parts of a long continued pro- 
cess tend to a restdt, in which the truth is clearly and firmly 
established. When a habit of close and accui'ate thinking 
is thus acquired, it may be applied to any subject, on which 
a man of letters or of business may be called to employ hia 
talents. " The youth," says Plato, " who are furnished with 
mathematical laiowledge, are prompt and quick, at all other 
sciences." t.. . r 

It is not pretended, that an attention to other objects of 
inquiry is I'endered unnecessary, by the study of the mathe- 
matics. It is not (heir office, to lay before us historical facts ; 
to teach the principles of morals; to store the fancy with 
brilliant images; or to enable us to speak and wnte with 
rhetoiical vigor and elegance. The beneficial effects which 
they produce on the mind, are to he seen, principally, m the 
regulation and increased energy of the reasoning pouera 
These they are calculated to call into frequent and vigwous 
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exercise. At the same time, matliematical studies may be 
so conducted, as i»ot often to reqnive excessive exertion and 
fatigue. Beginning with the more simple subjects, and as- 
ceiidini; gradually to those which are more complicated, the 
mind a iiiuires strength as it advances ; and by a succession 
of steps, 'ising regularly one above another, is enabled to 
surmount "he obstacles which lie In its way. In a coui-se of 
mathematitH. the parts succeed each other in such a con- 
nected seiies, ihat the preceding propositions are preparatory 
to those which follow. The student who has made himself 
master of the former, is qualified for a successful investiga- 
tion of the latter. But he who has passed over any of the 
ground superficially, will find that the obstructions to his 
future progress are yet to be removed. In mathematics as in 
war, it should L>e made a principle, not to advance, while any 
thing is left unconciuered behind. It is imporiant that the 
student should be deeply impressed with a conviclion of the 
necessiry of this. Neither is it sufficient that he understands 
lire nature of one pi'oposition or method of operation, before 
proceediiig to another. He ought also to make himself /a- 
miliar with every siep, by careful attention to the examples. 
He must not expect to become thoroughly vereed in the sci- 
ejice, by merely r;ading the main principles, rules, and obser- 
vaiions. It is practice only, which can put these completely 
m his possession. Tile method of studying here recom- 
mended, is not only that which promises success, but that 
which will be found, in the enu, to be the most expeditious, 
and by far most pleasant. While a superficial attention oc- 
casions perplexity and consequent aversion; a thorough 
investigation is rewarded with a high degree of giatification. 
The |>eculiar entertainment which maihematical studies are 
calculated to furnish to the mind, is reserved for those who 
make themselves mastere of the subjects to which their 
attention is called. 

Note. — The principal tlefinitiona, theorems, rules, kc which it is necesaary 
to coia-iiil In memory, are distinguisiied by being put in Italics or Capitals^ 
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NOTATION, NEGATIVE aUANTlTIES, AXIOMS, &e. 
Art. 33. ALGEBRA may be defined, a general method 

OF INVESTIGATING THE RELATIONS OP QUANTITIES, BY LET- 
TERS, AND OTHER SYMBOLS. This, it iiiusl be acknowledged, 
is an imperfect account of the subject ; as every account 
must necessarily be, which is comprised in the compass of a 
definition. Its real nature is to be learned, rather by an 
attentive examination of its parts, than from any summary 
description. 

The solutions in Algebia, are of a more general nalHre 
than those in common Arithmetic. The latter relate to par- 
ticular numbers ; the former to whole classes of quantities. 
On this account, Algebra has been termed a kind of universal 
JlrUhmelic. The generality of its solutions is principally 
owing to the use of letters, instead of numeral figures, to 
express the several quantities which are subjected to calcula- 
tion. In Arithmetic, when a problem is solved, the answer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an Algebraic solution 
may be equally applicable. to all other quantities which have 
the same relations. This important advantage is owing to 
the difference between the customary use of figures, and the 
manner in which letters are employed in Algebra. One of 
the nine digits, invariably expresses the same number: but.a 
letter may be put for any number whatever. ' The figure -6 
alwaj's signifies eight ; the figure 5, five, &.c. And, though 
OTie of Che di^ts, in connection with others, may have a foca. 
value, different from its simple value when alone; yet ihe 
same combinalion always expresses the same number. Thus 
263 has one uniform signification. And this is the case with 
every other combination of figures. But in Algebia, a letter 
may aland for any quantity which we wish it to represent. 
Thus b may be put for 2, or 10, or &0, or 1000. It must no' 
be understood from this, howevei, that the letter has no de 
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tenninale value. Its value is fixed for the occasion. Foi 
ihe present purpose, it remains unaltered. But on a differeni 
occasion, llie same letter may be put for any other number. 
A calciilaiion may be greatly abridged by ihe use of let- 
ters ; especially when very large numbers are concerned. 
.4.nd when several such numbers are to be combined, as in 
mulli plication, the procesiri becomes extremely tedious. But 
a aiiigle letter may be put for a large number, as well aa 
for a small one. The numbers 26347397, 68347323, and 
37462498, for instance, may be expressed by the letters, b, c, 
and d. The multiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after 
another, in the form of a word, and the product wiO be sim- 
ply bed. Thus in Algebra, much of the labor of calcula- 
tion may be saved, by the rapidity of the operations. Solu- 
tions are sometimes effected, in the compass of a few lines, 
wliich, in common Aiithmetic, must be extended through 
many pages. 

24. Another advantage obtained from the notation by let- 
tere instead of figures, ia, that the several quantities which 
are brought into calculation, may be preserved distinct from 
each other; though carried through a number of complicated 
processes; whereas, in arithmetic, they are so blended to- 
gether, that no trace is left of what they were, before the 
operation began. 

25. Algebra differs farther from arithmetic, in making use 
of unknoum quantities, in carrying on its operations. In 
arithmetic, all the quantities which enter inio a '•.alculation 
must be known. For they are expressed in numbers. And 
every number must necessarily be a determinate quantity. 
But in Algebra, a letter rray be put for a quantity, before 
its value has been ascertained. And yet it may have such 
relations to otlier quantities, with wliicli it is connected, as 
to answer an important purpose in the calculation. 

NOTATION. 

26. To facilitate the hivestigatioiis in algebra, the eevei:vt 
steps of the reasoning, instead of being expressed in words, 
ore translated into the language of signs and symbols, which 
may be considered as a species of shorl-haTtd. This serves 
lo place the quantities and their relations distinctly before 
the eye, and to bring ihem all into view at once. They are 
thus more readily compared and understood, than when ra- 
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moved al a distance fiom each other, as in the common 
mode of writing. But before any one can avail liimself of 
ihia nilvaniage, lie must become petfectly familiar with llie 
new lang'iiage. 

27. The quantities in algebra, as has been already ob- 
served, are generaliy expressed by leliers. The first letters of 
the Alphabet are u^ed to represent knmun qiiaiuities; and 
tlie last letters, those which are imAnoidn. Someliines the 
quantities, instead of being expressed by letters, are set down 
ill figures, as in common arilhnietic. 

28. Besides the letters and figures, there are certain char- 
acters used, lo indicate ihc reltUions of the quantities, or the 
operations which are performed with (hem. Among these 
are the signs ~\- and — , which are read plus and viimts, or 
more and less. The former is prefixed to quantities which 
are to be added; the latter, lo those which are to be sub- 
fracled. Thus a-\-b signifies that b is to be added to a. It 
is read a plus b, or a added to b, or a and b. If the expres- 
sion be a—b, i. e. a minus b; il indicates that b is to be sub- 
tracted from a. 

29. The sign -f- is prefixed to quantities which are con- 
sidered as formative or positive; and the sign — , to those 
which are supposed to be negative. For the natuie of this 
distinction, see art, 54. 

All the quantities which enter into an algebraic process, 
are considered, for the purposes of calculation, as either posi- 
tive or negitive. Before the first one, unless it be negative, 
the sign is generally omitted. But it is always to be under- 
stood. Thus 0+6, is the same as -\-a-\-b. 

30. Sometimes both -f- "-^^ — ^'e prefixed to the same 
letter. The sign is then said to he ambiguous. Thus a+b 
signifies that in certain cases, eompiehended in a general so- 
lution, b is to be added to a, and in other cases subtracted 
from it 

31. When il is intended to express the difreren:-e. between 
two quantities without deciding which is the one to be sub- 
tracted, the character * or -v. is used. Thus a-^b, or nfb 
denotes the diiference between a and b, without determining 
wliether a is to be subtracted from b, or b from a. 

32. The equality between two quantities or sets of quanti- 
ties is expressed "by parallel Hnes =. Thus a-\-b=d sig- 
nifies that a and b together are equal lo d. And a-\-d-=^e 
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= b-\-g=h signifies ihat a and d efjii.il c, wliich is equal tc 
b and g, which are equal (o L So 8+4=l6-.l = 10+3 = 
7+3+3=12. 

33. When the first of the two quantities compared, ia 
greater tlian the other, the character^ is placed between 
them. Thus a^-b signifies that a is greater than b. 

If the first is less than the other, the character < is used ; 
as a<^b; i. e. a is less than b. In both cases, Ihe quantity 
towards which the character opens, is greater than the other. 

34. A numeral figure is often prefixed to a letter. This 
is called a co-efficient. It shows how often ihe quantity ex- 
pressed by the letter is to be taken. Thus 2b signifies twice 
b; and 9(», 9 times b, or 9 multiplied into b. 

The co-efficient may be either a whole number or a frac- 
tion. Thus %b is two-thirds of b. When the co-efflcient is 
not expressed, 1 is always to be understood. Thus a is the 
same as la; i. e. once a. 

35. The co-efficient may be a letter, as well as a figure. 
In the quantity mb, m may be considered ihe co-efficient of 
b; because 6 is to be taken as many times as there arc imits 
in m. If iJi stands for 6, then mb is 6 limes 6, In Zabc, 3 
may be considered as the co-efficient of abc; Sa the co-effi- 
cient of 6c; or Zab, the co-efficient of c. See art. 42. 

3(J. A simple quantity is either a single letter or number, 
or several letters connected together without the signs -f- 
and— . Thus a, ab, abd and 86 aie each of them simfje 
quantities. A compound quantity consists of a number of 
simple quantities connected by the sign + or -. Thus a+ 
b,d-y, 6 — d+3A, are each compound quantities. The mem- 
bers of which it is composed are called terms. 

37, If there are lied terms in a compound quantity, it is 
called a bmomial. Thus a-\-b and a-b are binomials. The 
latter is also called a residual quantity, because it expresses 
the difference of two quantities, or the remainder, after one is 
taken from the other. A compound quantily consisting oJ 
three terms, is sometimes called a trinomial; one of four terms, 
a quadrittomtal, &:c. 

33. When the several members of a compound quantitj 
are to be subjected to the same operation, they are frequent- 
ly connected by a Une called a vinculum. Thus a-b-\-r 
shows that the smwi of b and c is to be subtracted from a. Bui 
a - 6+c signifies that 6 only is to he slibtracted from a 
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while c is to be addeJ. The sum of c and d, siibimcted 
from the sum of a and b, is o+fi - c-\-d. The marks used 
for parentheses, ( ), are often substituted instead of a line, for 
a vinculum. Thus x- (a+c) is the same as x~a-\-c. The 
equality of two sets of (|ij&,ntities is expressed, without using 
a vinculum. Thus a-\-b—c-\-d signifies, not thai b is equal 
lo c ; but that the sum of a and b is equal to the sum of c 
and d. 

39. A single letter, or a number of letters, representing any 
quantities with their relations, is called an algebraic expres- 
sion; and sometimes a formula. Thus a-\-b-^Sd is an 
algebraic expression. 

40. The character X denotes multiplication. Thus axb 
is a multiplied into b: and 6x3 is 6 times 3, or 6 into 3. 
Sometimes a point is used to indicate mid ti plication. Thus 
a. b is the same as axb. But the sign of multiplication is 
more commonly omitted, between simple quantities ; and 
the letters are connected together, in the form of a word or 
syllable. "Hius at is the same as a. 6 orax^. And bcde 
is the same as bx^Xdx^- When a compound quantity is 

, to be multiplied, a •mnculum is used, as in the case of sub- 
traction. Thus the sum of a and b multiplied into the sum 
of c and rf, is ^ X H^, or («+6) X (c+d). And 
'6+2) X5is8 X 5or40. But 6 + 8x5 is 6+10 or 16. 
when the marks of parentheses are used, the sign of mulli- 
plication is frequently omitted. Thus {x-\-y) {x - y) is (i+i/) 

X (^-y.) 

41. When two or more quantities are multiplied together, 
each of them is called a factor. In the product ab, a is a 
factor, and so ia b. In the product a^xa+m, ^ is one of the 
factors, and B+m, the other. Hence every co-efftctent may be 
considered a factor. (Art, 35.) In the product 3y, 3 is a 
factor as well as y. 

42. A quantity is said to be resolved into factors, when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. Thus Sab may be resolved info 
tlie two factors 3a and b, because Saxb is Sab. And oamn 
may be resolved in'o the three factoids 5a, and m, and n. 
And 48 may be resolved into the two factors 2x24, or Sx'Sj 
or 4x12, or 6x8; or into the three factors 2x3x8, or 4x 
0X2, &c. 
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43. The chai'ncter -j- is used to show that the quantity 
which precedes it, is to be divided, by that which follows. 
Thus tt-^c is a divided bye: and a-^-b—c-^d is the sum 
of a and b, divided by the sum of c and d. But in alg;ebra, 
division is more commonly expressed, by writing the divisor 
under the dividend, in the form of a vulgar fraction. Thua 

, is the same as a~b: and , , , is the difference of c and b 
b d-\-h 

divided by the sum of d and k, A character prefixed to the 
dividing line of a fractional expression, is to be understood 
as referring to ail the parts taken collectively ; that is to the 

whole value of the quotient. Tims a — signifies that 

thequotient of fi-j-'^ divided by m-|-n is to be subtracted from a. 

And — ; — X denotes that the first quotient is to be 

a+m x-y ^ 

multiplied into the second. 

44. When four quantities are proportional, the proportion 
is expressed by points, in the same manner, as in the Rule of 
Three in arithmetic. Thus a:b::c:d signifies that a has to 
b, the same ratio which c has lo d. And ab-.cd:: a-\-m : 
b-\-n, means, that ab is to cd; as the sum of a and wi, to the 
sum of b and n. 

45. Algebraic quantities are said to be alike, when they 
are expressed by the same letters, and aie of the same power: 
and imlike, when the letters are different, or when the same 
letter is raised to different powers,* Thus ab. Sab, ~ab, 
and ~6ab, are like quantities, because the letters are the 
same in each, aitliough the signs and co-efficients are differ- 
ent. But 3a, %, and Sbx, are unlike quantities, because 
the letters are unlike, although there is no diflerenee in the 
signs and co-eflicients. 

46. One quantity is said to be a mulliph of another, when 
the former contains the latter a certain number of times with- 
out a remainder. Thus 10a is a muUipIe of 2a; and 24 is 
a multiple of 6. 

47. One quantity is said to be a measure of another, when 
the tbnner is contained in the latter, any number of times, 
without a remainder. Thus 3(» is a measure of I56v and 7 
is a measure of 35. 
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48. The value of an expression, is the number or quantity, 
for wliich r[ie expression stands. Thus the value of 3-4-4 is 
7; of 3x4 is 12; of '-^m^. 

49. The RECIPROCAL of a quantity, is Ike quotient urising 
from dividing a umit by that quantity. Thus the reciprocal 

of o is - ; the reciprocal of a~\-b is - ■ -j ; the reciprocal of i 

. I 



50. The relations of quantities, which in ordinaiy language, 
are signified by words, are represented in llie algebraic noia- 
tion, by signs. The lalter mode of expresshig ihese rela- 
tions, ougltt lo be made so familiar to llie mntheniatical 
student, that he can, at any time, suhsriiute the one for the 
othei-. A few examples are here added, in which, words 
are to be converted inio oigns, 

1. What is the algebraic expression for the following 
statement, in wlilch the letters a, b, C, &c. may he supposed 
to represent any given quantities 1 

The product of n, b, and C, divided by the difference of e 
and d, is equal to the sum of b and C added lo 15 times h. 

A,„. ^^1,+c+UL 

2. The product of the difference of a and h inIo the sum 
of b, c, and d, is equal to 37 times m, added to the quotient 
of b divided by tlie sum of A and b. Ans, 

3. The sum of a am) b, is lo (he quolieni of b divided by 
c; as the product of a into C, lo 12 rintes A. Ans. 

4. The sum of a, b, and C, divided by six limes llieir pro- 
duct, is equal to four times llieir sum diminislied bv '/- Ans. 

5. The quotient of 6 divided by the sum of a' and b, ia 
equal to 7 times d, diniiiiished by the quotient of b, divided 
by 36. Aug. 

51. It is necessary also, to he able to reverse whal is done 
in the preceding examples, thai is, lo translate ihe algebraic 
signs into coiniuon language, 

Whal will the follo^k'ing expressions become, when words 
are substiiuled for the signs 1 

1. ^=„i.-6,» " 
h a+c 

An«. The sum of a and b divided by A, is equal to the 
prodncl of «, b, and c diminished by 6 limes ni, ami increased 
by the qnoiient of a divided by llie sum of « and c. 
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3.a+7(A+-)~^=(a+A)(6-c). 




' 3+6- 

52. At the close of an algebraic process, it ia frequently 
iiecesaary to restore the numbers, for which letlers hud been 
substituted, at the beginning. In doing tliia, llie sign of nuil- 
tiplicatioii must not be omitted, as it geuei'ally is, between 
factors, expressed by letters. Thus, if a stands for 3, and b 
for 4; the pioduct ah is not 34, but 3x4. i- e. 12. 
In the following examples, 

Let «=3 And d=6. 

m=8. 




4a+3c 

53. An algebraic expression, in which numbers have been 
substituted for letters, may often be rendered much more 
Rimpie, by reducing several terms to one. This cannot 
generally be done, while the letters remain. If 0+^ '^ ^^^^ 
for the sum of two quantities, a cannot be united in the same 
term with b. Bui if a stands for 3, and 6 for 4, then a-\-b 
=3-|-4=7, The value of an expression, consisting of many 
terms may thus be found, by actually performing, with the 
numbers, the operations of addition, subtrdclion, multiplica- 
tion, &c indicated by the algebraic cliaracters. 

Find the value of the following expressions, in which tlie 
letters are supposed to stand for tJie same numbers, as in the 
preceding article. 

1. .f^+a+mii=^+3+8x)0=9+3+80=92. 
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' Sn+3 "^ "^ n ~ 

POSITIVE AND NEGATIVE QUANTITIES.* 

54. To one who has jusi entered on the study of algebra, 
ihere is generally nothing more perplexing, than tlir-, use of 
what are called negative quantiliea. He supposes he is about 
to be introduced to a class of quantities whicli are entirely 
new ; a sort of mathematical notlangs, of which lie can foiTn 
no distinct conception. As positive quantities are real, he 
concludes that those which are negative must be imaginary. 
But this is owing to a misapprehension of the term negative, 
as used in the mathematics. 

, 55. A NEGATIVE QUANTITY IS ONE IVHICH IS REQUIRED 

TO BE SUBTRACTED. When several quantities enter intc 
a calculation, it is frequently necessary that some of iheiK 
should be added together, while others are si^lracted. The 
former are called affirmative or positive, and are marked with 
the sign -f- ; the latter are tei'med negative, and distinguished 
by the sign -. If, for instance, the profits of trade are the 
subject of calculation, and the gain is considered positive ; 
the loss will be negative ; because the latter must be subtracted 
from the former, to determine the clear profit. If the sums 
of a book account are brought into an algebraic process, the 
debt and the credit are distinguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to return 
several miles, this backward motion is to be considered negO' 
live, because that, in determining his real progress, it must 
be subtracted from the distance which he has travelled in 
the opposite direction; If the asce'ni of a body from the earth 
be called positive, its descent will be negative. These are 
only different examples of the same general principle. In 

* On tho subject of negatiteouantities, see Newton's Universal ArilJimetie, 
Maseres on Ihe Negative Sign, Mansfield's MotJiematical Essays, and Mac- 
laurin'i, Simpson's, Eulcr's, Saundersan's, and Ludlam's Algebra. 
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each of tKe instances, one of the quantities k to be mbtracUtt 
from the other. 

56. The terms jwsitive and negative, as used in the mathe- 
maticB, are merely reltaiee. Tliey imply that there is, either 
in the natnre of the quantities, or in their circumstances, or 
in the purposes which they are to answer in caJculalion, 
some such opposUvm as requires that one should be svbtracted 
from the other. But this opposition is not that of existence and 
non-existence, nor of one tiling greater than nothing, and 
another less than nothing. For, in many cases, either or 
the signs may be, indifferently and at pleasure, applied to 
the very same quantity; that is, the two characters may- 
change places. In determining the progress of a ship, for 
instance, her easting may be marked -f- , and her westing - : 
or the westing may be +, and the easting-. All that is 
necessary is, that the two signs be prefixed to the quantities, 
in such a manner as to show, which are to be added, 
and which subtracted. In different processes, they ma:j 
be differently applied. On one occasion, a downward mo- 
tion may be called positive, and on another occasion negative. 

57. In every algebraic calculation, some one of the quan- 
tities must be fixed upon, to be considered positive. All 
other t|uantities which will increase this, must be positive also. 
Rwt those which will tend to dimmish it, must be negative. 
In a mercantile concern, if the stock is supposed to be positive, 
the props will be positive ; for they increase the stock ; they 
are tone added to it. But the losses vi'iW be negative ; for 
Ihey dvmimsh the stock; they are to be aublracted from it. 
When a boat, in attempting to ascend a river, is occasionally 
driven back by the current ; if the progress up the stream, to 
any particular point, is considered positive, every succeeding 
instance of fonpord motion will be positive, while the back~ 
ward motion will be negative, 

58. A negative quantity is fi-equently greater, than the 
positive one with which it is connected. But how, it may 
be asked, can the former be subtracted from the latter? The 
greater is certainly not conlamed in the less ; how then can 
it be taken out of it? The answer to this is, that tlie greater 
may be supposed firet to exhaust the less, and then to leave 
a remainder equal to the difference between the two. If a 
man has in his possession 1000 dollars, and has contracted a 
debt of 1500; the latter subtracted from the former, not 
only exhausts tlte whole of it, but leaves a IwJance of 60C 
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against him. In common language, he is 500 doll 
than nothing. 

59. In this way, it frequently happens, in the course of an 
alo-ebi-aic piocess, that a negative quantity is brought to stand 
alone. It has the sign of subtraction, without bemg con- 
nected with any other quantity, from which it is to be sub- 
tracted. This denotes tlial a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 de^ees north of the equator, 
is considered positive, and if she sails south 25 degrees ; her 
motion first dmmfa/ies her latitude, then reduces it to noth- 
mff, and finally gives her 5 degiees of soulh latitude. I he 
sign - prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the southward motion, 



to show mat tms IS wnai reuiajiis ui mc o™t«»>*." ■"" — -, 
after balancing the 20 degrees of north latitude. If the mo- 
tion southward is only 15 decrees, the remainder must be 
4-5, instead of - 5, to show tliat it is a part of the ship e 
nm-them latitude, which has been thus far diminished, but not 
reduced to nothing. The balance of a book account will be 
positive or negative, according as the debt or the credit is the 
gieater of the two. To determine lo which side the remain- 
der belongs, the sign must be retained, though there Is no 
other quantity, from which this is again to be subtracted, or to 
which it is to be added. 

60. Whiin a quantity continually decreasing is reduced lo 
tiothing, it is sometimes said to become afterwards less Ikan 
nothing- But this is an exceptionable manner of speaking.* 
No quantity can be really less than nothing. It may be di- 
minished, till it vanislies, and gives place lo an opposite quan- 
tity. The latitude of a ship crossing the equator, is first 
made less than nothing, and afterwards contrary to what it 
was i»efore. The north and soulh latitudes may therefore 
oe pioperly distinguished, by the signs + and - ; all the 
positive degrees being on one side of 0, and all the negative, 
in the other ; thus, 
J.6, +5, +4, -1-3, -1-2, +1, 0, - 1, - 2, - 3, - 4, - 5, &c. 

The numbers belonging to any other series of opposite 
luantities, may be arranged in a similar manner. So ihat 
) may be conceived to be a kind of dividing point between 

* The expression " leas thim nolhing," may not be wholly improper; if it ia 
intended In be understood, not literally, but merely as a convenient phrase 
ftdupted for the sake of avoiding a tedious circumlocution ; as we say " llie sun 
rises," instead ofsHving" the canh rolls round, and brings the sun mto ^lew. 
The use of it in this manner, is warranted by Nowton, Euler and others. 
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posir.ive and negative numbers. On a thermometer, the de- 
grees above may be considered positive, and those below 0, 
negative. 

61. A quantity is sometimes said to be subtracted from 0. 
By liiis is meant, that it belongs on tiie negative side of 0. 
But a quantity is said to be added to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
thermometer, 0-|-6 means 6 degrees above 0; and 0-6, 6 
degrees below 0. 

AXIOMS. 

63. The object of mathematical inquiry is, generally, to 
investigate some unknown quantity, and discover how great 
it is. This is effected, by comparing it with some other 
quantity or quantities already known. The dimensions of 
a slick of timber, are found, by applying to it a measuring 
rule of known length. The weight of a body is ascertained, 
by placing it in one scale of a balance, and observing how 
many pounds in the opposite scale, will equal it. Aiid any 
quantity is determinecl, when it is found to be equal to some 
known quantity or quantities. 

Let a and 6 be known quantities, and y, one which is un- 
known. Then y will become known, if it be discovered tc 
he equal to the sum of a and b : that is if 
y=a-\-b. _ 

An expression like this, representing the equality between 
one quantity or set of quantities, and another, is called an 
equation. It will be seen hereafter, that much of the business 
of algebra consists in finding e([ualio!ifi, in which some un- 
known quantity is shown to be equal to others which are 
known. But it is not often the fad, that the first compari- 
son of the quantities, furnishes the equation required. It 
will generally be necessary to make a number of additions, 
subtractions, multiplications, &c. before the unknown quanti- 
ty is discovered. But in all these changes, a constant equality 
must be preserved, between the two sets of quantities com- 
pared. Tliis will be done, if, in makir^ ihe alterations, we 
are guided by the following axioms. These are not inserted 
here, for the purpose of being proved ; for they are self- 
evident, (Art. 10.) But as they must be continually intro- 
duced or implied, in demonstrations and (he solutions of 
problems, thev are placed together, for the convenience ol 
reference 
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63. Axiom I. If tne same quantity or equal quaniiiies be 
added to equal quantities, their sums wOl be equal. 

2. If tlie siUTie qu;vnlily or equal quamities be subtracted 
from equal quantities, the reniaiwiers will be equal. 

3. If equpl quantities be multiplied into the same, or equal 
quantities, the products will be equaL 

4. If equal quantities be divided by the same or equal 
quantities, the qtiotients will be equal. 

5. If the same quantity be both added to and subtractea 
from anotlier, the vf^ue of the latter will not be altered. 

6. If a quantity be both mult^lied and divided by another, 
the value of the former will not be altered, 

7. If to unequal quantities, equals be added, the gieater 
wilt give the greater sum. 

8. If from unequal quantities, equals be subtracted, the 
greatei' will give the greater remainder. 

9. If unequal quantities be multiplied by equals, the 
giealer will give the greater product. 

10. If unequal quantities be divided by equals, the greater 
will give the greater quotient, 

11. Quantities which are respectively equal to an j' other 
quantity are equal to each other. 

1 2. The whole of a quantity is greater than a part. 

This is, by no means, a complete list of the self-evident 
propositions, which are furnished by the inatliematios. It is 
not necessary to enumerate them ail. Those have been 
selected, to which we shall have the most frequent occasion 
to refer. 

64. The investigations in algebra aie carried on, princi- 
pally, by means of a series of equaiitms and proportions. But 
instead of entering directly upon these, it will be necessary 
to attend in the first place, to a immber of processes, on 
which tlie management of equations and proportions de- 
pends. These preparatory operations are similar to the cal- 
culations under the common rules of arithmetic. We have 
addition, multiplication, division, involution, &c. in algebra, 
as well as in arithmetic. But this application of a common 
name, to operations in these two branches of the mathemat- 
ics, is often the occasion of perplexity and mistake. The 
learner naturally expects to find addition in algebra the same 
as addition in aritlimetic. They are in fact the same, in 
many respects : in all i-espectj perhaps, in which the steps of 
the one will admit of a direct comparison, with those of the 
Other But addition in algebra is more ealensive, than in 
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arithmetic. The same ohservatioii may be made concerning 
several other operations in algebra. They aje, in many 
points of view, the same as those which bear the same names 
m arithmetic. But they are frequently extended farther, and 
coinpieiiend processes which are unltnown to arithmetic 
This is commonly owing to tiie introduction of negative 
quantities. The management of these requires steps which 
are unnecessary, where qun.ntilies of one class only are con- 
cerned. It will be important, therefore, as we pass along, to 
maib the difference as well as the resemblance, between arilh* 
melic and algebra ; and, in some instances, to give a new 
definition, accommodated to the latter. 



Art. 65. In entering on an algebraic calculation, the first 
thing to be done, is evidently to collect the materials. Seve- 
ral distinct quantities are to be concerned in the process. 
Theae must be brought together. They must be connected 
in some form of expression, which -will present them at once 
to our view, and show llie relations which they have to each 
other. This collecting of quantities is what, in algebra, is 
called ADDITION. It may be defined, the connecting of 

SEVERAL QUANTITIES, WITH THEIR SIGNS, IN ONE ALGEBRAIC 
EXPRESSION. 

66. It ia common to include in the definition, "uniting m 
one term, such quantities, as will admit of being united." 
But this is not so much a part of the addition itself.as a 
reduction, which accompanies or follows it. The addition 
may, in all cases be performed, by merely connecling the 

aiuintities by their proper signs. Thus a added to b, is evi- 
ently a and b : that is, according to the algebraic notation, 
a+b. Andaadded to thesumoffeandc, isn-j-&+c. And 
a-\-b, added to c-\-d, is a+b+c+d. In the same manner, il 
the sum of any quantities whatever, be added to the sura ol 
3* 
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any othtrs, the expression for the whole, will contain all 
theas quantities connected by the sign -j-, 

67. Again, if the difference of a and b be added to c; the 
sum will be a-b added to c, that is a~b']-c. And if «-/» 
bemadded to c~d, the sum will be a-b-\-c--d. In one of 
the compound qimntities added here, a is to be diniiiiished 
by b, and in the other, c is to be diminished by d; the sum 
of a and c must therefore be diminished, both by b, and by 
d, that is, the expre^ion for the sum total, must contain - b 
and - d. On the same principle, all the quantities which, in 
the paits to be added, have the negative sign, must retain this 
sign in the amount. Thus a-\-2b-c, added to rf-A m, is 
a+^b-c+d-h-m. 

63. The sign must be retained also, when a positive quan- 
tity is to be added, to a singk negative quantitj'. Jf a be 
added to-&, the sum will be -i>4-**- Here it maybe object- 
ed, that the negative sign prefixed to b, shows that it is to be 
subtracttd. What propiiely then can there be in addmg iti 
In reply to this, it may be observed, that the sign prefixed 
to b while standing alone, signifies that 6 is to be subtracted, 
not from a, but from some other quantity, which is not Iiere 
expressed. Thus -6 may represent the loss, which is to be 
subtracted from the slock in trade. {Art. 55.) The object 
of the calculation, however, may not require that the value 
of tliis stock should be specified. But the loss is to be con- 
nected with a projit on some other article. Suppose the 
profit is 2000 dollars, and the loss 400. The inquiry then, is 
what is the value of 2000 dollai-s profit, when connected with 
400 dollars loss 1 

The answer is evidently 2000-400, which shows that 
3000 dollars are to be added to the stock, and 400 subtracted 
from it ; or which will amount to the same, that the difference 
between 2000 and 400 is to be added to the slock. 

69. QuANTlTIKS ARE ADDED, then, BY WRITING THEM OME 
AFTER ANOTHER, WITHOUT ALTERING TUF.IR SIGNS J observ- 
ing always, that a quantity, to which no sign is prefixed, is 
to be considered positive. (Art. 29.) 

The sum of a-fm, and 6-8, and 2h~Sm-\-d, and k-n 
ojid r-^-Sm—y, is 

,i+m+b - 8-f 2A - Sm+d+h - n-\-r+3m - y. 

70. It is immaterial in what order the terms are arranged. 
The sum of a and b and c is either a-{-b-\-c, or a-\-c-\-b, or 
c-\-b-\-a. For it evidently makes no diflerence, which of the 
quantities is added first. The sum of 6 and 3 and 9, is the 
sam* as 3 and 9 and 6, or 9 and 6 and 3. 
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And a-\-m-n, is the same as a-n+m. For it is plniiily 
of no consequence, whether we first add m lo a, and after- 
wards subtract n; or first subtract n and then add m. 

71. Though connecting quaiitities by theh' signs is ali 
which is essential to addition ; yet it is desirable to make the 
expression as simple as may be, by reducing several (ernis lo 
one. The amount of 3a, and 66, and 4a, and ob, is 

Sa-|-6(>4-4n-i-56. 
But this may be abridged. Tlie first and tliird terms maj 
be brought into one; and so may the second and foiiitU. 
For 3 times a, and 4 times a, make 7 times a. And 6 times 
h, and 5 times b, make 1 1 times b. The sum wlien reduced 
is therefore 7a-j-ll&. 

For making the reductions connected with addition, (wo 
rules are given, adapted to the two cases, in one of whicli, 
the quantities and signs are aUke, and in the other, ihe(|iian- 
tities are alike, but the signs are unlike. Like quantities 
are the same powers of the same letters. (Art. 45.) But 
as the addition of powers and radical quantities will be con- 
sidered in a future section, the examples given in this place, 
win be all of the first power. 

73. Case I. To reduce several terms to one, when 

THE QUANTITIES ARE ALIKE, AND THE SIGNS ALIKE, ADD THE 
CO-EFFICIENTS, ANNEX THE COMMON LETTEK OR LETTERS, 
AND PREFIX THE COMMON SIGN. 

Thus to reduce 36+76, that is -\-Sh-\-7b to one term, add 
the co-efficients 3 and 7; to the sum 10, annex the common 
letter b, and prefix the sign 4-- The expression will then 
be +106. That 3 times any quantity, and 7 tunes the same 
quantity, make 10 tunes that quantity, needs no proof. 

Examples. 

be 3xy 76+ xy n/+3o6/i cd3:y-\-Smg 

26c 7sy 86+3^/ 3n/+ abh 2cdxy-\- mg 

96c ry 26+2ii/ 6ry-\-iabh 5cdTij-\-7mg 

36c 2xy 66+53^ 2n/-f abh 7cdxy-{-8mg 



236+ Uxy 1 5cdxy+ 1 9mg 



The mode of proceeding will be the same, if the signs are 
negative. 
Thus -36c -6c -56c, becomes, when reduced, -96c. 
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Ani\-ax~5ax-2axt=-lja3:. Or tluis, 

-Sbc -ax -2ab- my -Sach-Sbdy 

- be -Sax - ab-Smy - uch- bdy 

-obc -Sax -lab-Smy ~5ach-1bdy 

-96c -10a&-12ra)/ 



73. It may perhaps be asked here, as in art. 08, who I pro- 
priety there is, in adding qiiantiliea, to which tlie negative 
sign is prefixed ; a sign whichdenotes sufetrocHon? _ Thean- 
swer to this is, that when the negative sign is appUed to sev- 
eral quantities, it is intended l.o indicate that th'se quantities 
are to be subtracted, not from each other, but from some other 
quantity marked with tlie contrary sign. Suppose that, in 
estimating a man's property, the ei'm of money in his pos- 
session is marlied +, and the debts which be owes are mark- 
ed -. if these debts are 200, 300, 500 and 700 dollars, and 
if n is put for 100; tliey will togetlier be -2a-3o-5n-7n. 
And the several terms redui;ed to one, will evidently be 
-n«, that is, 1700 dollars. 

74. Cask II. To beduce several terms to one, when 

THE QUANTITIES AKE ALIKE, BUT THE SIGHS UNLIKE, TAKE 
THE LESS CO-EFFtCIEKT FROM THE GREATEE; TO THE DIF- 
FERENCE, ANNEX THE COMMON LETTER OR LETTERS, AND 
PREFIX THE SIGN OF THE GREATER CO-EFFICIENT. 

Thus, instead of 8fl-6o, we may wiite 2a. 

And instead of 76-26, we may put 5b. 

For the shn[>!e expression, in each of these instances, is 
equivalent to the compound one for which it is substituted. 
To -i-66 +46 56c 2hm - dt/4-6m 3^ - dx 

Add -46 -66 -76c -Sim idy - m bh-]-4dx 

Sum+26 -26c 3dy+5m 



75. Here again, it may excite surprise, ihal what appears 
to he subtraction, should be introduced under addilion. But 
according to what has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of the addition. It beiong-s 
to a consequent redvctton. Suppose 66 is to be added to 
0-46. Thesumiso-46+66. (Art. 69.) 

But this expression may be rendered more simple. As it 
now stands, 46 is to be subtracted from a, and 66 added. 
But the amount will be the same, if, without sublracling any 
tiling, we add 26, making the whole a+26. And in all sim- 
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ilar instances, (he b(dance of two or more quantities, maj be 
substituted for (he quantities themselves. 

77. If two equal (juantities have contrary signs, they de- 
stroy each olher, and may be cancelled. Thus +66-66 
=0- And 3><6- 18=0: And 76c-76c=0. 

Let there be any two quantities whatever, of which a is 
the giealer, and b (he less. 

Their sum will be a+6 
And their difference a-b 

The sum and difference added, will be 2a+0, or simply 
2a. That is, if the swni and difference ol'any two quantities 
he added together, the whole will be twice tlie greater quan- 
tity. This ia one instance, among multiliides, of the rapidity 
with which general truths are discovered and demonstrated 
in algebra. (Art. 23.) 

78. If several positive, and several negative qnaniities are 
to be reduced to one term ; first reduce tliose which are posi- 
tive, next those which are negative, and then take the differ- 
ence of the co-efficients, of the two tenns ihus found. 

Ex. 1. Reduce 136+664^-'*''-^''-'^' to one term. 
Byart. 72, 136+66+ b= 206) 
And -46-56-76 = -106j 

By art. 74, 206 - 1 66=46, which is the value 

of all the given quantities, taken together. 

Ex. 2. Reduce Say - 3y+2xy - Ixy+ixy - Say+'Txy - Qxy. 

The positive terms are Sxy The negative tenns are - a^/ 

2ot/ - 7^y 

4xy -9a:y 

"Txy -Gxy 

And their sum is IGxy -23ay 

Then I6ay-23xif=-7xy 
Ex. 3. 3ad-6ad-\-ad+lad -^ad+9ad-8ad - 4ad=0. 

4. 2o6nl-a6m+7«6m-3ffl6n^+7a6m= 

5, axy-7(ixy-{'8axy-axy-Saxy-\-9axy=: 

79. If (he letters, in (he several tenns to be added, are 
different, they can only be placed after ea ;h other, with tlieir 
Di'oper signs. They cannot be luiited in one simple term 
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[f 4b, and - Gy, and 3a:, and llh, and - 5d, and 6, be added , 
their sum will be 

46-6y-f33;+17A-S(i-|-6. (Art. 69.) 

Different lell.ers can no moi'e be united in the same term, 
than dollars and guineas can be added, so as to make a 
smgle sum. Six guineas and 4 dollars are neither ten guineas 
nor ten dollars. Seven hundred and five dozen, are neither 
12 hundred nor 12 dozen. But, in such cases, the algebraic 
signs serve to show how the different quantities stand related 
to each other; and to indicate future operations, which are 
to be performed, wlienever_the letters are convened into 
numbers. In the expression a-i-6, the two terms cannot be 
united in one. But if a stands for 15, and if, in the course 
of a calculation, this number is restored ; then a-|-6 will be- 
come 15-(-6, which is equivalent to the single term 21. In 
the same manner, a ~ 6, becomes 15 - 6, whi(^ is equal to 9. 
The signs keep in view the relations of the Quantities till an 
opportunity occurs of reducing several terms to one, 

80, When the quantities to be added contain several terms 
which are edike, and several which are vnlike, it will be con- 
venient to arrange them in such a manner, that the tiimilar 
terms may stand one under another. 

To 3k - 6d+2b - 3y ) These may be arranged (hus : 
Add -3k+a:-3</+6s- } 3bc-6d-}-2b ~ 3y 
And 2d-i-y^Sx+b ) ~3bc-3d + ^-{-bg 

2d + y-f 3« +6 



The sum will be -7d + 2b - 2T;+4.r-+6g+6, 

Examples. 
1. Add and reduce ab-\-3 toed -3 and 5(x6-4»i-)-S. 
The sum is 6ab+7-j-cd-4m. 

3. Add K+Sy - dx, to 7 - ar - 8+fcm. 
Ans. Sy-dx-l+km. 

3. Add abm-Sx+bm, to y~x:+7 and 5x-ey-\-9. 

4. Add 3«t)i+6-73^-8, to lOxy-Q+Sam. 

5. Add G(ihy-\-7d~l-{-mxy, to Sahy -7d-{-n -mxy 
8. Add 7ad-k+8xy~-ad, to 5ad+k-7xy. 

7. AM Sab-tay-j-x, to ab-ay-j-bx-h. 
8 Add 2t!/-3«3:-i-2n. to 3fra:-6i/+o, 
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Art. 81. ADDITION is bringing qnanlit.ies together, to 
find their amount. On the contrary, SUBTRACTION is 
FINDING THE DIFFERENCE op two quantities, oe sets 

OF QUANTITIES. 

Particular rules might be given, for the several cases in 
subtraction. But it is moro convenient to have one general 
rule, founded on the principle, that taking away a pontwe 
quantity, from an algebraic expression, is the same in effect, 
as annei^g an equal negative quantity ; and taking away 
a negative quantity is the same, as annexing an equal posi- 
tive one. 

Suppose +6 is to be subtracled from a+b 

Taking away -{-b, from «+6, leaves a 

And armesdng-6, to «+&, gives a-\-b-b 

But by axiom 5th, o+d- 6 is equal to a 

-That is, taking away a positive term, from an algebrait. 
expression, is the same in effect, aa annea^g an equal nega- 
ths term. 

Again, suppose -6 is to be subtracted from a-b 
Taking away -b, from a-b, leaves a 

And annexing +5, to a-6, gives a~b+b 

But a-b-\-b is equal to « 

That is, lafcing away a negative term, is equivalent to an- 
nexing a positive one. If an estate is encumbered with a 
debt ; to cancel this debt is to add so much to the value of 
the estate. Subtracting an item from one side of a book ac- 
count, will produce the same alteration in the balance, as 
adding an equal sum to the opposite side. 
To place this in another point of view. 
If m is added to b, the sum is by the notation _ b+m ) 
But if m is subtracted from b, the remainder is b-m) 
So if tn and h are each added to b, the sum is fe+m+Zi 1 
But if m and h are each subtracted from b, the > 

remainder is b-m-h ) 
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The only diflerence then between adding a positive quan- 
tity and Bubti-acting il, ia, that the sign is changed from + 
to -. 

Again, if m-n is subtracted from b, the remainder is, 
b-m+n. 
For tlie less the quantity subtracted, the gyealer will be the 
remainder. But in ilie expression m-n, m is diminished by 
n; therefore, b~m must be increased by ti; so as to become 
b-vi-^-n: that is, m-n is subtracted from b, by changing 
-!-m inio -m, and -n into -f-n, and then writing (hem after 
0, as in addition. The explanation will be the same, if tiiere 
are several quanuties which have the negative sign. Hence, 

82. To PERFORM SUBTRACTION IN ALGEBRA, CHANGE THE 
SIGNS OF ALL THE QUANTITIES TO BE SUBTRACTED, OR SUP- 
POSE THEM TO BE CHANGED, FROM + TO -, OR FROM - TO -j-, 
AND THEN PROCEED AS IN ADDITION. 

The signs are to be changed, in the subtrahend only. 
Those in the minuend are not to be altered. Allhough the 
rule Iiere given is adapted to every case of subtraction ; ye( 
there may be an advantage in giving some of the examples 
in distinct classes. 

83. Ill the first place, the signs may be alike, and the min- 
uend greater than the subtrahend. 

From +28 166 I4da - 28 - 1 66 - 1 4da 

Subtract -fI6 12& Gda -16 -126 -Gda 



Difference -f 12 4b 8da - 1 2 -4b ~Sda 
Here, in the first example, the -f before 16 is supposed 
to be changed into -, and then, the signs being unlike, the 
two tenns are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two next examples 
are subtracted in the same way. In the three last, the - in 
the subtrahend, is supposed to be changed into 4-, It may 
be well for the learner, a' fiist, to write out the examples ; 
aiid actually to change the signs, instead of merely con- 
ceiving them to be changed. When he has become familiar 
with the operation, he can save himself the trouble of tran 
scribing. 

This case is the same as subtraction in arithmetic. The 
two next cases do not occur in common arithmetic. 

84. In the second place, the signs may be alike, and the 
minuend less than the subtrahend. 
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From +16i» 126 6da -16 -126 - Gda 

Sub. +286 166 14da -38 -16& -Uda 

Dif. -136 -46 -8da +13 46 8da 

The same quantises are given here, as in tlie preceding' 
article, for the purpose of comparing ihem together. But the 
minuend and subtrahend are made to change places. The 
mode of subtracting is the same. In this class, a greater 
quantity is taken from a less : in the preceding, a less from a 
grealay. By comparing them, it will be seen, that there is no 
difference in the answers, except that the signs are opposite. 
Thus 166-126 is the same as 126-166, except that one is 
+46, and the other -46: That is, a greater quantity sub- 
tracted from a less, gives the same result, as a less subtracted 
from a greater, except that the one is positive, and the other 
negative. See Art. 58 and 59. 

85. In the tliiid place, the signs may be unlike. 

From +28 +166 +14rfa -28 -166 -l-ida 
Sub. -16 -126 - Sda +16 +126 + Gda 

Dif. +44 386 20rfa - 44 - 286 - SOrfre 

From these examples, it will be seen that the difference 
between a positive and a negative quantity, may be greater 
than either of the two quantities. In a thermometer, the dif- 
ference between 28 degiees above cypher, and 16 below, is 
44 degrees. The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 

86. Subtraction may be proved, as in arithmetic, by adding 
the remainder to the subtrahend. The sum ought to be equal 
to the minuend, upon the obvious principle, that the difference 
of two quantities added to one of them, is equal to the other 
This serves not only to coiTect any particular eiTor, but to 
verify the general riile. 

From 23^-1 h^Zbx by- ah nd-7bij 

Sub. -^+7 Sh-%x 5hy-Qah 5nd- by 

Dif. 3m/ - 8 - 4hy+5a!i 

From 3rt67tt- xy - l7+4o:c ax-\- 76 $ah-^axy 

Sub. -7a6m+6*j/ -20- ax -4«a+I56 -7«A+an/ 

Rem. Wabm-lxy . Bax~ 86 
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87. When there are several terms alike, they may be re- 
duced as in addilioTi. 

1. From ab subtract 3 am-j- am+ 7«ni+ 2 am4- 6 am. 

Ans. ab - Sam - am - 7(tm - 2am - 6am= ab - 1 9am. (Art. 72.) 

2. From »/, subUact-a-a-a-a. 
Ans. y+a+a+aJ^a=y+4a. 

S. From ax~bc+3ax+7bc, subtract 4bc~2ax-\-bc+4{ix. 
Ans. ax-bc+3ax-ir7bc-4bcJr2ax-bc-4ax^2ax+bc. 
{Ail 78.) 

4. From ad+3dc-bx, subtract Sad+^bx-dc-^-ad. 

88. When the letters in the minuend are different from 
those in the aubtralieiid, the latter are subtracted, by first 
changing tlie signs, and then placing the several terms one 
after another, as in addition, (Art. 79.) 

From Sab+S-my+dk, subtract x-dr+4hy-bmx. 
Ans. Sab+S-my-\-dk-x+dr~4hy+bmx. 

88. b. The sign -, placed before the marka of parenthesis, 
which inchide a number of nuanttties, requires, that when 
these marks are removed, the signs of all the quantities ihua 
included, should be changed. 

Thus a~{b-c-{-d) signifies that the quantities 6, — c, and 
^d, are to be subtracted from a. The expression wilt then 
become a ~ b-\~c ~ d. 

2. \Zad-{-Ty-^d-{1ad-xy-\~d-\-km-ry)-Gad-\-23y-hm 

3. '!abc-Q^1x-{Zohc-^-dx-\-r) = 4abc-\-7x-^dx-r. 

4. 3od+/i 'ty- (7!/+3/i - mx-^iad -ky- ad) = 

5. 6am-dy+8-ilQ+3dy-8+am-e+r) = 

6. 7ay-2x+5-(4+h~ay+x-\-Sb) = 

88 c. On the otherhand, whenanumberof quantitiesare 
introduced within the marks of parenthesis, with-inunedi- 
(t ely preceding; the signs must be changed. 

Thus -m^h-dx+Sk= - (m-b-^-dx-Sh.) 
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MULTIPLICATION. 



SECTION IV. 



MULTIPLICATION.* 



Art. 89. In addition, one quantity is connected with an- 
other. It ia frequently the case, tfiat the qiiantiLies brough) 
together are equal; that is, a quantity is added to ilsclf. 

As a+a=2a a+a+a+a=4a 

a-\~a-^a=Sa a-\-a-\-a-\-a-\-a=5a, &c. 

This repeated addilinn of a quantity to itself, is what was 
originally called muUiplicatiojt. But the lerni, as it is now 
used, has a more extensive significaljon. We have frequent 
occasion to repeat, not only the whole of a quantity, but a 
certain portion of it. If the stock of an incorporated com- 
pany is divided into sliares, one man may own ten of them, 
another five, and another a part only of a shaie, say two- 
fifths, When a dividend is njade, of a certain sum on a 
share, (he first is entitled to (en times this sum, the second to 
five ihiies, and the third to only Iteo-Jiflks of it. As tlie ap- 
portioning of the dividend, in each of these instances, is 
upon the same pnnciple, it is called multiplication in the 
last, as well as in the two first. 

Again, suppose a man is obligated to pay an annuity of 100 
dollars a year. As this is to be subtracted liom hia estate, it 
may be represented by -a. As it is to be subtracted year 
after year, it will become, in four years, -«-a-a-fl= -4a. 
This repeated subtraction is also called multipIicatiMi. Ac- 
cording to the view of the subject; 

90. McLriPLYirfG by a whole number is taking the 

MULTIPLICAND AS MANY TIMES, AS THERE ARK UNITS IN THE 
MULTIPLIER, 

Multiplying by 1, is talcing the multiplicand once, as a. 
Multiplying by 2, is taking the multiplicand twice, as n-j-n. 

Negative Sign, 
Als^rn, Sec I 
deraon, Litcroix, 
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32 ALGEBRA. 

Maltiplying by 3, is tailing tiie niuUipiicand three times, at 
a-\-a-]-a, &c. 
Multiplying by a FRACTION is taking a certain 

PORTION OF THE MULTIPLICAND AS MANY TIMES, AS THERE 
ARE LIKE PORTIONS OF A UNIT IN THE MULTIPLIER.* 

Multipiying by \, is tailing J of tlie multipiicandj once, as ja. 
Multiplying by |, is talcing j of the multiplicand, twke, as 

Multiplying by j, is taking J of the multiplicand, three Hmes. 

Hence, if the multiplier is a unit, the product is equal to 
the m.ultiplicand : If ttie multiplier is greater than a unit, the 
product is greater then the multiplicand : And if the multipli- 
er is less than a unit, the product is less (han the multiplicand. 

Multiplication bv a NEGATIVE quantity, has the 

BAME RELATION TO MULTIPLICATION BY A POSITIVE QUANTITY, 

WHICH SUBTRACTION has to addition. In the one, ihe 
sum of the repetitions of the multiplicand is to be added, to 
the other quantities with which tliis multiplier is connected. 
In the other, the sum of these repetitions is to be subtracted 
from the other quantities. This subtraction is performed at 
the time of multiplying, by changing the sign of the pro- 
duct. See Art. 107 and 108. 

91. Every multiplier is to be considered a number. We 
Bometimea speak of multiplying by a given weight or measure, 
a sum of money, &c. But this is abbreviated language. If 
construed literally, it is absurd. Multiplying is taking eitlie*' 
the whole or a part of a quantity, a certain number y /iwita. 
To say that one quantity is repealed as many times, as an- 
other is heavy, is nonsense. But if a part of the weight of a 
body he tixed upon as a timt, a quantity may be multiplied 
by a number equal to the number of these parts contained 
in the body. If a diamond is sold by weight, a parliculai 
price may be agreed upon for each grain. A grain is here 
the vnil; and it is evident that the value of the diamond, is 
equal to the given price repeated as many times, as there are 
grains in the whole weight. We say concisely, ^at the price 
is multiplied by the weight : meaning that it is multiplied by 
a nmnber equal to the number of grains in the weight. In a 
similar manner, any quantity whal«ver may be supposed to 
be made up of parts, each being considered a unit, and any 
number of these may become a multiplier. 



.■..Google 



MULTIPLICATION. S3 

92. Aa inultiplyiiig is taking the whole or a part of n 
quantity a certain number of liines, it is evident that the 
product, must be of the same nature as the mtiltiplkand. 

If the multiplicand ia an abstract number; tlie product will 
be a number. 

If the multiphcand is weiglU, the product wil! be weight. 
If the multiplicand is a line, the product will be a line. Rt- 
peating a quantity does not alter its nature. It is frequently 
said, that the product of two lines is a surface, and that the 
product of three lines is a solid. But these are abbreviated 
expressions, which if interpreted literally are not correct. 
See Section xxi. 

93. The multiplication of fractions will be the subject of 
a future section. We have first to attend to multiplication 
by positive whole numbers. This, according to the defini- 
tion (Art, 90.) is taking the multiplicand as many times, as 
there are unils in the multiplier. Suppose a is to be multi- 
plied by b, and that b stands for 3. There are then, three 
units in the multiplier b. The multiplicand must therefore 
be taken three limes ; th\is, a-^a-{-a=^a, or ba. 

So that, muhiptying tu>o letters together is nothing more, 
than writing them one after tlie other, either with, or without 
the sign of multiplication between them. Thus b multiplied 
into c is bxc, or 6c. And x info y, is xxy, or x.y, or xy. 

94. If more than two letters are to be multiplied, they 
must be cotmecled in the same manner. Thus a into b aui 
c, is cba. For by the last article, a into b, is ba. This pro- 
duct is now to be multiplied into c. If c stands for 5, then 
ba is io be taken five times thus, 

ba-}'ba-\-ba-\-ba-\-ba=^6ba, or cba. 
The same explanation may be applied to any number oi 
letters. Thus, am into xy, is amxy. And bh into mrx, is 
blivtrx. 

95. It is immaterial in what order the letters are arranged 
The product ba is the same as ab. Three times five is eqral 
to five times three. Let the number 5 be represented by as 
many points, in a horizontal line ; and the number 3, by its 
many points in a perpendicular line. 



Here it is evident that the whole number of points is equal 
either to the number in the horizontal row three times repeat 
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cd, or to the number in the perpendicular row Jke times re- 
peated ; that IS, to 5x3, or 3x5. This explanation may be 
extended to a series of. factors consisting of any numbers 
whatever. For the product of two of the factors may be 
considered as one number. This may be placed before or 
after a third factor : the product of thiee, before or after a 
fourth, &c. 

Thus 24=4x6 or 6x4^4x3x2 or 4x2x3 or 2x3x4 

The product of a, b, c, and d, is abed, or acdb, or dcba, or bade. 
It wiil generally be convenient, however, to place the letters 



96. When the letters have numerical CO-EFFI- 
CIENTS, THESE MUST BE MULTIPLIED TOGETHER, AND 
PREFIXED TO THE PRODUCT OP THE LETTERS. 

Thus, Sn into 2i, is 6ab, For if a into b is ab, then 3 times 
« into b, is evidently 5ab: and if, instead of multiplying by 
b, we multiply by tmce b, the product must be ttcke as great ; 
that is 2x3o6 or Gab. 

Mult. 9a6 I2hy Sdk 2ad 7bdh Say 

Into 33^ Zrx my ISkmg x Qmx 

Prod. 27a6a^ 3rf/imi/ Ibdhx 

97. If either of the factors consists of figures only, these 
must be multiplied into the co-efiicienls and letters of the 
other factors. 

Thus 3n6 into 4, is \2ab. And 36 into 2x, is 72a:. . And 
S4 into /it/, is 24Ai/. 

98. If the multiplicand is a compound quantity, each of its 
terms must be multiplied into the muliipher. Thus b-\-e-\-d 
inio a is oli-j-ac+aii. For the whole of the multiplicand is 
to be taken as many times, as there are units in the multi- 
plier. If then o, stands for 3, the repetitions of the multipli- 
cand are, 

b+c+d 
b-\-e-\-d 
b+c+d 



And their sum is Sb-{-Sc+Sd, that is, a6-|-ac+aA 
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Into 36 6dy my ib 



Prod Sbd+6bxy 



99. The preceding instances must not be confounded 
with those in which several factors are connected by the 
sigiiX) or by a point. In the latter case, llic multiplier is 
to be written before the other factore without bttng rt^ealcl. 
The product of bxd into a, is abxd, and not abxad. For 
tX*^ is ''^j and this intoo, is afcrf. (Art. 94.) The expression 
bxd is not to be considered, like b+d, a compoimd quanlitif 
consisting of two tenns. Different terms are always sepavi- 
tedby+or-. (Art. 36.) The product of 6x/»X'»X!/ i'l- 
to a, is axbXl^'Xmxy or abhmy. But h-\~k-\-m-^y into n, 
IS ab-\-ah-\-am-\-aij. 

100, If both the factors are compound quantities, each 
term in the multiplier must be multiplied into each in the multir 
pUcand. 

Thus a-\-b into c+rf is ac+ad-]-bc^bd. 

For the units in the multiplier n-\-b are equal to the units 
in a added to the units in b. Therefore the product produ- 
ced by a, must be added to the product produced by b. 
The product of c-\-d into a is ac-^ad i j^^.^ gg 
The product of c-\-d into b is bc-\-bd S 
The product of c-j-d into a^b is therefore ac-\-ad+bc-\-bd 

Mult. Sx+d 4ay+^b a+l 

Into 2a-\-hm 3c +rx Sx+4 



Prod. 6ax-]-2ad+Shmx+dhm 3ax+Sx-\-4(i+4 

Mull. 2/(+7 into Gd-\-l. Prod. i%dh+4U+2liJr'J- 
Mult. dy4-rx+h into 6iw+4+7j/. Prod. 
Mull. i+Gb+ad into 3i-+4-|-2A. Prod. 

101. When several terms tn the product are alike, it will 
be expedient to set one under the other, and then to unite 
ihem, by the rules for the reduction in addition. 
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Mull b-\-a b-\-c+2 a4- j/+] 

Into b+a 6+C+3 3b+2x-{-7 



bb+ab bb-]-bc+2b 

-|-a6-(-aa be -\-cc+2c 

+3fe +3e+6 



Prod. bb+2ab-{-aa bb+2bc-\-5b+cc-\-5c-+6 



Mult. Sa+d+4 into 2(X+3(i4-l. Prod. 
Mult. 6-l-c(/-f.2 into 364-4c(i4-7. Prod. 
Mult. 3i+2ar+Aiiilo axrfx2x. Prod. 

103. It will be easy to see that when the multiplier and 
iiniltij)Iicand consist of any quantity repealed as a factor, tins 
factor will be repeated in the product, as many times as in 
the multiplier and multiplicand together. 

Mult, axaXo Here a is repeated Ikree times as a factor. 
Into aX« Here it is repeated (mice. 

Prod. axoXlXttXffl. Here it ig repeated _^i>e times. 

The product of ^666 into bbb, is bbbbbbb. 
The product of ^xxSxX'^^ into 5a;x6^j is 2xx3xX4xx 
5xxGx. 

104. But the numeral co-efficients of several fellow-factors 
may be brought together by multiplication. 

Thus 2ax3'' into 4nx5'' is 2ax3&x4ax66, or IWaabb. 
For the co-efHcienta o.ie factors, (Art. 41.) and it is imma- 
terial in what order these are arranged. (Art. 95.) So that 
2rtX36x4ax5'»-2x3x4x5XaXoX'*X'>^I20n«fi6. 
The product of 3aX46/i into SmX^y, is ZGOabhviy. 
The product of 46x6'^ mto 2a'+l, is 48bdx+Mbd. 

105. The examples in multiplication thus far have been 
confined to positive quantities. It will now be necessary to 
consider in what manner tJie result will be affected, by mul- 
tiplying positive and negative quantities together. We shall 
find, 

That -\- into + produces -(- 

— into -j- - 

— into — 4- 
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MULTIPLICATION 37 

All these may be comprised in one general rule, whicli it 
wilt be imporlaiU to have always familiar, h- the sigks of 

THE FACTORS ARE ALIKE, THE 9IGN OP THE PRODUCT WILL 

BE affirmative; but ir the signs of the factors are 
UNLIKE, the sign of the product will be negative. 

106. The first case, that of + into 4-) needs no farther 
illusiration. The second Is - into 4., that is, the multipU- 
cand is negative, and the multiplier positive. Here -a 
iuto -|-4 is - 4o. For the repetitions of the multiphcand are, 



Muh. b-Sa 2a-?« h-3d-4 a-2-7d- 

Into 6y Sk+x 2y Sb+h 



Prod. eby-lSay 2hy~Gdy-Hy 



107. In the two preceding coses, the affinnative sign pre- 
fixed to the inuUiplier shows, that the repetitions of the mid- 
tiplicand are to be added to the other quantities with which 
the multiplier is connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitions of the multiplicand are to be sw6 
traded from the other quantities. (Art. 90.) And this sub- 
traction is performed, at the time of multiplying, by making 
the sign of the product opposite to that of the multiplicand. 
Thus +a into -4 is -4a, For the repetitions of the multi- 
phcand are, 

+a+a+a+a=+4a. 

But this sum is to be sublrMted, from the other quantities 
with which the multiplier is connected. It will then become 
-.4a. (An. 83.) 

Thus in the expression 6 -(4X0.) it is manifest that 4xa 
is to be subtracted from fe. Now 4xa is 4o, that is + 4a. 
But to subtract this from b, the sign -|- must be changed 
into-. So that 6-(4x«) is b-4a. And aX -4 is there- 
fore -4a. 

Again, suppose the multiplicand is a, and the mnltipiier 
(6-4.) As (6-4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into a. To obtain 
then the product of the compound multiplier (6 - 4) into a, 
we must subtract the product of the negative part, from ihaJ 
of the positive part, 
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And the product 6a~4a, h the same as the product 2a. 
Tlierefore a into -4, is -4a, 

But if the multiplier had been (6-1-4,) the two products 
must have been added. 

Multiplying a > - , ( Multiplying a 

Into 6-f-4 5 i. Into 10 

And the prod. 6a-\-4a is the same as the product lOa. 

This shows at once the difference between multiplying by 
a positkie factor, and multiplying by a negative one. In (lie 
former case, the snm of the repetitions of the miilliplicand is 
to be added to, in Ihe latter, s^lracled from, tlie other quaii- 
titiea,_with which the multiplier is connected. For every 
negative quantity must be supposed to have a refeience to 
some other which is positive; though the two may not 
always stand in connection, when the multiphoation is to be 
perfonned. 

Mult. 0-1-6 3dy4-/ix-|-2 SA -f-3 

Into b~x mr-ab ad-G 



Prod, ab+bb -ax~bx Sadk+Sad -]Sk~lS 

108. If two Tiegalives be multiplied togeiher, the product 
will be affirmative : -4x-a=-i-4a. In this case, as in the 
preceding, the repetitions of the multiplicand are to be sub- 
tracted, because the muhiplier has the negative sign. The^e 
repetitions, if the multiplicand is - a, anil t he nniltiplier - 4, 
are -a— a-o — a=-4a. But this is to be subtracted by 
changing the sign. It then becomes -|-4a. 

Suppose-a is multiplied into (6-4.) As 6-4=2, the 
product is, evidenlly, twke the multiplicand, tJiat is, -2a. 
But if we multiply - a into 6 and 4 seiKiraiely ; - a inio 6 
is-6n, and -o into 4 is -4a, {Art. 106!) As in the mulli- 
piier, 4 is to be subtracted from 6 ; so, in llie product, - 4a 
must be subtracted from -6m. Now - 4a becomes by sub- 
traction -|-4re. Tlie whole product then is - 6a-|-4a which is 
equal to - 2a. Or thus, 

M,Jciplyi„«^-.p,,„^,^^„,JM,.Hiply,„g-a 

And the prod. - Ga-(-4a, is etjual to the product - 'a. 
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I( ia often considered a great mystery, timt the product of 
two negatives slmuld be affiriimtive. But it amounls to no- 
thing more than ihis, that the sub traction of a negative quan- 
tity, is ecjuivalent to the addition of an affinnalive one; 
(Art. 81.) and, therefore, tliat the repeated siibti'action of a 
negative cjua.nCity, is equivalent to a repeated addition of an 
affirmative one. Taking off from a man's hands a debt of 
ten doUai-s every month, is adding ten dollars a month to the 
value of his property. 

Mult. n-4 U-hy-2x Say-b 

Into 36-6 46-7 Gx~l 

Prod. 3a6-12()-6a+24 i6aay-(>hx-3ay+b 



Multiply 3ad-ali-7 into i-dy-hr. 
Multiply 2ky+3m ~ 1 into 4d - 2^4-3. 

109. As a negative multiplier changes the sign of the quan- 
tity which it multiplies ; if there are several negative factors 
to be multiplied together, 

The tiBofirsl will make the pvoduct positive ; 
The third will make it negative; 
The /owriA will make il positive, Sac. 
Thus ~ o X - 6 =+a& T r '""> factoHk 

-{-abcdx ~«= -abcfkj ifi"^- 

That is, llie product of any even number of negative fac 
tors ispositive; but the product of any odd nimiber of nega- 
tive factors is neaalive. 

Thus-ax-«=a« And-ax-«X-«X-a^aa«« 

-ax-»X-(i=-aaa -nx -aX -aX-aX-a^-aaaaa 
Tlie product of several factor's which are all positive, is in- 
variably positive, 

110. Positive and negative terms may frequently balance 
each other, so as to disappear in ihe product. (Art. 77.) A 
star is sometunes put in tjic place of a deficient term. 
Mult." a-b mm - yy aa-\-ab-\-bb 

Into 0+6 mm+yy a-b 



aa-ab aaa-\-aab+abb 

-\-ab -hb - aab - abb - hbb 
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111. For many purposes, it is sufficient merely to indicate 
ihe multiplication of compound quantities, without actually 
nuiltiplying tlie several terms. Tims the product of 
a-^b+c into h+m+y, h (a+6+c) x (ft+m+y.) (Art. 40.) 
The product of 

a-\-m into h-\-x and d-\-y, is («-(-m) x (/»+^) X i^+y-) 
IJy this method of rfipresenling multiplication, an important 
advantage is oflen gained, in preserving the factors distinct 
from each other. 

When (he several terms are multiplied in fonu, the expres 
sion is said to be expanded. Thus, 

(a-L'O X('^+'') becomes when expanded ac-)-a!i+&c+fe'! 

112. With a given multiplicand, the less the muitiplier, 
the less wiO be the product. If then the multiplier be 
reduced to nothing, the product will be nothing. Thus oxO 
=0. And if be one of any number of feliow-factore, the 
product of the whole will be nothing. 

Thus, abXcX^dxO^SabcdxO^O. 
And {a+£}x(c+(i)x(A-m)xO=0. 

113. Although, for the sake of iUuslrating the difierenl 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars; yet it will scarcely be 
necessft'y for the learner, after he has become familiar with 
the examples, to burden his memory with any thing moie 
than the following general rule. 

Multiply the letters akd co-efficients of each term 
in the moltiplicand, into the letters and co-efficients 

OF EACH TERM IN THE MCLTIPLIER; AND PREFIX TO EACH TERM 
UFTHEFROnUCT, THE SIGN REQUIRED BY THE PRINCIPLE, THAT 
LIKE SIGNS PRODUCE-]-, AND DIFFERENT SIGNS - . 

1. Mult, fl-l-36-3 into4a-Cfi-4. 

2. Mult, 4ffl&X«X2 into 3m^-l-|-A, 

3 Mult, (7aft-y)X'l into4a;x3x5X''- 

4. tvtalt. (6a6-/t<i-(-l)x2in{o (8-(-4j:-l)X'i. 

5. Mnlt. 3ay+y-4+hmio{d-\-x)x(h+y.) 
G. Mull, 6<ia;-(4A-<i') into (6-|-l)x('i+l-) 

7, Mult. i:ay-\-\-kx{d-T)mlo -{r+S-4m.) 
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Art. 114. IN muUiplicalion, we have two factors giffen, 
and are required to find ilieir product. By niulliplying the 
factors 4 and 6, we obtain tlie product 34. Hut it is fre- 
quently necessary to reverse this process. The number 24, 
and one of the factors may be given, to enable us to find the 
other. The operation by which this is effected, is called 
Didsixm. We obtain the number 4, by dividing 24 by 6, 
The quantity to be divided is called the dividend ; the give» 
factor, the divisor ; and that which is required, the quotient 

115. DIVISION 18 FINDING A QUOTIENT, WHICH MULTI 
PLIED INTO THE DIVISOR WILL PRODUCE THE DIVIDEND.* 

In raultiplication the muUiplier is always a nutijher. (Art 
91.) And the product is a quantity of tlie same kind, aa the 
multiplicand. (Art. 92.) The product of 3 rods into 4, is 12 
rods. AVIien we come to division, the product and either of 
the factors may be given, to find the other : that is, 

The divisor may be a nnrtAer, and then tiie quotient will 
be a quantity of the same kind as the dividend ; or. 

The dmsor may be a quantity of the same kind as tliB 
dividend ; and then the quotient will be a number. 

Thus 12 rorfs-r4=3 rods. But 12 rorfs-i-3rods=4. 

And 12 tWs-j-34 =irorf. And 1 2 ratfo-^24 rods=^ 

In the first case, the divisor being a number, shows into 
how many part« the dividend is to be separated ; and the quo- 
tient shows what these parts are. 

If 13 rods be divided into 3 parts, each will be 4 rods loiify. 
And if 12 rods be divided into 24 parts, each will be hcdf a 
rod long. 

In the other case, if the diviaoria ^ejs than the dividend, 
the former shows into what pajts the latter is to be divided ; 
and the quotient shows havo many of these parts are contained 



• The rtnurfnifcr is here supposed to be included in the quotient, nt 
nKHtly the cnae in al^bra. 
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in the dividend. In oilier woi-ds, division in this case con- 
eista in finding luiw often one quality is con(»Kn«d in aiwllier. 

A tine of 3 i'ods, is contained in one of 13 rods, four tioies. 

Bill, if the divisor is greater than the dividend, and yet a 
qnani.iiy of the same kind, the quotient shows w/tal porfoi 
the divisor ia equal to the dividend. 

Thus one half of 24 rods is equal to 12 rods. 

116. As theproduct of the didaor and quotient is equal to 
the dividend, the quotient may be found, by resolving the 
dividend into two such factors, that one of them shall be the 
divisor. Tiie other will, of course, be the quotient. 

Suppose a6(/ is to be divided by a. The foctor a and bd 
will produce the dividend. The first of these, being a divi- 
sor, may be set aside. The other is the quotient. Hence, 

When the divisor is fouhd as a factor in the divi- 
i'lsiotj is ferfobmed bv cancelling this 

drx kmy (tkxy abed abxy 
dr km dy b ax 

Quot. X X hx by 

In each of these examples, the letters which are common 
to the divisor and dividend', are set aside, and the other let- 
ters form the quotient. It will be seen at once, that ihc pro- 
duct of the quotient and divisor is equal to the dividend. 

117. If a letter is repealed in the dividend, care must be 
taken thai the factor rejected be only eejual to the divisor. 
Div. aab bbx aadddx aammyy aaaxxxh yyy 
By a b ad amy aaxx yi/ 

Quct. ab addx ahx 

In such instances, it is obvious that we are not to reject 
toery letter in the dividend which is the same with one in the 
divisor. 

118. If the dividend consists of any factors whatever, ex- 
ftnigfng one of them la dividing by it. 
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{b+d) a (b+d) (b+x) (c+d) (b+y) x(d~ A)« 
b+d b+x d-h 



By a b+d b+x 



QuoU fe+d a c+d {b+y}xx 



Id all tlieae instances the product of the quotient and divi- 
sor is equal to the dividend by Art. 111. 

119. In performing m ill ti pi j cation, if the factors contain 
numeral figures, these are iviiiliiplied into each other, (Art. 
96.) Thus 3a into 7i is %lab. Now if this process is to be 
reversed, it is evident thai dividing the niiinber in the product, 
by the number in one of the factors, will give the number in 
the orher factor. The quotient of 2}ab+3a is 7ft, Hence, 

In division, if there are numeral co-effidenis prelixed to the 
letters, the co-ejjktenl of the dividend itmsl be divided, by the eo- 
efficiejtt of the dkUor. 

Div. Qab IGdxy 25dkr Uay 34drx 20hm 
By 26 4dx dk 6 34 m 

Quot,3a 25)- drx 

120. When a simple factor is multiplied into a compound 
one, the former enters into every tenn of .he latter, (Art, 
98.) Thus a '\n\.ob+d, is ab+ad. Such a product is easily 
resolved again into its original factors. 

Thus ab+adT=ax{b+d). 

ah+ac+oh=ax (b+c+h). 

amh+amx+aiiny=amy:.{hi+x+y). 

4nrf+8aft+12an(4-4r(y=4«X {d+llh+Zm+y). 
Now if the whole quaniity be divided by one of th^e faclors, 
according to Art. 118, the quotient will be the other factor. 
Thus, {ab+ad)+a=b+d. And {ab+ad) ^{b+d)=a. 
Hence, 

If the divisor is contained in every term of a compo\md divi- 
dend, it must be canr.cUed in each. 

Div, ab+ac bdk+bdy aah+ay drx+dhx+dxy 

By o bd a dx 

Quot. b+e ah+y 

And if there are co-ejuntnts, these must be divided, in each 
term also. 
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Div. 6ah-\-l2ac lOdry^Ud I2Ax+8 35(ftn-fU(fe 
By 3a 2d 4 Id 

Quot. Zb+4c Shx->r2 

121. On the other hand, if a compound expression contain- 
ing ittiy factor in every term, be divided by the other quantities 
connecled by their signs, the quotient will be that factor. See ihe 
first part of the preeeding article. 

Div. ab^nc-\-ah ainh-\-amx-\-amy 4ab-\-8ay abm-{-uky 
By b+c+h h+x+y b+2y m+y 



Quot. a 4a 

132. In division, as well as In malliplication, ihe caution 
must be observetS, not to confound terms with factors. See 
Art. 99. 

Thus(o6+(«:)-^a=6+c. (Art. 120.) 
But (a6xnc)-7-a— oafcc-i-a— «6c. 
And {ab+ac)-r{b+c)= ft. (Art. 131.) 
But (abxac)-i-(bxc) — aabc-^bc=aa. 

123. In division, the same rule is to bg observed 
bespectinq the signs, as in multiplication ; that is, 
if the divisor and dividend are both positive, or 
both nefiative, the quotient must be positive : if 
one 18 positive and the other negative, the quo- 
TIENT MUST B-E NEGATIVE. (Art. 105.) 

This is manifest from the consideration that the product of 
the divisor and quotient must be the same as the dividend. 

If +aX+'>-+«t i ( +ab-^+b=+a 

-ax+l>=-abf . ) ~ab-r~\-b=-a 
+aX-6=-ntl ) -ab-^-b=+a 

Div. abx Sa~lOecy Sax-Gay Gamxdh 
By - a - 2a 3a - 2a 



QuoU -bx -4+5y -Smxdh= -Shdm 
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DIVISION 45 

124. If THE LETTERS OF THE DIVISOR ARE .VOT TO BE FOUNB 
rN THE DLVIDENB, THE DIVISION IS EXPRESSF-U BV WRITING 
THE DIVISOR UNDER THE DIVIDEND, IN THE FORM OF A VUL- 
GAR FRACTION. 



-A 

This is a method of denoling division, raLlier than an actual 
peifonning of the operation, Bui tlie purposes of division 
may frecjuently be answered, by t.liese fraclioiial expressions. 
As tiiey are of the same (laiurewith other vulgar fractions, 
they" may be added, subtracted, multiplied, &c. See the 
next section. 

125. 'When tlie dividend is a compound quantity, the divi- 
sor may eitiier be placed under the wliole dividend, as in the 
preceding instances, or it may be recreated under each term, 
taken separately. There aie occasions when it will be con- 
venienl to exchange oue of these forms of expression for the 
other. 

Thus b+c divided by x, is •ilher^'^, or -j — , 

And a-\-b divided by 2, is either "o", that is, half the sum 

of 

For it is evident Ihat half the sum of two or more quantities^ 
is equai to the sum of llteir halves. And the same principle 
is applicable to a tliird, fourth, fifth, or any other portion of 
the dividend. 

So also « - & divided by 2, is either ^, or " _ -. 
■^ 2 2 2 

For half the difference of two quantities is equal to llie dif' 
fereme of their halves. 

a - 2b-\-h a 26 A 3«-e 3a e 

m m " m im — x ~~ —x~ —x 

126. If some of the letters m the divisor are in each tenn 
of the dividend, the fractional expression may be rendered 
more simple, by rejecting equal factors from the numeralot 
and denominator. 
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Div. ab dhx akm - Sny ab-\-bx 2am 

By ac dy ab by Zxy 

ab b km~3if am 

Qiiot. — or - — 



These reductions are made upon the principle, that a given 
divisor is contained in a given dividend, just as many times, 
aa double the divisor in double the dividend ; triple the divi- 
sor in triple tiie dividend, &c. See the reduction of fractions, 

127. If the divisor is in aome of the terms of the dividend, 
but not in all ; lliose which contam the divisor may be divi- 
ded as in Art. 116, and the others set down in the form of a 
fraction. 

™, , , „ . . , ab+d ab d , d 
Thus [ab-\-d)-i-a i3 either — ■ — , or —-\ — , or b-\ — . 

Div. dxy-\-rx-hd 2aft+«i-fa: bm-\-$y !imy-\.dlt 

By a; a -b 2m 



Quot. dy-^r- 



128. The quotient of any quantity divided by itself or Us 
equal, is obviously a unit. 

Thus--=1. Ands^- = 1. And— --T = l. And^r— ^-,=1. 
a Sax 4+s «-|-6-3A 

Div. ax-\-x Sbd - 3d 4axy - 4a-\-Sad Sab+S - 6m 
Ry X Sd 4a 3 

Quot.a+1 ry-\-lr2d 



Cor. If the dividend is greala- than the divisor, the quo- 
tient must be greater than a unit : But if the dividend is les» 
tlian the divisor, the quotient must be less than a tout. 
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PROMISCUOUS EXAMPLES. 



1 Divide Uaby~\-6abx - lSbbm+24b, by G6. 

2 Divide 16a-124-8i/-f4-20adK+m,by4. 

3. Divide (o-2/()x(3m+!/)X^. by (« - 3A) X (3m+y) 

4. Divide ahd - 4ad-^3ay - a, by W-4d+3j(-!. 

5. Divide ax - ry-\-ad - 4my - 6~\~a, by - a. 

6. Divide anii/4-3''*!/ ~ niOT/-|-fflm - 1/, by - dmy. 

7. Divide «rd-63+2r-7(rf-f6, by 2«)-(;(. 

8. Divide Gax - 8-f-2aT/-(-4 - 0%, by 4axy. 

129. From the nature of division it ia evident, that the 
value of tile quotient depends both on the divisor and the 
dividend. With a given divisor, the greater the dividend, 
the greater the quotient. And with a given dividend, the 
greater the divisor, the less the quotient. In several of the 
succeeding parts of algebra, particularly the subjects of frac- 
tious, ratios, and proportion, it will be important to be able 
to determine what change wilt be produced in the quotient, 
by increasing or diminishing either the divisor or the dividend. 

If the ^ven dividend be 24, and the divisor 6 ; the quotient 
will be 4. But this same dividend may be supposed to be 
multiplied or divided by some other number, before it ia 
divided by 6. Or the divisor may be multiplied or divided 
by some other number, before it is used in dividing 24. In 
each of these cases, the quotient will be altered. 

130. In the first place, if the given divisor is contained in 
the given dividend a certain number of times, it is obvious 
that the same divisor is contained, 

In double that dividend, twice as many times ; 

In triple the dividend, tkriee as many times, &c. 

That is, if the divisor remains the same, mulliptying the 
dividend by any quantity, is, in effect, midtiplying the quolieni 
by that quantity. 

Thus, if the constant divisor is 6, then 24-7-0=4 the 
quotient, 

Multiplymg the dividend by 3, 2x24-j-6=2x4 

Multiplying by any number n, nx24-jr6=nx4 
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131. Secondly, if the given divisor is contnined in llie 
given diviilenti a certain number of times, llie same divisor 
is contained, 

In half ihat dividend, half as many limes ; 

In one third of the dividend, one third as manj limes, &c. 

That is, if the divisor remains the same, dividing the divi- 
dend hy any other quantity, is, in effect, dividing tlie quotient 
by that quantity. 

Thus 24-^6=4 

Dividing the dividend by 2, 524-f-6 = 

Dividing by n, ^34-7-6=^4 

132. Tliirdly, if the given divisor is contained in the given 
dividend a certain number of times, ilien, in (he same divi- 
dend, 

Timce that divisor is contained only half as many times ; 
Three Utiles the divisor is contained one third aa many times. 
That is, if the dividend remains the same, multiplying the 

divisor by any quantity, is, in effect, dividing the quotient by 

that quantity. 

Thus 24-^6=4 

MuJiiplying the divisor by 2, 24-:-2x6=4 

Multiplying byn, 24-f-jfX6=; 

133. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, Ihen, in the same divi- 
dend, 

Half th it divisor is contained twice as many times ; 

One third of the divisor is contained thrice as many times. 

That is, if the dividend remains the same, dividing the divi- 
sor by any other quantity, is, in effect, multiplying tlie quotient 
by that quantity. 

Thus 24-^6=4 

Dividing the divisor by 3, 24-7-^6=2x4 

Dividing by n, 24-^l6=nX'i 

For the method of performing division, when the divisor 
and dividend are both compound quantities, see one oi the fd- 
-owing sections. 
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SECTION V. 



FRACTIONS.* 



Art. 134. EXPRESSIONS in the form of fractions occai 
more frequently in Algebra than in ariilimelic. Most in- 
stances in division belong to this class. Indeed the niiineia' 
tor of every fraction inay he considered as a dividend, of 
whicli the denominator is a divisor. 

' According to the common definition In arithmetic, tlie 
denominator stiows into what parts an integral unit Is sup. 
posed to be divided ; and the numerator sliows how many 
of these parts belong to the fraction. But it mnltes no dif- 
ference, whether the whole of the numerator is divided by 
the denominator ; or only one of the integral units is divided, 
and then the quotient taken as many linies as the iiimibor of 
unitii in the numerator. Thus J is the same as }-|-J-|-J. 
A fourth part of three dollara, la equal to three fourllis of one 
dollar. 

135. The value of a fraction, is the quotient of the nume- 
rator divided by the denominator. 

Thus the value of _ is S. The value of — is a. 

From this it is evident, that whatever changes are made 
in the terms of a fraction ; if the quotient is not altered, the 
value remains the same. For any fraction, therefore, we 
may substitute any other fraction which will give the same 
quotient. 

lhus- = — i=__=_-_=-IL-,&c. For thequotientm 
2 5 26a 4drx 3+1 

each of these instances is 3. 

136. As the value of a fraction is the quotient of the nu 
merator divided by the denominator, it is evident from Art. 
1 28, that when the numerator is equal to the denominator, the 
value of the fraction is a unit ; when the numerator is lesi 

* Iloraley'a Mathematics, Camui? Arithmetic, Emerson, Eulcr, Saunderson, 
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60 ALGEBRA. 

than the denominator, the vahie is less than a unit; and when 
the nunieiatoc is greoier than the denominator, the value is 
greater than a unit. 

The calculations in fractions depend on a few general 
principles, which will here be stated in connexion wilh each 
other. 

137. If tlte denominator of a fraction remains the same, mvU 
tiplymg the numerator by any qucmtity, is multiplying the 
VALUE by tfuU qitantity ; and dividing the numerator, is dividing 
the value. For the numerator and denominator are a divi- 
dend and divisor, of which the value of the fraction is the 
quotient. And by Art. 130 and 131, multiplying the divi- 
dend is ill effect muiliplying the quotient, and dividing the 
dividend is dividing the quotient. 

Thus in the fractions ^, 1^, Z^ I^, &c. 

The quotients or values are 6, 36, Ihd, ^b, &c. 

Here it will be seen that, while the denominator is not 
altered, the value of the fraction is multiplied or divided by 
the same quantity as the numerator. 

Cor. With a given denominator, the greater the nume- 
rator, the greater will be IJie value of the fiactioii ; and, on the 
Other iiaiid, the greater the value, the greater the numerator, 

13S. If the numerator remains the same, multiplying the de- 
nomiuator by any quantity, is dividing the value by thai quantily ; 
and dividing tlu denominator, is multiplying the value. For 
multiplying ihe divisor is dividing tjie quotient ; and dividing 
the divisor is midtiplying the quotient. (Art. 132, 133.) 

In the fractions?^, !ll^ ?4a6 24ab 
66 ' 126 36 b ' 

The values are 4a, 2a, 8a, 24a, Stc 
Cor. With a given numerator, the greater tiie denominator, 

ihe less will be the value of the fraction ; and the less the 

value, the greater the denominator. 

139. From the last two articles it follows, that dividing the 
numerator by any quantity, will have the same effect on the 
value of the fraction, as multiplying tlte denominator by that 
quantity ; and multiplying the numerator will have the same 
effect, as dividing the denominator. 
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FHACTIONS. 51 

140. it is also evident from the preceding articles, that if 

THE NUMERATOR AND DENOMINATOR BE BOTH MULTIPLIED, 
OR BOTH DIVIDED, EV THE SAME QUANTITV, THE VALUE OF 
THE FRACTION WILL NOT BE ALTERED. 

Tl,u. t't'J-t'if^^i!>f , &„. F„, in each o 
b 00 36 jo 5tto 
ihcse instances the quotient is a;. 

141. Any integral qiiantity may, williout altering its value, 
be liirowii into ihe form of a fraction, by multiplying the 

atianlity into the proposed denominator, and taking the pro- 
ud for a nuraeralor, 

TluiB „=?=i''=5?-4''^^, &„. Vo, the quotient 
1 b d-\-h ■ ball 
of eacli of these is a. 

Sorf+A=— ^-. And r+l= — g^:— ■ 

1 42. There is nothing, perhaps, in the calciilalion of alge- 
braic fractions, wliich occasions more perplexity to a learner, 
than the positive and negative signs. The changes in these 
are so frequent, that it is necessary to become familiar with 
the principles on whicli they are made. The use of the siffii 
which is prefixed to the dividing line, is to show whether the 
value of the whole fraction is to be added to, or subtracted 
from, the other c|uantitie8 wiih which it is connected. (Art. 
43.) Tills sign, therefore, lias an influence on the several 
terms taken collectively. But in the numerator and de- 
nominator, each sign affects only the single term to which it 
is applied. 

The value of^^is a. (Art. 135.) But this will become 

negative, if the sign - be prefixed to the fraction. 

ab „ «ft 

Thus !/+-^ =y+«. B\ily~j=y-a. 

So that changing the sign which is before the whole frac 
lion, has the effect of changing the value from positive to 
negative, or from negative to positive. 

Next, suppose the sign or signs of the numerator to be 
changed. 

ab „ - «" 

ByArt. 123,-^=+a. But -j- = ~<^ 
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-ab+be 
—f—=-a+c. 

That is, by changing all the signs of tfie numerator, the 
value of the fractiou is changed from positive to negative, or 
the coiitraiy. 

Again, suppose the sign of the denominator to be changed. 

As before -7 =-\-a. But — j-=-a. 

143. We have then, this general proposition; If the 
sign prefixed to a fraction, or all the signs of the 
numerator, or all the sighs of the denominator be 
changed; the value of the fraction will be changed, 
from positive to negative, or prom negative to posi- 
TIVE. 

From this is derived another important principle. As each 
of the changes mentioned here is from positive to negative, 
or the contrary ; if any two of them be made at the same 
time, ihey toUl balance each other. 

Thus by changing the sign of the numerator, 
_. =-}-a becomes -Z_ = ~a. 

o b 

But, by changing both the numerator and denominator, il 
becomes — —=-^-a, where the positive value is restored. 

By changing the sign before the fraction, 

y-i-t =y-[-abscoineey-t-y-a. 


But by changing tlie sign of the numerator also, it becomes 
y where the quotient —a is to be subtracted from y, 

or which is the same thing, (Art. 81,) -\-a is to be added. 
making y-\-a as at first. Hence, 

144. If ALL THE SIGNS BOTH OP THE NUMERATOR AND 
DENOMINATOR, OR THE SIGNS OF ONE OP THESE WITH THE 
SIGN PREFIXED TO THE WHOLE FRACTION, BE CHANGED AT 
THE SAME TIME, THE VALUE OF THE FRACTION WILL NOT BE 
ALTERED. 



.■..Google 



. , 6 -6 6 -6 

^"''r2 = -r=-2=-Z2=-3- 

Hence the quotient in division may be set down in difTerent 

ways. Thus (a-c)-^6, is either t + ^, or- - -. 

The latter method is the most common. See the exiirn 
piesin Art. 127. 

REDUCTION OF FRACTIONS. 

145. From tlie principles which have been stated, are de 
rived the rules for the reduction of flactions, which are sub- 
stantially the same in algebra, as in arithmetic. 

A FRACTION MAY BE REDUCED TO LOWER TERMS, BY DIVI 
DING BOTH THE NUMERATOR AND DENOMINATOR, BY ANY QUAN 
THY WHICH WILL DIVIDE THEM WITHOUT A REMAINDER. 

Accoixling to Art. 140, this will not alter the uo/jm of th« 
fraction. 

„, ab a ^ ,6(Zm 3ni 7m 1 

Thu9-^=-. And-g^=^- And^— =-. 

In the last example, both parts of the fraction are divided 
by the numerator, 

As™.giy--ji=r»(Art.n8.) A„d;^=?-. 

If a letter is in every term, bolh of the numerator and de 
nominator, it may be cancelled, for this is dividing by that 
letter. (Art. 120.) 

Thug 3^-j-«^^3m-f-y dry+dy ^r-j-i 
' ad-{-ah d-\-h' dhy~dy h-i 
If the numerator and denominator be divided by the great- 
est common measure, it is evident IJiat the fraction wUl be 
reduced to the loaest terms. For the method of finding t'lie 
greatest coimnon measure, see Sec. xvi, 

146. Fractions OF DIFFERENT denominators MA' b£i Rs- 

DOCED to a common DENOMINATOR, BV MULTIFLTlNa BAO|f 
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54 ALGEBRA. 

NUMERATOR IHTO ALL THE DENOMINATORS EXCEPT ITS OWN, 
FOR A NEW numerator; AND ALL TH£ DENOMINATORS TO- 
GETHER, FOR A COMMON DENOMINATOR. 

Ex. l.Reduce-, audi, and- to a common denominator. 
b d y 

cy.by.y=cby > the three numerators. 

my.by.d=mhd ) 

bx^Xy=^'iy '-^'^ common denommalor. 

The fractions reduced are " A and _1, and ^---. 

bay bdy bdy 

Here it will be seen, that the reduction consists in multi- 
plying the numerator and denominator of each fraction, iato 
all the other denominators. This does not alter the value. 
(Aru 140.) 

2. Reduced, and ?^, and ^. 

3m s y 

3. Reduce ?., and _, and.^i_. 

3 X rf+ft 

4. Reduce — -j, and .. 

a-\-b a- a 

After the f'actiona have been reduced to a common de- 
nominator, liny may be brongbl to lower terms, by the rule in 
the last article, if there is any quantity which will divide the 
denominator, and all the numerators without a remainder. 

An inleg':r and a fraction, are easily reduced to a commor 
denominator. (Art. 141.) 

Thus a and are equal to-? and -, or — and _. 

And a, 6, -'L, ^ are equal U, «J!^, ^-^, % ^ 
HI y my my my my 

147. To REDUCE AH IMPROPER FRACTION TO A MIXED 
QUANTITY, DIVIDE THE NUMERATOR BY THE DENOMINATOR, 

(Win Art. 127. 



Thus ai'+fc'^+'f =a^m+\ 
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FRACTIONS. 55 

_ , am- a-\~ady - hr 

Reduce '-^ , to a mixed quantity. 

For the reduction of a mixed guanttly to nil improper frac- 
tion, see Art. 150. And for the reduction of a compound 
fraction to a simple one, see Art. 160. 

ADDITION OF FRACTIONS. 

148. In adding fractions, we may either wn'le them ona 
after tlie other, with iheir signs, aa in tlie addition of inieger^ 
or we may incorporate tliem into a single fraciion, by the fol- 
lowing rule : 

Reduce the fractions to a common denomikatob, 
hake the sighs befort: them all positive, and then add 
their numerators. 

The common denominator shows into what parts the inte^ 
gral unit is supposed to be divided ; and the niinieraloi-s show 
the number of these parts belonging to each of (he fi-aciions 
(Art, 134.) Therefore the numei-alors taken logelha- shov 
the whole number of parts in all the fractions. 

2 11 3 111 

Thus, ^=^+^. And^ = ^+^+^-. 

Therefore, ^+^=1+1+1+.^ +1=1 

The numerators are added, according to the rules for the 
addition of hitegers. (Art. G9, &c.) It is ohvions that the 
Slim is to be placed over the common denominator. To 
avoid the perplexity which might be occasioned by ihe signs, 
it will be expedient to make those prefixed to the fractions 
unifoimly positive. But in doing this, care mnst be taken 
not to alter tlie value. This will be preserved, if all the signs 
in the numerator are changed at the same time with that be- 
fore the fraction. (Art. 144.) 

Ex.1. Add A and i. of a pound. Ans. ?±ior A. 
16 IG ^ 16 16 

It is as evident that -^, and i^ of a pound, are tt of 8 
pound, as that 3 ounces and 4 ounces, are 6 onnces. 

2. Add — and -_. First reduce them to a common denonru 

nator. They will then be^ and ^, and their sum^ii^- 
od od bd 
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ALGEBRA. 



2r+d _3hm ^^^ 2dr-\-d d_ Skm~2dr-da 
^" ~ ~ Sdh 

.a , b~tn_a ,—b^m_ay~bd-[-dm 
'd^ "y^f? ~y dy 



. dy _ - <m+dy ^^ am-dy 
— my - my viy 

6. -^ and -i- = °° - °»+ _°i±^ , '^i. (Art. 77.) 



y -m —my -my - my 



b _B« — rt6-)-re6-|-i& _aa-\-bh 
'' aJ^b "'" a-b ~ aa-\-ab -ab~bb aa- bb' 



149. For many purposes, it is sufficient lo udil fractions in 
the same manner as iiiiegers are addedj Ity wriiiiig iliem one 
after aiioliier witli ilieir signs. (Art. 69.) 

. , a ,3 1 d ■ a , S d 

Thus tlie sum of -p and- and -;r— ,i9 ^H ^r— 

b y 2m y 2m 

In the same manner, fractions and integers may be added. 



160. Or tlie integer may be incorporaled wiiii ttie fraction, 
ny converting 1 lie former into a fraction, and then adding the 
numerators. See Arl. 14!. 




Incorporatmg an integer with a fraction, is the same as re- 
ducing a mixed quantity to an improper fraction. For a mixed 
quantity is an integer and a fraction. In ariilimetic, these 
are generally placed together, witlioul any sign between 
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them. Bui in algehrit, Ihey are distinct terms. Thus 2J \a 
S andi, wliicii is the same as 2+j. 

Ex. [. Reduce a-\— lo an improper fraction. Ans. — -i— 
b » 

3. Rcdutc „+<(-_'■_. Ans. I'n, - dm+d h-dd-r^ 
h-d h-d 

3. Reduce 1+f. Ans. -"t^. 4. Reduce 1-A 
o it m 

5. Reduce t+_l.. 6. Reduce 3+?^^. 
d-y ^ 3a 



SUBTRACTION OF FRACTIONS. 

51. The methods of performing subtraction io' algebra, 
(fepend on the principle, (hat adding a negative quantity is 
et]uivalent to subtracting a positive one ; and v, v. (Art. 81.) 
For the subtraction of fi'aclions, then, we have the follo\ving 
simple rule. Change the fraction to be subtracted, 

FROM POSITIVE TO HEGATIVE, OR THE CONTRARY, AMD THEN 

PROCEED AS IN ADDITION. (Aft. 148.) In making the re- 
quired change, it will be expedient to alter, in some instance^ 
the signs of the numejator, and in others, the sign before the 
dividing line, (Art. 143,) so aa to leave the latter always 
affumative. 

Ex. 1. From % subtract *. 

b M* 

Krst change —^ the fraction to be- subtracted, to r— . 

Secondly, reduce the two fractions to a common denouii 
I . am . -bh 

mator, niakmg, — and ___.. 

hm bm 

Thirdly, the sum' of the nuineraiors am -~ bk, placed over 
the common denominator, gives the answer, — _I — . 



j^^^ ad+dy.-kr 
dr 

my 
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Ans, 



nd-9a 



6, From subtract — — . Ans. -2 ^U . 

m y my 

6. From ^+1 subtract lli. 7. From ^' subtract 

153. Fractions may also be subtracted, like integera, by 
eettiiig them down, after (lieir signs are clianged, without re- 
ducing them lo acoiiimoii de nominal or. 



b 



From * subtract - ^+i. Am. * +^1^. 
m y my 

In the same matitier,an integer may be subtracted from 
a fraction, or a fraction from an integer. 
From a subtracts Ans, a-- . 

15S. O tlie integer may be incorporaled with the fraction, 
as in Art. 1-&0. 

Ex. l.Ftomi subtracts. Ans. 'i -m=^-:^l 

9. Prom 4a+t subtract 3« - ^. Ans. ■"'^^^+H 
(f d *cd 

4-!:^ — subtract . Ans. .. T . , 

' (I d d 

4. From o+3A - — .1 subtract 3a - A+-t-- 



MULTIPLICATION OF FRACTIONS. 

154. By the definition of multiplication, multiplying by a 
fraction is tailing ap«d of the multiplicand, as many times as 
there are like parts of an unit in the multiplier. (Art. 90.) 
Now the denominator of a fraction shows into what parts the 
integral unit is supposed to be divided ; and the numerator 
shows how many of those parts belong to the given fi'action. 
In multiplying by a fraction, therefore, the multiplicand is 
to be divided into such parts, as are denoted by the denom- 
inator ; and then one of these parts is to be repeated, aa 
many times, as is required by tlie numerator. 
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Suppose o is to be mulliplied by — ■ 

A fourth part of a is — ■ 

4 

TI113 U^keii 3 times is - a.tA.t-^ (Art. 148 ) 

4 "^4 ^^4 4 

Again, suppose r- is to be multiplied by j- 

One fourth of ^ ia -^. (Art. 138. i 

6 46 ^ ' 

This taken Stlmes fe ~a.-^a." — -, 

the pixNjuct required. 

In a similar manner, any fiactfonal multiplicand may ba 
divided into parts,, by imdtifdying ilie denomiijfltor ; and one 
of the parts may be repeated,, by multiplying the numerator. 
We have then llie following rule : 

155. To MULTIPLY FBACTIONS, MULTIPLY THE NUMERA- 
TORS TOGETHER, FOR ANEW NUMERATOR, AND THE DEJMOMl- 
NXTORS TOGETHER, FOR A NEW DEKOMINATOE. 



3«i 2cm 

3. Multiply --'--■ mto — ^- Product ^ — 

'^ ■' y m-2 mi/-2y 

3. M„Uipl,<2±|>><^i„to * P,.„too.fe±!!)X«. 

. .. , a+A. A~m „ ,, , 1 . 3 

4. Mult. x-^,mto— — . S. Mult. -— s- mto^- 

156. The method of multiplying is the same, when there 
ire more than two fractions to be* multiphed together. 

Multiply together r? j' and — • Product ^. 



y ^dy 



S.Mu]tiply^,^,^-.and_L. Product ?ll^ "Jf^H. 
ta a c r - 1 entry - emu 
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3. Mull. ?+». 1 «nd JL. 4. Mull. ^, '-JL?^, .ud » 

137. The nuilliplii;n.l,ion may sometimes be shortened, by 
rejecling equal factors, from the numerators and denomina- 
tors. 

a . h ,d „ . dk 
1. Multiply - into - and -- Product-. 

Here a, being in one of the numerators, and in one of th« 
ilenominato)^, may be omitted. If it be retained, the product 

will be ^. But this reduced to lower terms, by Art. 145^ 
ftry 

will become — as before. 

" "2^' 

It is necesaaiy that the fttctors rejected from the numera- 
tors be exacliy equal to those which are rejected from the 
denominators. In the last example, a being in two of the 
numerators, and in only one of the denominators, must be re-- 
tained in one of the numerators. 

3. Multiply iy into !3. Product ?f!+*5. 

■^ ak ah 

Here, thoagh the same letter a is in one of I'.ie nimierator», 
and in one of the denominator, yet as it is not in evertf, term 
of the numerator, it must not be cancelled., 

4. Multiply^!!!+^'into^and?!l. 

If any difficulty is found, in making these contractions, it 
will be better to perform the multiplication, without omitting 
any of the factors ;. and to reduce the product to lower terms 
afterwards. 

158. Wlien a frjiction and an mrcger are mul'fiplied to^ 
gether, the num^ator of the fraction is multiplied into the 
integer. The denominator is not altered ; except in cases 
where division of the denominator is substituted for muttipli- 
cation of l\ie numerator, according to Art. 139,. 
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FRACTIONS. 61 

Thus oX-='^- Foro=^; and ^X-=— ■ 

y J/ 1 1 y y 

Sorx|x!^=?5^ A„daxl=l Hence. 
d o sa 

159, A FRACTION IS MULTIPLIED INTO A QUANTITY EQUAL 
TO ITS DENOMINATOR, B^ CANCELLING THE DENOMINATOH. 

ThixsB.xb=a. Forlxfi=— ■ Bui the letter 6, being 

in both the numerator and denominator, may be set aside. 
(Art. 145.) 

SoJ^^X{a-y)=3m. And'^^x(S+m)=h^3d. 
a-y S+n' 

On the same principle, a fraction is multiplied into any 
factor in its denominator, by cancelling that factor, 

Thu4xj=S!=° AndiLx6=^. 

by by b 34 4 

160. From the definition of multiplication by a fniction,it 
follows that what in commonly culled a compound fraction,* 



?-4- " 4-- , But this is the same as - multiplied by _. 

(Art. 154.) 

Hence, reducing a compouiid fraction into a simple one, is the 
same as multiplying fractions into each, otiier. 

E>=l.Ued„ce|ofj±j. An.. ^. 

S. R.du» ^ofiof i±^. a™. Ji+SL. 
S 5 2a-m S0a-15m 
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161. Tlie expression ao, lb, ^y, &c. are equivalent to 
— , — , -^. For so is I of o, which is equal to _x«= - 

(Art. 158.) So\b=iXb=t 
5 



DIVISION OF FRACTIONS. 

162, To DIVIDE ONE FRACTION BY ANOTHER, INVERT THE 
DIVISOR, AND THEN PROCEED AS IN MULTIPLICATION. (Art. 
155.) 

Ex.1. Divide ?byl Ans. tx~=-. 
b d b c be 

To iiiiclersiaiid the reason of the rule, let it be premised, 
thai liie piodiictofanyfraclionintoLlie same fraction inverted, 
is always a luiil. 

Tl,.j. «x''-=??=l. Ami _^_xi±»=l. 
b a ab h-\-y a 

But a quantity is not aitered by multiplying it by a unit. 
Thorefoie, if a dividend be i n Lilt i plied, first into the divisor 
mveried, and liieii iiiio the divisor itself, the last product will 
be eqmil to llie dividend. Now, by the delinilion, (art. IIS,) 
"division is finding a qiiolienl, which niuliiplied into the di- 
visor will priiihice the dividentl." And as the dividend mul- 
tiplied inio ihe divisor inverted is such a quantity, the quo- 
tie4it is truly found by Ihe rule. 

This explanation will probably be best understood, by at- 
tending' to the examples. In several which follow, the proof 
of the division will be given, by multiplying Ihe quotient into 
the divisor. This wiil present, at one view, the dividend 
multiplied into the inverted divisor, and into the divisor itself. 

2. Divide ^ by ?^. Am. 11 xi=-a!.. 

■ Proof. '3 x-= 
a. Divide ?+^ by ^S An.. '+'>y. V - '»+'» 
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Proof. !!^X^=1!^ the dividend. 
rx a X 

5. Divide 3W J, I8h__ ^„^_ i6d 10^^4«3, 

6 ' 10)/ 5 18/i /t 

6. Divide ^^ll by ^llzl. 1. Divide tl^ by -?_. 

163. When a fraction is divided by an itUeger, the (denomi- 
nator of the fraction is muUiphed into ihe iiileger. 

Thus the quotient of " divided by m, is —. 

For Hi=!^; and by the last article, ^-i-—=-X-=-, — 
1 ■' b I b m bm 

SoJ_^/.=J_xl=-L. And3^6=i,=l. 

a-b a-b k ah~bh 4 24 8 

In fractions, midtiplication is made to perforin the office 
of division ; because division in (Jie usual form often leaves a. 
troublesome remainder : but (here is no remainder in multi- 
plication. In many cases, there are metliods of shortening 
the operation. But these will be suggested by practice, 
without the aid of particular rules. 

164. By the definition, (art. 49,) "the reciprocal of a 
quantity, is the quotient arising from dividing a unit by that 
quantity." 

Therefore the reciprocal of - is l-j-?-=lX-=— That is, 
6 b a a 

The reciprocal of a fraction is the fraction inverted. 

Thus the reciprocal of — . . - is — T^^ - ; the reciprocal of 

m+y b 

L 13 ?^ or 3u ; the reciprocal of i is 4. Hence the recip- 
Sy 1 

rocal of a fraction whose numerator is 1, is the denominatoi 
of the fraction. 

Thus the reciprocal of _ is a ; of - j — , is a-\-b, Slc. 
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65. A fraction sometimes occurs in the numerator or de- 
nominator of another fraction, as tf. It is often convenient 

b 
in the course of a calculation, to transfer such a fraction, 
from tlie numerator to the denominator of the principal frac- 
tion, or ilie contrary. That this may be done without altei- 
ing the value, if the fraction transferred be inverted, is evi- 
dent from the following principles : 

First, Diviflmg hy a fraction, is the same as mjilliplyins b\ 
the fraction iwuerW. (Art. 162.) r y a . 

Secondly, Dividing the nuineralor of a fraction has the 
same effect on tlie value, as multiplying the denominator; and 
multiplying the nmneralor has the same effect, as dividing 
the detiomuiator. (Art, (39.) 

Thus ill the expression 1? the numerator of - is multiplied 

into 3. But the value will be the same, if, instead of multi- 
plying the numerator, we divide the denominator by I, that is, 
mu!ti|)ly the denominator by f. 

Therefore 1"=^. So —=^ 

X la: Im m 

AniJL = ^= 'i _ And5zf=iir_K 

1 66. Multiplying the numerator, is in effect multiplying the 
valw of the fraction. (At-t.137.) On this principle, a frac- 
tion may be cleared of a fractional co-efficient which occurs 
m its nmneralor. 

Thus i«=lxr=-- And i?=ix-=iL 
o 5b ySySy 

And i^^-1 yh+x_}i~\.x j^^^ i£= 3x_ 
m & m 3m. Sa SOo 

On the other hand, ^=^ X-='" 

And "=l.x^=^-?. And_il^=J!L. 
3y 3 y y dd+Sx rf+a 

167. Butmultiplyingihe rfenommnim-, by another fraction, 
](. it» effect ditnding the value ; (Art. 138.) that ia, it is mulli- 
plying the value by the fraction mverted. The principal frac- 
tion may therefore be cleared of a fractional co-efficient, 
which occure in its denominator. 
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SIMPLE EQUATIONS. 
_, <* « .3 a.,5 5a .„. a 7a 

A,idtB=?2+''*. And?^ = ?L*. 



And 5ttMj^£t* A«d 2j=i 

67. 6. The numerator or the denominator of a fraction, 
may be itseif a fraction. Tiie expj'ession may be reduced to 
a more simple form, on the principles which have been applied 
in the preceding cases. 

„ b a c ad 
c b ' d be 

2 



SECTION VII. 



SIMPLE EaUATlONS. 



Art. 168. The subjects of the preceding sections are in- 

Iroductory to what may be considered the peculiar province 
of algebra, the invealigation of the values of unknown quan- 
tities, by means of equations. 

An equation is a pkoposition, expressing in algebraic 
characters, the equatltv between one quantity ok set 
op quantities and another, or between different ex- 
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66 ALGEBRA. 

PKESSIONS FOR THE SAME QUANTITV.* Thu9 a;-(-a^6-[-C, 13 

an equation, in wliich (tie sum of x and a, is eqiml to tlie sum 
of b and c. Tlie quaiilitles on llie two sides of tlie sign of 
equality, are sometimes called (he members of tlie equation ; 
tlie several terms on the lefl consti luting tlie firsl member, 
and those on the righl, tlie second member. 

169. The object aimed at, in what is called the resolution 
or rcducfjon of an equation, is to find ike value of the unhtown 
quantity. In the first statement of the conditions of a problem, 
the known and unknown quantities are frequently thrown 
promiscuously together. To find the value of that which is 
required, it is necessary to bring it to stand by itself, while 
all the others are on the opposite side of the equation.' Bui 
in doing this, care must be tsiken not to destroy the equation, 
by rendering the two members unequal. Many changes 
may be made in the arrangement of the terms, without af- 
fecting the equality of the sides. 

170. The reduction of an equation consists, then, 
in bringing the unknown quantitv by itself, on one 
side, and all the known quantities on the other side, 
without destroying the equation, 

To effect this, it is evident that one of the members must 
be as much increased or diminished as the other. If a quan- 
tity be added to one, and not lo the other, the equality will 
be destroyed. But the members will remain equid ; 
If the same or equal quantities be added to each. Ax. 1. 
If the same or equal quantities be svhlracted from each. Ax. 2. 
If each be multiplied by the same or equal quantltiee. Ax. 3. 
If each be divided by the same or equal quantities. Ax, 4, 

171. It may be farther observed that, in general, if the 
iHiknown quantity is connected with others by addition, mul- 
tiplication, division, &c. the reduction is made by a contrary 
process. If a known quantity is added to the unknown, Ihe 
equation is reduced by subtraction. If one is multiplied by 
the other, the reduction is effected by division, &c. The 
reason of this will be seen, by attending to the several cases 
in the following articles. The known quantities may be ex- 
pressed either by lettere or figures. The Mnfcnown quantity 
is represented by one of the last lettere of the alphabet, gen- 
erally X, y, or 2. (Art. 37.) The principal reductions to 

•RteNole D. 
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SIMPLE EQUATIONS. 61 

De considered in lliia section, are those which are effected by 
transpositioTi, mullipHcation, and divisiont. These ought to 09 
maile perl'ectiy laniiUar, aa one or more of them will be ne 
cessary, in tlie resolution of almost every equalloii. 

TRANSPOSITION. 

172. In the equation 

a; -7=9, 
the number 7 being connected wilh the unknown quantity a 
by the sign -, tlie one is subtracted from the other. To re- 
duce Llie equation by a contrary process, let 7 be added to 
both sides. It then hecojnes 

a;- 7+7=9+7. 

The equality of the members is preserved, because one is 
as much increased as the other. (Axiom 1.) But on one 
side, we have - 7 and + 7. As these are equal, and, have 
contrary signs, they balance each other, and may be cancel- 
led. (Art. 77.) The equation will then be 

3;z=9+7. 
Here the value of x is found. It is shown to be equal to 
9+7, that is to 16. The. equation is therefoie reduced. 
The unknown quantity is on one side by itself, and all the 
known quantities on the other side. 

In the same manner, if x-b=a 

Adding b to both sides x - 6+6=tf+t 

And canceUing (-6+i) x—a-{-b. 

Here it will be seen that the last equalion is the same as 
the first, except tliat b is on the opposite side, with a contra- 
ry sign. 

Next suppose y-\-c=d. 

Here c is added to the unknown cpiantily y. To reduce the 

equalion by a contrary process, let c be subtracted from both 

Bides, that is, let - c, be applied to both sides. We then have 

y+c-c=d-c. 

The equality of the members is not afTecliid, because one 
is as much diminished as the other. When [-]-c~c) is can- 
celled, the equation is reduced, and is 
y=d-c. 

This is the same as y-\-c=^d, except that c has been trans- 
posed, and has received a contrary sign. We hence obtain 
the following general rule : 
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173. When kkowh quantities are connected with the 
unknown quantity bvthe sign -|- or — , the equation is 
keduced by transposing the known quantities to 
the other bide, and prefixing the contrary sign. 

This is called reducing an ■'■■nation by addition or snblrac- 

tton, because it is, in effect, a-^Jing or subtracting certain 

quantities, to or from, eacli of the members. 

Ex.1. Reduce the equation x-\-^b-m=h-d 

Tran9posing+36, we have s-m^ft- d - 36 

And tntns[}03ing-n(, x=h~d-Sb-\-m. 

174. When several terms on the same side of an equation 
are alike, ihey may be united in one, by the rules for reduc- 
tion m addition. (Art. 72 and 74.) 

Ex. 3. Reduce the equation x-\-5b - 4h=7b 

Transposing 56 - 4A x= 76 - 56-J-4A 

Uniting 76 - 56 in one term x= 264-4/t. 

175. The unknmiin quantity must also be trans|>osed, 
whenever it is on both sides of the equation. It is not mate- 
rial on which side it is finally placed. For if a^=3, it is evi- 
dent thai 3=x. It may be well, however, to bring it on that 
side, where tt will have the affirmative sign, when the equa- 
tion is reduced. 

Ex.3. Rednce the equation ^sc-{-2h=h-\-d-\-&x 

By transposition 2h - 6- rf=Sa-- Sa: 

And h-d=x. 

176. When the same term, with the same sign, ia on oppo- 
site sides of the equation, instead of transposing, we may ex- 
pwige it fiom each. For this is only subtracting the same 
quantity from equal quantities. (Ax. 2.) 

Ex. 4. Reduce the equation x+Shr^d-b-\-Sh-\-7d 

Expunging Sh x-\-d=b--{~Td 

And at=6-f 6rf. 

177. As all the terms of an equation may be transposed, 
wr supposed to be transposed ; and it is immateria! which 
member is written first ; it is evident that the siirns of all the 
terms may be changed, without airecting the equality. 

Thus, if we have x--b=d-a 

Then by transposition - d-\-a= ~ x -{-b 

Or, inverting the members -x-\-b=^ -d^a. 

178. If all the terms on one side of an equation be lian»< 
pvsed, each member will be equal to 
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SIMPLE ECiUATIONS. 69 

Thus, if x-\-b=d, then x+b~d=0. 

It ig fre(|ueiitiy convenieiil to reduce aii equation to this 
form, in wliich the positive and negative lerma balance each 
other. In the example jual given, x-\-b is balanced by — d. 
For in the first of tlie two equations, x-\-b is eriual to d. 
Ex. 6. Reduce a+2x ~ 8 ^b-4:+x-{-a. 

6. Reduce y-\-ab - hm=a-[-2y -ab-l-hm. 

7. Reduce /(-(-30+7a:-8 - 6A4-6a: - d+b. 

8. Reduce bk+2l-4x-\-d=n-3x-\-d-7bk. 

REDUCTION OF EQUATIONS BV MULTIPLICATION. 

179. The unknov/n quantity, instead of being connected 
with a known quantity by the sign -f or -, niay be divided 

by it, as in the equation . = b. 

Here the reduction cannot be made, as in tlie preceding 
instances, by transposition. But If both members be multi- 
plied by a, (Art. 170,) the equation will become, 
x=ttb. 

For a Jraction is multiplied into its denominator, by removing 
tlie denominator. This has been pi'oved from the properties 
of fractions. (Art. 159.) It ia also evident from the sixth 
axiom. 

Thus «:=??„!£_- t^^I>l5-^±^^ &c. For in each 
a ~ 3 " a-\-b d+5 

of these instances, x is both multiplied and divided by the 
same quantity ; and this makes no alteration in the value. 
Hence, 

180. When the unknown quantity is DIVIDED by a 

KNOWN QUANTITY, THE EQUATION IS REDUCED BY MULTI- 
PLYING BACH SIDE BY THIS KNOWN QUANTITY. 

. The same transpositions are to be made in this case, as in 
the preceding examples. It must be observed also, that every 
term of the equation is to be multiplied. For the several 
terms in each member constitute a compound multip'j'^and, 
which is to be multiplied according to Art. 98. 
Ex. 1. Reduce the equation -^a—b+d 

Multiplying both sides by c 

The product is x+ac-bc-\-cd 

And ~, x=bc-i-cd-ae. 
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g. Reduce the equation -^ — [-5=20 

Multiplying by 6 a: - 4+30 - 1 20 

And'^ ^=120+4-30=94. 

S. Reduce the equation "XT"''''"'' 

Multiplying by a+6 {An. 100.) sc+ad+bd=ak+bk 

^i^d a:=a/i+6A-ai-oa. 

181. Wben the uiiltnown quantity is in tbe denominator of 

a fraction, llie reduction is made in a similar manner, l>y mul- 

' Liplying the equation by this denominator. 

Ex. 4. Reduce the equation j-r — -+7=8 

Multiplying by 10 -ar 6+70-'ra;=80-8a: 

And ^=*- 

183. Though it is not generally necessary, yet it is often 
convenient, to remove the denominator from a fraction con- 
Bisting of kn.ov>n quantities only. This may be done, mthe 
eame manner, as the denominator is removed from a fraction, 
which contains the unknown quantity. 

:r d.h 
, Take for example a~'b'^'e 

nd , ah 
Muhiplying by a *= ^ +— 

Multiplying by 6 bx=ad-^-J 

Multiplying bye , bcx=acd+abh. 

Or we may multiply by the product of all the denomma- 
lors at once. 

In the same equation a^b'^'c 

, ahcx abed ,abch 
Multiplying by abc — ^ ^— 1 — 

Tlien by cancelling from each t«rm, the letter which ia 
common to its numerator and denommator, (Art. 145,) v^e 
have bcx=acd+abh, as before. Hence, 

183. An equation Mir be <=i-^^«^« "^^timlTmiS 

Ml LTIPLVING EACH SIDE INTO ALL THE DENOMIN A 1 UKS. 
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Tliiia the equation ? =^4.L - ^. 

a d g m 
is the same as dgJ'ix=abgin-{-adem-adgh, 

Anil the equation _=— +— H — 

is the same as 80a: - 40+ 48+ 1 80. 

In clearing an equation of fractions, it will be necessary 
to observe, that the sign - prefixed to any fraction, denotes 
that the wliole vahie is to be subtracted, (Ail. T42,) which ia 
done by changing the signs of all tlie ternia in the numerator. 

™, ,- a-d 36-2/tm-6n 

The equation =e - — - — - 

at r 

is the same as ar ~ dr^^crx -iihx-{'2hmx-\-Gn3:. 

REDUCTION OF EQUATIONS BY DIVISION. 

184. When the unknown quantity is MULTIPLIED 

INTO ANV KNOWN QUANTITV, THE EQUATION IS REDUCED B? 
DIVIDING BOTH SIDES BY THIS KNOWN QUANTITY. (Ax. 4.)f 

Ex, 1. Reduce tlie equation ax-\-b-3h=d 

By transposition ttx=d-\-Sh~b 



Dividing by a 



d+Sk-b 



2. Reduce the equation 2a:=_ — — +46 
c h 
Clearing of fractions ^chx=ak-cd'-]-4bch 



Dividing by 2ch 



_ah-cd-\-4bch 
2ch ■ 



185. If the unknown quantity has co-efficients in severaf 
terms, ihe equation must be divided by (Ul these co-efficienta» 
connected by their signs, according tc Art. 1 21. 
Ex. 3. Reduce the equation Sx~bx=a-d 

Thatis, (Art. 120.) {3-J)xa:=a-rf 

Dividing by 3-6 x= ~ .. 

4. Reduce tlie equation ax-\-xt=h-i 
A-4 
Dividing by a+l x= ._ 
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ALGEBRA. 


Ex. 


5. Reduce the equation x :c-b_a-\-<i 

Cleaiingof fractions ikJ!-4x=nh+dh- 
Dividi„gby4,.-4 . «''+*-«. 



186. If any quantity, either known or unknown, is found 
as a factor in every term, the equation may be divided by it. 
On <Jie other hand, if any quantity Is a divisor in every term, 
the equation may be multiplied by it. In this way, the factor 
or divisor will be removed, so as to render the expression more 
simple. 
Ex. 6. Reduce the equation ax-\-Bah=Gad-\-a 

Dividing by n 

And 

7. Reduce the equation 

Multiplying by x (Art. 159.) ar+l ~ b=k - d 

And x^h-d+b-l. 

5. Reduce the equation xX{^+b) - a-b—dx{a+b) 

Dividing by a-f 6 (Art. I18.)ar- l=d 
And x=d+h 



187. Sometimes the conditions of a problem are at first 
stated, not in an equation, but by means of a proporlton. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a future section, bo far as 
to admit the principle that " when four quantities are in geo- 
metrical proportion, the product of the two extremes is equal 
to the product of the two means ;" a principle which is at 
the foundation of the Rule of Three in arithmetic. See 
Arithmetic. 

Thus, if a : 6 : : c : d, then ad= be. 

And if 3 : 4::6 : 8, then 3x8:=4x6. Hence, 

188. A PROPORTION IS CONVERTED INTO AN EQUATION BY 
MAKING THE PRODUCT OF THE EXTREMES, ONE SIDE OF THE 
equation; and the PRODUCT OF THE MEANS, THE OTHER SIDE. 
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Ex. 1 . Reduce to an equation ax:b::ch:d. 

The product of the extremes is adx 
The product of the means is bch 
The equation is, therefore adz=hch. 

2, Reduce lo an equation a-{-b%c: :h-miy. 

Tlie equation is ay'{-by=ck~ cm 

189. On the other hand, an equation may be con- 
verted INTO A PROPORTION, BY RESOLVmc ONE SICE OF THE 
EQUATION INTO TWO FACTORS, FOR THE MIUDLE TERMS OF 
THE PROPORTION : AND THE OTHER SIDE INTO TWO FACTORS, 
"■OR THE EXTREMES. 

As a quantity may often be resolved into different pairs of 
factors ; (Art. 42,) a variety of proportions may frequently 
be derived fiom tiie same equation. 

Ex, 1. Reduce to a proportion ahc=deh. 

The side abc may be lesolved into axbc, or ab xc, or acxh. 
And deh maybe resolved into dxeh,oi dexb; or dhX"- 

Theiefore a: d::eh :bc And (w: dk::e : b 

And ab:de::h:c And ac:d\:eh:b, &c. 

For, in each of tliese instances, the product of tfie extremes 
is ahc, and tlie product of the means deh. 

2. Reduce to a proportion ax-\-bx=cd~ck 

The first member may be resolved into a; x ("+'') 
And the second into cx{d-h) 

Therefore x \ c::d — h\ a-\-b And d-k: x:; a-^b : c, &c. 

190. If for any term or terms in an eqriat.ion, any other ex- 
pression of the same value be subsliluled, it i- manifest that 
the equality of the sides will not be affected. 

Thus, instead of 16, we may write 2x8, or ~, or 25-9, &c. 
4 
For these are onjy different forms of expression for the same 
quantity. 

191. It will g'enerally be w^cll to have the several steps, in 
the reduction of equations, succeed each other in the follow- 
ing order. 

First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and unite the terms. (Arts. 173, 4, 5.) 
Thirdly, Divide by the co-efficients of the unknown quan- 
tity. (Arts. 184, 5.) 
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Clearing of fractions 24a;+192=20a?+224 

Transp. and uniliiig teniis 4:c=32 
Dividing by 4 3-= 8. 

2. Reduce the equation --{-h^^ -—-\-d 

Clearingof fractions bcx-\-abx -acx=abcd — abch 

Dividing ,=^lt±-J!^. 

ic-J-cft - ac 

3. Reduce40-63;-16 = lsO-14a:. Ans. 3;=13. 



4. 


Reduce 


'^+l=«- 


.'-. A.,..,= ». 


5. 


Reduce 


|+|=.0-J. 


0. Reduce Izi-4=5. 


7. 


Reduce 


J— 2=8. 
1+4 


8. Reduce -5i^=l. 
»+4 



9. Reduce it+-+l^ll. 1 0. Reduce ?-+il -- = 1 
2 3 3 a 4 10 

II. Reduce '.zl+(l,=^lizt 

IS. Reduce 3»+?±t5=5+lli:i5^. 

13. Reduce ^JlZl^!!=]l'Ji+,. 

3 3 ^ 

14. Reduce 21+5£jl!I=5id;+?Lz_'i 

16 8 2 

13. Reduce S.-IIl!- 4=55+^ - J . 
4 3 12 

le. Reduce !^±^-l^±ii+6=?£t9. 
3 5^2 

ir. Reduce !Izl;-li+!=5-6.+!£±ii 



Hoifdb, Google 



SIMPLE EQUATIONS. 

r , 7x-13_2£+4 
"^6x+3~ 3 



20. Reduce 



53^+4 . 



SOLUTION OF PROBLEMS. 

192. In tiie solution of problems, by means of equations, 
two tilings are necessary: First, to translate the statement of 
the question from common to algebraic language, in sucii a 
manner as to form an equation ; Secondly, to reduce this 
equti.lion to a stale in which the unknown quantity will stand 
by itself, and its value be given in known terms, on the op- 
posite side. The manner in which the latter is effected, hag 
already been considered. The former will probably occasion 
more perplexity to a beginner ; because the conditions of 
questions are so various in their natuie, that the proper me- 
thod of slating them cannot be easily learned, like the reduc- 
tion of' equations, by a system of definite rules. Practice, 
however, will soon remove a gieat pait of the difficulty. 

193. It is one of the principal peculiarities of an algebraic 
solution, thai the qiumtity soughi is itself introduced into the 
operation. This enables us to make a statement of the coa 
ditious in the same form, as though the problem were already 
solved. Nothing then remains to be done, but to reduce the 
equation, and to find the aggregate value of the known quan- 
tities. (Art. 53.) As these are equal to the unknown quantity 
on the other side of the equation, the value of that also is 
determined, and therefore the problem is solved. 

Problem 1. A man being asked how much he gave for his 
watch, replied ; If you multiply the price by 4, and to the 
product add 70, and from this sum subtract 50, the remain- 
der will be equal to 220 dollars. 

To solve this, we must first translate the conditions of the 
problem, into st^ch algebraic expressions as will form an equa- 
tion- 
Let tlie price of the watch be represented by x 
This jirice is lo be mult'd by 4, which makes 4x 
To the product, 70 is to be added, making 4i-[-70 
From this, 50 is to bo subtracted, making 4x-\-70~50 
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Here we 1ij.**i x number of the conditions, expressed m 
algebraic terms ; Lut have as yet no equation. We must ob- 
serve then, that by the last condition of the problem, the pre- 
ceding teiTOs are said to be e^ual to 220. 

We have, therefore, this equation 4a;+70-50^220 

Which reduced gives a;— 50. 

Here the value of x is found to be 50 dollars, which is the 
price of the watch. 

194, To prove whether we have obtained the true value of 
the lettei- which represents the unknown quantity, we have 
only to substitute iliis, value, for the letter itself, in the equa- 
tion which coniaiud llie firs' statement of tlie conditions of 
the problem ; and to see whether the aidea are equal, after 
the substitution is made. For if the answer thus satisfies the 
conditions proposed, it is the quantity sought. Thus, in the 
preceding example. 

The original equation ia 4x+'70 ~ 50=220 

Substituting 50 for a:, it becomes 4x50+70-50=220 

That is, 220=220. 

Prob, 2. 'What number is that, to which, if its half be add- 
ed, and from the sum 20 be subtracted, the remaindei' will be 
a fourth of the number itself 1 

In stating questions of this kind, where fractions are 
concerned, it should be recollected, that ix is the same as 
1; that lx=^, &c. (Art. 161.) 

In this prvjblem, let x be put for the number required. 
Then by the conditions proposed, a:-| — - 20=— 
And reducing the equation 



Prob. 3. A father divides his estate among his three sons, 
in such a manner, that, 

The first has $1000 less than half of the whole ; 

The second has 800 less than one third of the whole ; 

The third has 600 less than one fourth of the whole ; 

What is the value of the estate ? 

If the whole estate be represented by x, then the several 

»liares willbe ^-1000, and ^- 800, and j -600. 
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And as these constitute the whole estate, they are together 
equal to X, 

We liave then this equation f - 1000+5 - 800-ff - COO=a;. 

Wliich retluced gives x= 23800 

ftwf !2522-1000+.!^^-800+?2?^-600=2S800. 

195. To avoid an unnecessary introduction of unknown 
qufuilJlies into an equation, k may be well to observe, in this 
place, tiiat when th« sum or difference of two quantities is 
given, both of them may be expressed by means of the same 
letter. Foi if one of the two quantities be subtracted from 
their sum, it is evident the remainder will be equal to the 
other. And if the diflerence of two quantities be sublra^leil 
from the greater, the remainder will be the less. 

Thus if the sum of two numbers he 20 

And if one of them be represented by x 

The other will be equal to 20 - x. 

Prob. 4. Divide 48 into two such parts, that if the less be 

divided by 4, and the greater by 6, the sum of the quotients 

will be 9. 

Here, if x be put for the smaller part, the greater will be 

48 -a;. 

By the conditions of the problem --\- — Zf=9. 

Therefore x=12, the less. 

And 48-a;^36, the greater. 

196. Letters may be employed to express the known quau- 
titJes in an equation, as well as the unknown. A particulur 
value is assigned to the numbers, when they arc introduced 
into the calculation : and at the close, the numbers are re- 
stored. (Art. 52.) 

Prob. 5. If to a certain number, 720 be added, and Iha 
sum be divided by 125 ; the quotient will be equal to 7S0S 
divided by 462. What is that numberl 
Let a:= the number required, 

a=nO d=7392 

6=125 fc=462 

8 
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Then by the conditions of the pioUem ?"T. =_ 

Therefore ^=Mzf'^ 

h 

Re.tonnglUenumhe,-s,.= (l^^^)z(Z^0><i6!) = 1380. 
^ ' 462 

197. When tlie resolul-ion of an equation brings out a 
negative answer, it shows (hat the value of tlie unlcnown 
quantity is contrary to the quantities which, in the statement 
of tfie question, are considered positive. See Negative Quan- 
tities. (Art. 54, &c.) 

Prob. 6. A merchant gains or loses, in a bargain, a certain 
sum. In a second bargain, he gains 350 doJJars, and, in a 
third, loses 60. In tiie end he finds lie has gained 200 dol- 
lars, by the three together. How much did he gain or lose 
bv the first t 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished by contrary signs. (Art. 
57.) If the profit is marked -|-, the toss must be - . 
Let x= the sum required. 

Then according to the statement k+350-60=200 

And x= - 90 

The negative sign prefixed to the answer, show^s that there 
was a loss in the first bargain ; and therefore that the proper 
sign of s: is negative also. But this being determined by the 
answer, Ihe omission of it in the course of the calculation 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude 
Wiiat wag her latitude at starting J 
Let 3!t= the latitude sought. 

Then marking the northings +, and the southing's - ; 

By the statement x+i - 13+17 - 19= - 1 1 

And 3:^0. 

The answer here shows tliat the place from which the ship 
started was on the equator, where the latitude is nothing. 

Prob. 8. If a certain number is divided by 12, the quo- 
tient, dividend, and divisor, added together, will amount to 
64. What is the number 1 
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Leta;= the number sought. 
Then r!-+*+^^^ 



And x-~-^ ^48. 

Prob. 9. An estate is divided among four cliildien, in auch 
a manner that 

The first tiaa 200 dollars more than J of the whole. 
The second has 340 dollars more than J of the whole, 
The third has 300 dollars inoie than { of the wholo, 
The fourth has 400 dollars more thun I of the whole, 
Wliat is the value of the estate 1 Aus. 4800 dollai-s. 

Prob. 10. 'What is that number which is as much le?s ihan 
500, as a fiflh part of it is gi'eater than 40 1 Aus. 430. 

Prob. 11. There are two numbers whoi^e difference is 40, 
and which are to each other as 6 to 5. What are llie num. 
bersi Ans. 240 and 200. 

Prob. 12. Three persons, A, B, and C, draw prizes in a 
lottery. A draws 200 dollars ; B draws as much as J, to- 
gether with a third of wliat C draws; aud C draws as nuich 
as A aud B both. What is the amount of the three prizes 1 
Ans. 1200 dollars. 

Prob. 13. What mimbcr is thai, which is to 12 increased 
by three times the luunbcr, as 2 to 9 "! Ans. 8. 

Prob: 14. A ship and a boat are descending a river at the 
Biune time. The ship passes a ceriain fori, when the boat ia 
13 miles below. The ship descends five miles, while the 
boat descends three. At what distance below llie fort will 
they be together 1 Ans. 32^ Lniles. 

Prob. 15. Wiat number is tliat, a sistli part of which ei. 
ceeds an eighth part of it by 20 1 ■/ Ans. 480. 

Prob. 16. Divide a prize of 2000 doUai-s into two auch 
parts, tiiat one of them shall be to the olher, as 9 :7. 

Ans. The parts are 1 123, and 875. 

Prob 17 What sum of money is that, whose (liird part, 
fourth part, and fifth part, added together, amount to 94 doJ 
l„,„'i ' Anp. ISOdoUara. 
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Prob. 18. Two travellers,^ and B, 360 miles apai-l, travel 
U)wai'da each other till they meet, ^'s piogress is 10 tnilea 
an hour, and B'a 8. How far does each travel before they 
meet I Aiis. A goes 200 miles, and B 160. 

Prob. 19. A man spent one third of his life in England, 
one fourth of it in Scotland, and the remainder of it, wliicli 
was 20 years, in the United States. To what age did lie 
live t Ans. to the age of 48. 

Prob. 20. What number is tliat V of which is greater than 
i of il by mi 

Prob. 21. A post is ■ in the earth, ? in the water and 13 
feet 'above the water. What is the length of the post 1 

Ans, 35 feet. 

Prob. 23. What number is that, to v^Iiich 10 being added, 
i of the sum will bs 6G ^ 

Prob. 23. Of the trees in an orchard, ? are apple tjees, ra 
pear tiees, and the remainder peach trees, which are 30 
more than ^ of the whole. What is the whole niimber in 
the orchard 1 Ans. 800. 

Pi'ob. S4. A gentleman bought several gallons of wine for 
94 dollars; and after using 7 gallons himself, sold J cf the 
remainder for 20 dollars. IIow many gallons had he at first 1 
Ans. 47. 

Prob. 25. A and B have the same income. ,9 contracts 
an annual debt amounting to ^ of it ; B liveaupon i of it ; 
at the end of ten yeai*s, B lends to ^ enoirgh to pay ofC big 
debts, and has 160 dollars to spare. What is the income of 
eacht Ans. 280 doUata. 

Prob. 26. A gentleman lived single i of his whole life ; 
and after having been murried 5 years more than i, of his 
life, he had a son who died 4 years before him, and who 
leaclied only }ialf the age of his father. To what age did 
the father live I Ans. 84. 

Piob. 37. What number is that, of which if j, i, and ? be 
added together the sum will be 73 1 Ans. 84. 

Prob. 28. A person after spending 100 dollars more than ,' 
of his income, Iiad remaining 35 dfil'ars more than | of it. 
Required tiis income ' ; ■ 
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Prob. 29. In (lie composition of a fjiiantily of gunpowder 

Tlie nilre was 10 lbs. ii-k)re llian § of ihe wliole, 

Tlie sulphur 4| lbs. less tlian * of the wliole, 

Tlie charcoal 2 tbs. less l.lian ^ of tlie nitre. 

Wliai was the amount of gunpowder 1 Ans. fi9 Iba. 

Pi'ob. 30. A cftsk which held 146 gallons, was filled willi 
a mixture of brandy, wine, and water. There were 15 gal- , 
Ions of wine more than of brandy, and as nmeh water a.s ihe 
brandy and wine together. What quantity was there of 
each 1 

Prob. 31. Four persons purchased a farm in companj' for 
4755 dollars ; of which B paid three times as much as ^; 
C paid as much as Jl and B ; and D paid as much as C and 
B. Whal did each pay ? Ans. 317, 051, 1268, 2219. 

Prob. 32. It is required to divide the nimiber 99 into five 
Buch paits, that the first may exceed the second by 3, be less 
tliaii the third by 10, greater than the fourtli by 9, and less 
than the fiftli by 16. 

Let x= the first part. 

Then 3;-3= the second, 3;-.9- the fourth, 

a:+10= the third, x+16= the fifth. 

Therefore x+x - S-\-x-}~\0+x - 9+a:+16=99. 
And:c^l7. 

Prob. 33. A father divided a small siun among four sons. 

The third had 9 shillings more than the fourth ; 

The second had 12 shillings more than the third ; 

The first liad 18 shillings more than tlie second ; 

And the whole sum was 6 shilhngs more than 7 times the 
sum which the youngest received. . 
What was the sum divided 1 / „ Ans. 153. 

Prob. 34. A farmer had two flocks of sheep, each contain- 
ing the same number. Having sold from one of these 39, 
and from the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock originally 
contain? ' 

Prob. 35. An express, traveling at the rate of 60 miles e 
day, had been dispatched 5 days, when a second was sent 
after him, travelling 75 miles a day. in what time will ihe 
iMie overtake the other ? Ans. 20 days. 

Prob. 36. The age of ^ is double that of B, the age of B 
triple that of C, and the sum of all their ages 140. Wliat if 
tile age of each 1 ^ 
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Pi-ob. 37. Two pieces of cloth, of i.he same price by the 
yard, but of difTereiit lengths, were bought, the one for five 
poiinda, llie otiier for G\. If 10 be atliled lo (he leiiglh of 
pach, (.he auma will be as 5 lo 6, Required the length of each 

Prob. 38. A and B begun trade with equal sums of money. 
The flrat year, A gained forty pounfls, and B loat 40, The 
second year, A lost J of what he had at the end of the first, 
and B gained 40 pounds less than twice fhe sum which A 
had lost, B had then twice as much money as Jl. What 
sum did each begin with 1 Ans. 320 pounds. 

Prob. 39. What number is that, which being severally ad- 
ded to 36 and '52, will make the foraier sum to the latter, as 
3 to 4? 

Prob. 40. A gentleman bought a chaise, horse, and har- 
ness, for 360 dollars. The horse coat twice as much as the 
harneaa ; and the chaise cost twice as much as the harnese 
and horse together. Whfit -vfaa the price of each 1 

Prob. 41.' Out of a cask of wine, from which had leaked 
I part, 21 gallons were afterwards drawn ; when the cask was 
found to be half full. How much did it hold t 

Prob. 42. A man has 6 sons, each of whom is 4 years older 
than Ilia next younger brother ; and the eldest is three times 
as old as the youngest. What is the age of each 1 

Prob. 43. Divide the number 49 into two such jxirts, that 
the greater increased by 6, shall be to the less dmunished by 
11, as 9 10 3. 

Prob. 44. What two numbers are as 3 to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 f 

Prob. 45. A pei-son bought two casks of porter, one of 
which held juat 3 times as much as the other ; from each of 
these he drew 4 gallons, and then foiuid that there were 4 
times as many gallons remaining m the larger, as in the other. 
How many gallons were there in eachi 

Prob. 46. Divide the number 68 into two such parts, that 
the difference between the greater and 84, shall be equal to 
3 times the difference between the less and 40. 

Prob. 47. Four places are situated in the order of the let- 
ters A. B. C. D. The distance from A to U is 34 miles. 
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The diataiice from ^ lo ^ is to the distance from C (o D aa 
2 to 3. And :i of ihe distance from A to B, added to half 
the distance from C to D, is three times Ihe distance from 
B to C. What aie the respective distances 1 
Ans From^toS=12; from B to C^4; from C to JJ=18. 

Prob. 48. Divide the number 36 into 3 siicli parts, ihafj 
of the first, J of tlie second, and \ of the tlnrd, shall be equid 
to each other. 

Prob. 49. A mercltant supported himself 3 years, for 50 
poui.ds a year, and at the end of each year, added to that 
pari of his stock whicn wns not thus expended, a sum equal 
to one third of this part. At the end of 'he Ihiril year, hia 
onginat stock was doubled. What was that slock 1 

Ans. 740 pounds. 

Prob. 50. A general having lost a battle, found that lie 
had only half of his army+3600 men left fit for action ; \ of 
the aj'my4-600 men being wounded ; and the rest, who were 
J of the whole, either slain, taken prisoners, or missing. Of 
how many men did his army consist ? Ans. 24000. 

For the solution of many algebraic problems, an acquaint- 
ance wilh the calculations of powers and radical quantities is 
required. It will therefore be necessary to attend to these 
before finishing (he subject of equations. 



SECTION VIII. 

INVOLUTION AND POWERS. 



Art. 198. WHEN a quantity is multiplied into iT 
SELF, THE PRODUCT is called a POWER. 

Thus 2x2=4, the square or second power of 3 

2x2x3=8, the cube or third power, 
2x2x2x2=16, the fourth power, &,c. 
So 10x10=100, the second power of 10. 

10x10x10=1000, the third power. 
10xlOxlOxlO=-.IOOOO, the fourth power, &c 
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And ax«=««) ilie second power ol a 

«X«X«=(»oa, llie lliirti power 
oxaX^Xf^^wrtta, tlie fouiLh powei, &o 
109. TKe original qiianlily itself ihougli not, like tl.e pow- 
ers proceeding from il, produced by muitiplicaiion, is never- 
tlieleas called the fa-si power. U is also called ilie root of 
the oiher powers, because it is that from wliicii they are al! 
derived. 

200. As it is inconvenient, especially in the case of high 
powers, to write down all tlie letters or faclors of which the 
powers are composed, an abridged method of notation is ge- 
nerally adopted. The root is written only once ; and then a 
number or letter is placed at the right hand, and a tittle ele- 
vated, to signify- bow many times the root is employed as a 
^actor, to produce the power. Thisnnniber or leller is cidled 
the index or exponent of the power. Thus a* is put for axe 
or 00, because the root a, is twice repealed as a f;»ctor, to 
produce the power aa. And a* stands for aaa; for here a 
is repeated three times as a factor. 

The index of the first power is 1 ; but this is commonly 
omitted. Thug a^ is the same as a. 

201. Exponents must not be confounded with co-efficienls. 
A co-efficient shows how often a quantity is taken as a part 
of a whole. ; An exponent shows how often a quantity is 
taken as a fhctor in a product. 

Thus 4a=a-|-o+re-{-a. But o*=:axaX«X«' 

202. The scheme of notation by exponents has tlie pecu- 
liar advantage of enabling us to express an unknown power. 
For this purpose the index is a leller, instead of a numerical 
figure. In the solution of a problem, a quantity may occur, 
which we know to be some powei of another quantity. But 
it may not be yet ascertained whether it is a square, a cube, 
or sonte higher power. Thus ia the expression a*, the index 
X denotes that a is involved to some power, though it does not 
determine what power. So b" and d" are jKiwers of h and d ; 
and are read tlie nith power of b, and the nth power of d: 
When the value of the index is found, a number is generally 
substituted for the letter. Thus if m=3 then 6"=&'; bul 
if m=5, them 6" =6'. 

203. The method of expressing powers by exponents s 
also of great advantage in the case of compound quautitiea 
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Thus a+b+dl" or a+b+f or (a+b-\-d)\ is {a+h+d)x 
(a+b-^d)x{a+b+d) thai is, the cube of {a-^b+d). But 
iJiis involved at length would be 

2C4. If we take a sci'ies* of powers whose indices increase 
or decrease by I, we shall find that the powers themselves 
iDcrease by a common multiplier, or decrease by a common di- 
visor; aiid that this multiplier or divisor is the original quan- 
tity from which the powers are raised. 

Thus in the series aaaaa, aaaa, aaa, aa, a ; 

Or a' «' a= a^ a'; 

the indices counted from right to left are 1 , 2, 3, 4, 5 ; and 
the common difference between them is a unit. 



ight and nmltiply by a, we produce the several 
powers, in succesaion, from right to left. 

Thua aXd—^' the second term. And a^X^^f'- 
o°X'«=«' the thkd teim. a'x«=«°j &c 

If we begin on the left, and divide by a, 
We have a^-i-a=a' And o'-^o^ct'. 

205. But this division may be carried still farther ; and 
we shall then obtain a new set of quantities. 

Thusn-^a=* = l. (Art.128.) l-^a=l. (Art. 163.) 



The whole series then 
is aaaaa, aaaa, aaa, aa, i 

Or a% o^ a", o% a, 1 



1 



1 



Here the quantities on the right of 1, are the redpromh of 
those on the left. {Art. 49.) The fornier, therefore, may be 
properly called reciprocal powers of a; while the latter may 
be teiined, for distinction's sake, direct powers of a. It may 
be added, that the powers on the left are also the reciprocals 
of those on the right. 

♦ Note. — Tlia torm itriis is applied to a number of quaritiUes eueceading 
each olher, in some regular orcier. It is not confined to any purlicular law <3 
increase or decrease. 
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For l^i-=lX-=«- (Art. 1C2.) And l-Hi=o". 
a 1 a 

20G, The game plan of notation is applicable to compoMiid 
quantities. Thus from ft+ii, we have the series, 

207. For the convenience of calculation, another form of 
notation is given to reci[]rotiil powers. 

According to this, _or_=:a-'. And — ir _^n"^ 



And to make the indices a complete series, with 1 for the 
difference, the term "or 1, which is considered aa 



no power, is wiitlen a". 

The powers both direct and reciprocal* then, 

Instead of aaaa, aaa, aa, «,_,_,—, — , , kc. 

a a aa aaa aaaa 
Will be a\ a\ tt\ «', a\ a~',a-\ a'\ a^', &c. 

Or a+\ (C*^, (T^-^ a*-', a", a-', a""', a % a'', &c. 

And tlie indices taken by themselves will be, 

4-4,-f3,+2,+ 1 ,0, - 1 J - 2, - 3, - 4, &c. 

208. The root of a power may be expressed by more let- 
ters than one. 

TJius a«Xa«)Or aaf is (he second power of aa. 

Ai.d aaxitaxact, or aaf is the third power of «n, &c. 

Hence a certain power of one quantity, may be a different 
power of nnollier quantity. Thus «' is the second power of 
n^, and the fourth power of «. 

209. All the pnwei-s of 1 are the same. For Ix^jOf 
IX'Xl. &-C. is still I. 

See Kotc E. 
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INVOLDTIOH 



210, Involulion is fiixdin^ any power of n quantity, by 
mtiltiplyiHg it into itself. \ The reason of tlie following gene- 
ral rule is manifesl, from the nature of powers. 

Multiply the quantity into itself, till it is taken 
as a factor, as many times as there are units in the 
index of the power to which the quantity is to be 

RAISED. 

This tule comprehends a!l the instances which can occur 
in involution. But it will be proper to give an explanation 
of the manner in which it is applied to particular cases. 

211. A single letter is involved, by giving it the index of 
the proposed power; or by repeating it as many times, as there 
are units in that index. 

The 4th power of a, is a' or aaaa. {Art. 198.) 

The 6th power of y, is y" or yyyyyy. 

The nth power of a;, is x' or xxs!...n times repeated. 

213. The method of involving a quantity which consists 
of several factors, depends on the principle, that the power of 
the product of several factors is equal to the product of ikehr 
pomers. 

Thus («y)'=a* y'. For by Art. 210 ; {ayy=ayxay. 

But ayxay=ayay=aayy = a''y\ 

So {bm3:y=.bnixxl>iit^ X bmx=bbbnimm3!!i:x=zPm'3?. 

And {ady)-=adyX«'<lyXady---n timea=ard'y\ 

In finding the power of a product, therefore, we may either 
uivolve the whole at once ; or we may involve each of the 
factors separately, and then multiply their several powers in- 
to each other. 
Ex. 1. The 4th power of dhy, is (dhyY, or d'h'y^. 

2. The 3d power of 46, is (4t)', or 4'6", or 646'. 

3. The nth power of Gad, is (Gaft)-, or 6 ■a"d\ 

4. The 3d power of Snix^i/, is (Smx^y)', or 27m'x8y'. 
21 3, A compound quantity consisting of terms connected 

by + and-, is involved by an actual multiplication of its 
several parts. Thus, 
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(ffl-}-6)'=:a-f-6, the firsl power. 

a'+ab 
+ab+b^ 



{a-{-by=a^-^2ah^b\ the second power of (a+6.) 



a'+2o'6+ aft" 



{a-{-by=d'+3a%+3ab''+b\ the ihird power. 
a-|- b 



+ db-j-3a'b^-\-3ab^+b' 



(a-\-by-.a'-\-4a%-\-6a%'+4ab'+b', the 4th power, &c. 
3. The square of a-fc, is a'-gat+fi'. 

3. Thecubeofa+1, isa'+3a=+3a+I. 

4. The square of a+b+k, is «'-|-2a64-2a/t+6'+26A+;? 

5. Uequiied the cube of a-{-2d+S. 

6. Rcr[uh'ed the 4th power of 6+2. 

7. Required the Slh |>ower of ar+1. 
S. Required the 6th power of 1 -b. 

214. Tlie squares of binomial and residual quantities occur 
eo frequently in dlgebralc processes, that it is important to 
make tiiem familiar. 

If we multiply o-f ft into itself, and also a -A, 

We have rt-f-A And a- A 

<t+h a-h 

«'+oA a' - ah 

+ah-i-h' -aA+A* 



Here it will be seen that, in each case, the first and last 
terms are s([uares of a and A; and that the middle term is 
twice (he product of a into A, Hence the squares of hino- 
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mial and residual quaiitilies, without muUipIying each of Ihe 
terms separately, may be found, by the following proposliion.* 

The square op a binomial, the terms of which are 
both positive, is equal to the square of the first team 
-[-twice the product op the two terms, -|-the squarb 
of the last term. 

And the square of a residaat quantity, is equal to th« 
square of the first term, - twice the product of the two terins^ 
-|- the square of the last term. 

Ex. I. The square of 2a4-6, is 4a'-[-4«6-J-6». 

2. The square of A-J-1, is A^+2/i-|-l, 

3. The square of ab-\-cd, is d'b''-\-2abcd-\-c^d'. 

4. The square of 6j/-1-3, is SGy'+SGy-^d. 

5. The square of U - A, is 9<P - 6dh+h\ 

6. The squareof a- l,isa=-2a+I 

For the method of finding the higher powers of binomials, 
see one of the succeeding sections. 

215. For many purposes, it will be sufficient to express the 
powers of compound quantities by exponents, without an actual 
multiplication. 

Thus the square of a-i-b, is a-j-b\\ or [a+b)\ Art. 203. 
The nth power of tc+S-j-a;, is {6c-|^8-f a;)", 
.n cases of this kind, the vinculum must be drawn overdS 
the terms of which the compound quantity consists. 

216. But if the root consists of several factors, the vincu- 
lum which is used in expressing the power, may either extend 
over the whole ; or may be applied to each of the factors 
separately, as convenience may require. 

Thus the square of <(-f-txc-frf, is either 

a^Xc+d\ OY a+b\' xc+di" 

For, the fii-st of these expressions is the square of the pio- 

duct of the tAvo factors, and the last is the product of theii 

squares. But one of these is equal to the other. (Art. 212,) 

The cube of axb+d, is (axb+d)\ or a^x{b+d)'. 

* Euclid's Elements, Book II, prop. 4. 
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217. When a quantity whose power has been expressed by 
a vinculum fi.id an index, ia afterwards involved by an actual 
multiplication of tlie terms, it is said to be expanded. 

Thus (a-f-^)*i when expanded, becomes a'-l- 2 «6-|- 6'. 
And (c^-(>^-/l)^ becomes a''-\-2ab-{-Bah+b^+2bli-\-h\ 

18. With respect to the sign wliich is to be prefixed to 
quantities involved, it is important to observe, tliJitWHEN the 

ROOT 19 POSITIVE, ALL ITS POWERS ARE POSITIVE ALSO ; BUT 
WHEN THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA- 
TIVE, WHILE THE EVEN POWERS ARE POSITIVE. 

For the proof of this, see Art. 109, 

The 2d power of -a is-|-«' 
The 3d power is — a' 

The 4th power is ~\~ a* 
Tlie 5th power is - o', &c. 

219. Hence any odd power has f he same sign as its root, 
bi.t an even power is positive, whether its root is positive or 
negative. 

Thus+«x+«-«' 
And -aX -«=«'. 

S20. A QUANTITY WW 
ED BY MULTIPLYING ITS 
ER TO WHICH IT IS TO BE RAISED. 

1. Tlie 3d power of a\ is a= " >=«=. 

For a^=aa : and llie cube of aa is aax(taxaa—aaaaaa=a' 
which is the 6lh powei' of a, but tlie 3d power of a^. 
For the furliier illustration of this rule, see Arts. 233, 4. 

2. The 4th power of a^b% is a"'^6''*'^a' ' b\ 

5. The 3d power of 4 0,% is 64 aV. 

4. The 4(h powerof 2a?x5x^d, is IGa'^xSlx'd*. 

6, The 5lh power of (a-f-6)=, is (a-|-6) ' *. 

6. The nth power of a\ is n'". 

7. the nth power of (a^-^)% is (a;-j/)"". 
fi. a.'+feV^«'+3«'&'+i'. (Art. 214.) 

a- i'xbV r.a'xb' 10. {oW.')'=a'6'A'«. 
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221. The rule is equally applicable to powers whose expo- 
nents are negative. 

Ex. 1. The 3d power of «-', is o-*'^=a-'. 

For 0-''=—, (Art. 207.) And the SJ power of this ia 

1x1x1= Jj^=i=.-. 

2. The 4th power of a'lr^ is a^b-'\ or ~ 

3. The cube of 2afi/-", is Sx^y-"", 

4. The square of 6'a^', is fr'a:"'- 

5. The nth power of x-", is s-™, or 

222. It must be observed here, as in Art. 218, that if the 
sign which is prefixed to the power be — , it must be changed 
to 4-1 whenever the index becomes an even number. 

Ex. 1. The square of -n\ ia +o*. For the square ol 
- a', is-a^X- «'t which, according to the rules for the signs 
ia multiplication, is -fo'. 

3. But the cube of - aMs - a*. For - a' x -a' X - o'= - <^. 
S. Thesquareof-i", is+a:°". 

4. The nth power of - a', ia +0". 

Here the power will be positive or negative, according aa 
tlie number which n represents is even or odd. 

^^223. A FRACTION is involved bt involving both 

THE NUMERATOR ANU THE DENOMINATOR. 



plication of fractions, (Art. 155.) 

i b 46 *• 
2. The 2d, 3d, and nlh powers of -, are _'_- Rnd - 



S. The cube of —, is 5l5l'. 
3y S7j- 

4. The nth power of ^ is f—lT. 
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6. The square of Z^><(^+<, i. -'XJ'^+^f 

{x+iy^ (x+iy 

6: The cube of -"—, isZfj! (Art. 321.) 
ar^ ar-" 

224. Examples of binomials, in which one of the terms ii 
ft fraction. 

I. Find the square of x-l-a> and x ~ -^S as in art. 214. 



, 4a, 4 



3. The square of a.-| — , is x''-\-bx-\- ~. 



225. It has been shown, (Art. 165,) that s. fractional co- 
effkienl may be transferred from i.he numerator to the de- 
nominator of a fraction, or from t!ie denominator to the nn- 
meraiof. By recurring to tlie sclieme of notation for recip- 
rocal powers, (Art. 207,) it will be seen that any factor may 
also be tranbferred, if lite sign of its index be changed. 

1 Thus, in the fraction ^^vve may transfer x from the 

y 

oumeraloj to the denominator. 

<j v y ' w 

3, In the fi-aciion —. we may transfer w from lire (koo- 
bf 
minator to the numerator. 



For A=rX 



'W± 
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dar' d b by~" 

226. In ihe same manner, we may transfer a factor which 
has a positive indtsx in tlie numerator, or a negative index m 
the denominator. 

1. Thus ~ir=ir^' For ^' is the reciprocal of a:"*, 

1 a:^ a 

(Arts. 205, 207,) tliat is, a:'=^- Therefore, ~~h'=ipf 

hy~''~ b ' ' ay-^ xd-^' 

227. Hence the denominator of any fraction may be en- 
tirely removed, or the numerator may be reduced to a unit, 
without altering the value of the expression. 

1. Thus |=^„ or a6-'. 



ADDITION AND StJBTllAOTION OF POWERS. 

223. It is obvioua that powers may be added, like other 
quantities, by wrUing tkent one after another with their signs, 
(Art. 69.) 

Thus the sura of o' and 6^, is a'-\-b\ 

And the sum of a'-fi" and h^-d", is a*-6"-J-A'-d'. 

229. The same powers of the same letters are like (jiianHlies ; 
(Art. 45,) and their co-efficients maybe added or subtracted, 
as in Arts. 72 and 74. 

Thus the sum of 2a' and 2a\ is 5a\ 

It is as evident that twice the square of a, and three times 
the BTiuare of a, are five times the square of a, as that twice 
a and three times a, are five times a. 
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To ~33fy' Sb- Say -5a'k' Ha+y)' 

Add - Sa^y Gb" ~ 7ay Ga^h' Ha+y)" 

Sura -5x^t^ -4a?)/" '^{^y}" 

230, BuL powers of different lelters and different powers of 
(he same letter, must be added by writing iliem down with 
iheir signs. 

The sum of a° and a? is a'-l-"'- 

It is evident that tlie square of «, and the cube of a, ace 
neither twice llie square of a, nor twice the cube of a. 
Tlie sum of a^b" and S(^b', is a^b'-\-3a'b^. 

231. Subtraction of powers is to be performed in the same 
manner as addition, except that the signs of the subtrahend 
are to be changed according to Art. 82. 

From 2r«* -36" Sh^b^ a%" 5{a-/i)' 

Sub. -6a* 46' 4/W a'b' 2(a-/()' 



Diff. 8a' -h'b' S{a-k)' 



MULTIPLICATION OF P0WEE3. 



232. Powers may be mnltiphed, hke other quantities, by 
writing the factors one after another, eitiier with, or without, 
the sign of multipUcation between them. (Art. 93.) 

Thus the product of o' into b\ is a^b% or aaabb. 
Mntt. x-^ h^b-' Say dh?x-^ a'by 

Into a" «' -3a: 46y* a^6')/ 



Prod. a"^ — 6«°M/' a^bya'bhj 

The product in the last example, may be abridged, by 
brining together the letters which are repeated. 

It will then become a^b'if 

The reason of this will be evident, by recurring to the se- 
ries of powers in Art. 207, viz, 

a"""*, a+', a"*"', «+', a", a~', o"*, cr^, ar\ &c. 

Or, which is the same, 

1 _L J_ _L, 
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By comparing the sieveral tenr.s willi each olher, it will 
be seen tliai if any two or more of them be miihijJied to- 
gel.her, tlieir prodiicl wil! be a power whose exponent is the 
turn of tlie exj»onenls of tlie factors. 

Thus a'xa'=aaxaaa=aaaaa-a'. 

Here 5, the ex]x)iient of the pioduct, is equal to 3-[-3, the 
sum of ttie exponents of the factors. 

So (T xa"=o*^- 

For a", is a taken for a factor as many times as there are 
units in n ; 

And o", is a taken for a factor as many times as there are 
imita in m ; 

Therefore the product must be a taken for a factor as 
many times aa Lliere are units in both m and n. Hence, 

233. Powers of the same koot may be multiplied, 
by adding their exronents, 

Tlius a*X«°=a'^°— «'■ And rV^^'Xa:— a*'-^'=i(^. 
Mult. 4a'' Sx' by a'by (b^h~y)' 

Into 2a" 2x^ b'y a'b'y b-\-h - y 



Prod. 8a^ &Y (6+A-y)"+' 

Mult. a^'+a^'V+aiy'+y* into a: -t/. Ans. x' ~y*. 
Mult. 4x'4/-(-3an/-l intoSar'-a;. 
.Mult, a^+i- 6 into 2aJ'+a;+l. 

234. The rule is equally applicable to powers whose expo 
nents are negative. 

1. Thus a-''xa"'=a-'. That is — X— =— — ■ 
aa aaa aaaaa 

3. i/-xy-"'=y-"-". Thatis _Lxl=^~. 

3. -a-*x«~'= -*'"''• 4. n~=x«^=o^~*=0' 

5. a— xa""^""""- 6. y-'xy''=y=l. 

235- Tf a-\-h be multiplied into a -6, the product will be 
o^-i" : (Art. 110,) thatis 
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The pROD-jrT of the sum and difference of two 

QUANTITIES, I« EQUAL TO THE DIFFERENCE OF THEIR 

SQUARES. 

This is another instance of the facility with which genera. 
Irulhs ai-e deriioiist rated in algebra. See Arts. 33 and 77. 

If llie sum and difference of the squares be muUiph'ed, 
the |tioduct will be eqaal to the difference of the fourth 
powers, &c. 

{a'-y'')x(a'+f) = a'-y- 
(a'-i/')x(«'+J/*>=«-V. &c. 



DIVISION OF POWERS. 

336 Powers may be divided, like other ([nantitiesi by re- 
iecling from the dividend a factor equal to the divisor ; or by 
placing the divisor under the dividend, in the form of a frac- 
tion. 

Thus the quotient of ^'6= divided by 6^ is tf. (Art. 116.) 
Divide 9aV 126V o't+SaV' dxia-h+yf 
By -3a' 26' a' {a-h+y)' 

Quot. - 3j/' b+Sy' 



The quotient of a* divided by a\ is ~ But this ia equal 
to b'. For, in the series 

a+*, a+', a^, o+', «°, a"', «"', a-S a"', &c. 
if any term be divided by another, the index of the quotienl 
will be equal to the difference between the mdex of the divi- 
dend and that of the divisor. 

Thu. a'^a^^?!^^^=a\ And a--ra--f^ =«""". 

aaa "" 

Hence, 

237. A POWER MAY BE DIVIDED BY ANOTHER POWER OF 
THE SAME ROOT, BI SUBTRACTING THE INDEX OF THE DI- 
VISOR FROM THAT OF THE DIVIDEND. 
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Tims !;'-r-y==y"=y'. That is VM^y. 
Anda"+'-^oi=a'^'-'=a\ That is ^=«'. 
And af-^op"^a:"-"=a:"=l. T!i.it is -=1. 
Divide y'" b^ 8a"+" tt"+^ 12(6+w)- 



Quot. y" ga" 4(6-[-j/)"-' 

238. The rule is equally applicable to powers whose ex- 
ponents are negative. 

The qiioiienl of ar^ by «-=, is a^. 

Tint is -l_-^J-^-J_x~--5!^^-L 
afM«a aaa aaaaa 1 n«noa aa 

2. -:c-^-H;-^=~ar^. ThatisJ_^l=^=J_. 

3. h--i-h-^=h^^'=hK That is/('-:-l=/(=x^=/''. 

A 1 

9. (6+^)"..^(6+:,) = (6+^)'.-'. 

The multiplication and division of powers, by adding ana 
subtracting their indices, should be made very familiar ; a9 
tliey have numerous and imiwrtant applications, in the high- 
er branches of algebra. 

EXAMPLES OF FRACTIONS CONTAINING POWERS. 

239. In the section on fractions, tlie following examples 
were omitted for the sake of avoidbig an anticipation of tho 
subject of powera. 

For 5-*=. , 

3a' 3aa 
.6«» 



Reduce — lo lower terms. Alls. ~ 
3s" 1 
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3. Reduce ^"'+^"'10 lower termg. Ans.?2±f^. 

5a' 5 

4. Reduce ?fcl^^!±^ to lower terms. 

Ans. — Z — iX—i- obtained by dividing each term by 2(ijf, 

5. Reduce _ and _ ^^, to a common denominator. 

a' X""* is *I'*^ the first numerator. (Art. 146.) 
n' X«~' is (^=1, the second numerator. 
c^ Xi"' is o~', the conunon denominator. 

The fractions reduced are therefore and . 

6. Reduce — and — , to a common denominalar 

5a' a^ 

Aug. — and ^. or ^ and _^. (Art. 145.) 
5a' 6a 5a'' 5a' 

7. MuUinly — , into — Ans = 



8, 


Multiply 


(,■ • 


into 


_^^. 




9 
10. 


Miilliply 
Miilliiily - 


»:,i„i„ 


into 


t'-l 
,and_«: 




11. 


DiviJeSl, 
»' 


^v- 


An 




V 


12. 


Divide 5!: 


:Xi.y 


ar-- 







13. Diviile''-!' '.by^al^ 

14. Divide^', by '''+'. 
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RADICAL QUANTITIES. 



SECTION IX. 



EVOLUTION AND RADICAL aUANTITIES.* 



Art. 240. If a quanlily is multiplied into itself, the pro- 
Juct J9 a power. On the conlrarj', if a quantity is resolved 
into any number of equal factors, each of these is a root of 
that quantity. 

Thus b is the root of bbb; ber.ause bib may be resolved 
into the three equal factors, b, and b, and b. 

In subtraction, a quantity is I'esolved into tieo parts, 

in division, a quantity is resolved into two factors. 

In evolution, a quantity is resolved into equal factor^. 

241. A ROOT OF A QUANTITY, THEN, IS A FACTOR, WHICH 
MULTIPLIED IMO ITSELF A CERTAIN NUMBER OF TIMES, IVILL 
PRODUCE THAT QUANTITY. 

The number of times the root must be taken as a factor, 

to produce the given quantity, is denoted by the name of the 

root. 

Thus 2 is the 4th root of 16; because 2x2x3x2=16, 

where two is taken four times as a factor, to produce 16. 
So rt' is the square root of a^ ; for a^xw^— «"■ (Art. 233.) 
And a" is the cube root of a'; for a'Xw'Xf'^a''- 
And a is the 6lh root 6f a"; for aXnXaXtXaXn— «". 
Powers and roots are correlative terms. If one quantity 

is a power of another, the latter is a root of tJie former. As 

b^ is the cTibe of b, b is the cube root of i^ 

242. There are two methods in use, for expressing llie 
roots of qnaiilitics ; one by means of the radical sign \/, and 
the other by a fiactionai index. The hitler is generally to 
De prefeiied ; but the former lias its uses on parliciilar occa- 
sions. 
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Wlien a loot is expressed by the radical sign, the sign is 
placed over ihe given quantity, in this manner, ^a. 
Thus ^a is the 2(1 or square loot of a. 
%/a is the 3d or cube root. 
\/a is the nth root. 
And \/(t-'ry is the nth root of a+y. 

243. The figure placed over the radical sign, denotes the 
number of fa(;lors into wliich the given quantity is resolved ; 
in oilier words, the inimber of times the root must be taken 
as a factor to produce the given quantity. 

So that \/ax\/a=a. 

And %/ax%/aX\/<t=a. 

And VXV<^--"'*'''"«^ =«• 

The figure for t!ie square loot is commonly omitted ; -s/a 
being put for %/a. Whenever, therefore, the radical sign is 
used without a figure, the square root is to be understood. 

244. When a figure or letter k prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as nmlUpHed together. 

Thus 2Y«, is 2xV«. tliat is, 2 multiplied into the root of 
a, or, wliich is tlie same thing, twice llie root of a. 

And XA^/b, is xxV^i *"' * li'ues the root of 6. 

Wlien no co-efRcient is prefixed to the radical sign, 1 is 
always to be tniderstood ; yo being the same as Ia/u, that 
is, once the root of a. 

245. Tiie inelhod of expressing roots by radical signs, has 
no veiy apparent connection wilh the other parts of the 
scheme of algebraic notation. But Ihe plan of indicating 
them by fracliomd indices, is derived directly from tlie mode 
of expressing powers by integral indices. To explain this, 
let a' be a given quantity. If the index be divided into any 
number of equal parts, each of these will be the index of a 
root of «'. 



Thus the square root of a" is a'. For, according to the 
definition, JArt. 241,) the square root of «' is a factor, which 
multiplied into itself will produce o'. But a'xa'— «*• (Art. 
233.) Therefore, a" is the square loot of a°. The index of 
tlie given quantity a\ is here divided into the two equal 
parts, 3 and 3. Of course, the quantity itself is resolved into 
liie two equal factors, a^ and o'. 
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The cube root of a' is a?. For t^xci^Xa'=a^. 

Here tlie index is divided into thrte eqiiaJ parts, and the 
quantity ilself resolved into three equal factors. 

Ttie square root of a' is a' or a. For axa=i*. 

By extending the same plan of notation, fractional indices 
are obtained. 

Thus, in talcing tlie square root of o' or a, the index 1 is 

divided into two equal parts, J and \ ; and llie root is a^' 

On the same principle. 

The cube root of a, is (^=\/a. 

The nth root, is a"=\/a, &c. 

And the nth root of a-|-a:, is {a-{-x)" ^\/a-\-x. 

246. In all these cases, the denominator of the fractional 
index, expresses the number of factors into which the given 
quantity is resolved. 

Solhat a'xt X«^=«. And o'-Xa"....)! times =a. 

247. It follows from this plan of notation, that 

a^Xa^ = a*+i For a^+^=a' or «. 

«^Xa^Xa^=a^+^+^=a', &c. 
where the multiplication is performed in the same maimer 
as the multiplication of powers, (Art. 333,) that is, by adaing 
the indices. 

248. Every root as well as every power of 1 is 1. (Art. 
209.) For a root is a factor, which nmltiplied into ilself will 
produce the given quantity. But no factor except I can pro- 
duce 1, by being multiplied into itself. 

So that 1", 1, ^1, \/\, &c. are all equal. 

249. J^egalive indices are used in the notation of roots, tts 
well as of powers. See Art. 207. 



Thus -T-a-i 
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FO^VERS OF ROOTS. 

250. It has been shown in what manner any power or 
root may be expressed by means of an imlex. The index 
of a power is a whole numlier, Tlial of a root is a fiaction 
whose nnmeiator is 1. There is also another class of quan- 
tities which may be considered, either as powers of roots, 
or roots of powers. 

Suppose a^ is multiplied into itself, so as to be repeated 
ttiree times as a factor. 

Tlie product a^+^+J or a* (Art. 247,) is evidently the 

cube of a^, that is, the cube of the square root of a. This 
fractional index denotes, therefore, a power of a root. The 
denominator expresses the root, and the numerator the power. 
The denominator shows into how many equal factors or loota 
the given quantity is resolved ; and the numeiator shows how 
many of these roots are to be multiplied together. 

Thus a^ is the 4th power of the cube root of a. 

The denominator shows that a is resolved into the three 
factors or roots a", ando% anda^ And the numerator shows 
that four of tliese are to be multiplied together ; which will 
produce the fourth power of a^ ; that is. 



251. As a is a power of a root, so it is a root of a power. 
Let a be raised to the third power a'. The square root of 
this is o . For the root of a' is a quantity which multiplied 
into itself will produce o'. 

But according to Art. 247, a*=a^Xa^X«^ ; and tliia 
multiplied into itself, (An, 103,) is 

a^ Xa^ Xa* Xa* Xa^ X"^ -a'. 
Therefore a is the square root of the cube of a. 

In the same manner, it may be shown tliat a° is the mth 
power of the nth root of ~o; or the nth root of the mth pow- 
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er : that is, a root of a poioer U equal to the same power of the 
same root. For instance, ihe foiirili power of llie cube root of 
a, is tlie same as the cube root of Ihe fourth power of a. 

252. Roots, aa well as powers, of the same letter, may be 
mylliplied by addmg their exponents. (Art. 247.) It will be 
easy to see, that tlie same principle may be extended to pow- 
ers of roots, when tlie expoiienis have a commoa denomi- 
nator, 

Thusa^Xa^=a^+' = a^. , 

For the first numerator shows how often «' is taken as afat 
tor to produce a . (Art. 250.) 

And the second nnmeratoi shows how often a' is taken aa 
a factor to produce a'. 

The sum of (he numerators therefore, shows how often the 
root must be taken, for tlie product. (Art. 103.) 

Or thus, «' = rt'xa'. 

And «'=a'x«'X«t 

Therefore a' Xa'=rt' xa' Xa' Xa' Xo' t^n^, 

253. Tlie valire of a quantity is not altered, by applying 
to it a fractional int'ex wliose mnneralor and deiiomiiiatoi 
are equal. 

_Thu8a7=a =a'=a". For ihe denominator shows thai 
a is resolved into a certain number of factors; and the nu- 
merator shows that all these factors are included in a"-. 

Thus «*=n^xa' Xa% which is eoual to a. 

And a" = a''Xa"Xa''-—n times. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression may 
be rendered moi'e simple hy rejecting the index. 

Instead of «", we may write a. 

254. The index of a power or root may be exchanged, foi 
any other index of the same value. 

Instead of a*, we may put a'. 
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For in lite latter of these expressions, a is supposed to b© 
resolved into Iwiee as many factors as in ilie former ; and the 
numerator stiowa tUal tuiice as many of these factors are to be 
multiplied together. So that the whole value is not altered. 

Thus x^=x^=x', &.C. that is, the square of the cube root 
is the same, as the fouilh power of the sixth root, the sixth 
power of tlie ninth root, &c. 

So a''=a^=(? = a^. For the value of each of these in- 
dices is 2. (All. 135.) 

S5.5. From the preceding article, it will be easily seen, 
ihal a fractional index may be expressed in decimals. 

X. Thuao'^=n^'^, or u'-'; that is, the square root is equal lo 
the 5th power of the tenth rooL 

2: a'^a"^, or i^-"; that is, the fourth root is equal to 
the 25th power of tlie 100th root. 

3. /=a°'' 5. J=a'-' 



In many cases, however, the decimal can be only an ap- 
proximation to the true index. 

Thus a^=a''-^ nearly. a^=a'=-^"=" very nearly. 

In this manner, IJie approximation may be carried to any 
degi-ee of exactness which is required. 

Thus J=d-^"". o' ^a'-""'. 

These decimal indices form a very inijiortanl class of ntmi> 
bers, called logarithms. 

It is frequently convenient to vary the notation of powers 
of roots, by making use of a vinculum, or the radical s'gn V- 
In doing this, we must keep in mind, that the power of a 
root is the same as the root of a power ; {Art, 251,} and also, 
that the dmomvnator of a fj'actional exjwnent expiesses a 
root, and the numeratfyr a power. (Art. 250.) 

Instead, ihfireforc, of o", we may write («')', or (a') » « 



.■..Google 



EVOLUTION. 105 

The -first of these three forms denotes the square of the 
cube root of a; and eauli of (he two last, the cube root of ilia 
Bquaie of a. 

So d^=ar =a |''=^a". 

And {bx)^ =(&V)i=V6V: 

EVOLUTION. 

257. Evolution is the opposiie of iiivolution. One ia fintl- 
iug a power of a quantity, by muhiplying ii into itself. The 
other is fiuding a root, by resolving a quantity into equal fac- 
tors, A quantity is resolved into any number of equal fac- 
tors, by dividing its index into as many equal parts ; (Art, 
245.) 

Evolution may be performed, then, by the following gen- 
eral rule ; 
^Divide THE index of the quantitf by the ntjmbeb 

EXFRESSiyU THE ROOT TO BE FOUND. 

Or, place over the quantity the radical sign belonging to 
the required root. 

1. Thus the cube root of a^ is a°. For a°xo'Xo*='''. 
Here 6, the index of the given quantity, is divided by 3, 

ihe number expressing the cube root. 

2. The cube root of a or a', ia a' or l/a. 

For a^xa^xo^, ox %/a,xK/aX^/a=a. (Arts. 243, 246.) 

3. The 5th rootof ah, is (reft)" or ^ai. 

4. The nth root of a? is a " or H/i^. 

5. The 7lh rootof M-x, is {M- xY ovX/W^ 
6 The 5th root of a^|, is ^^f or V^"^|'. 

1. The cube root of o^ig a^. (Art. 163.) 

8. The 4th root of a"' is a'^- 

9. The cube root of a^ is a". 

10. The nth root of aT', is x«. 

10* 
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25S. According to the rule just given, the cube rootof the 
eqdare root is fouiid, by dividing ilie index i by 3, aa in ex- 
ample 7th. But instead of dividing by 3, we may multiply 
byi. Fo^i-^3=i-^?=ixi. (Art. 162.) 

So l—n— -X-. Therefore the w«h root of the nth 

root of a is equal to a" ". 

Thalis, a"l ^a"^''^a"". 

Here the two fractional indices are reduced to one by mul- 
tiplication. 

It is sometimes necessary to reverse this process ; to resolve 
ail index into livo factors. 

Thus s"^^*"*"^^ =3: I That is, the Sth root of K is equal 
to the square root of the 4t h loot. 

So ^+6f ' =^f "=^+6i1 ". 

It may be necessaiy to observe, that resolving the index 
into factors, is not the same as resolving the quantity inUt 
factors. The latter is effected, by dividing the index into 

259. The rule in Art. 257, may be applied to every case 
in evolution. But when the quantity whose root is to be 
found, is composed of several factors, there will fiequently 
be an advantage in talcing the root of each of the factors 
separately. 

This is done u]>oh the principle that the root of the product 
of several factors, is equal to the product of their roots. 

Thus V^^V^XV^- ^°'^ each member of the equation 
if involved, will give the same power. 

The square of ^/ab is ab. (Art. 241.) 

The square of V«XV''''sV«XV«XV^XV''-(Art.I02.) 

ButVoxV«-«- (Art. 241.) And V6Xv'''=''- 

Therefore the square of V«XV^V«XV«XV^XV* 
=ab, which is also the square of \/ab. 

On the same principle, (ab)' =re"b". 



.■..Google 



EVOLUTION. 107 

When, therefore, a quantity consists of several factors, wo 
may either extract the root of the whole together ; or we may 
find the root of ihe factors separately, and then multiply them 
into each other. 

Ex. 1. The cube root of xy, is either {xyy or x'y^. 

2. The 5th root of 3y, is \/Sy or ^3 x\/y. 

3. The 6lh root of abh, is {abky, or a^bh\ 

4. The cube root of 86, is (8&)'*, or 26'. 

5. The nth loot of xy, is (afy) ' or xy". 

260. The boot of a fraction is equal to the root 
of the numerator divided by the root of the demo 

HINATOR. 

1. Thus the square root of _=_ , For — x— — -- 
3. So the nth root of ^=— . For^x— --" times =-. 



3. The square root of _, ig Jy._. 4. V ■~=77^' 
fly V^ "^ ^^ 

261. For determining what sign to prefix to a rool, it is 
important to observe, that 

An odd root of ahy quantity has the same sigh as 
the quaktitr itself. 

\ An even root of an affirmative quantity is am- 

BI6U0US. 

^ An EVEN root OP A NEGATIVE QUANTITY IS IMPOSSIBLE. 

That the 3d, 5th, 7th, or any other odd root of a quantity 
must have the same sign as the quantity itself, ig evident 
fromArl. 219. 

262. But an even root of an affirmative quantity may be 
either affirmative or negative. For, the quantity may be 
produced from the one, as well as from the other. (Art. ?19.) 



Thus the square root of o? is -\-a or - 
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An even root ofnn affirmative riuantiiy isi, iherefore, eai(3 
lo be ambiguous, and is marked wiLh botii -\- and -. 

Tiius the square root of 3b, is t^/^b. 

The 4th root of x, is txK 

The ambiguity does not exist, however, when, from the 
nature of the case, or a previous multiplication, it is known 
wliellier the power has actually been produced from a posi- 
tive or from a negative quantity. See Art. 299. 

2G3. But no even root of a negative quantity can be found. 

The square root of -a' is neither -\-a nor -«. 

For -|-BX+«— +«''- And -nx ~a~-\-d' also. 

An even root of a negative quantity is, iherefore, said to be 
wtpossibte or imaginary. 

Tiiere are purposes to be answered, however, by applying 
th e ra dical sign to negative quantities. The expjession 
*/ ~a is often to be found in algebraic processes. For, al- 
though we are unable to assign it a rank, among either posi- 
tive or negative quantities ; yet we know that when multi- 
plied into itself, its product is - a, because ^y/ - a is by notation 
a root of -a, that is, a quantity which multiplied into itself 
produces -a. 

This may, at first view, seem to be an exception to the 
general rule that the product of two negatives is affirm- 
ative. But it is to be considered, that ^"^ ig not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, must ncrt be confounded 
with t hat w hich is prefixed to the radical sign. The expres- 
sion V"** is not equivalent to-^re. The former is a root 
of-a; but the latter is a root of-j-w: 

For -v'oX -'^a=^aa=a. 

The root of - a, however, may be ambiguous. It may be 
either -{-^ - ffl, or -^ - a. 

One of the uses of imaginary expiessions is to indicate 
an impossible or absurd supposition in the statement of a 
ju'oblem. Suppose it be required to divide the number 14 
mto two such parts, that their product shall be 69. If ona 
of the parts be x, the other will be 14 -a;. And by the sup- 
jiosition, 

:cX(H-a:)=60. or Hx-x^^Q^k 
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This reduced, by the rules in the following seclionj will 
give x=7±^~U. 

As the value of x ia here found to r.ontain an imaginary 
expression, we infer that there is an inconsistency in the 
statement of the problem : that the number 14 cannot be 
divided into any two parts whose product shall be 60.* 

264. The methods of extracting the roots of compound 
quantities are to be considered in a future section. But 
there is one class of these, the squares of biiwmat and re- 
^dual quantities, which it will be proper to attend to in this 
place._ It has been shown (Art, 214,) that the square of a 
binomial quantity consists of three terms, two of which are 
complete powers, and the other is a double product of the 
roots of these powers. The square of 0+6, for instance, is 

a'+2a6+6^ 
two terms of which, n* and 6'^, are complete powers, and 2ab 
is twice the product of a into b, that is, the root of a' into the 
toot of b". 

Wheocver, therefore, we meet with a quantity of this de- 
scription, we may know that its riqwaj'e root ia a binomial ; 
and this may be found, by tatdng the root of the two terms 
which are complete powers, and connecting them by the 
sign +. The other term disappears in the root. Thus, tc 
find the square root of 

take the root of x\ and the root of y\ and connect them by 
the sign -\-. The binomial root will then be x-\-y. 

In a residual quantity, the double product has the sign — 
prefixed,'instead of +. The square of a-b, for instance, is 
a" -^ab+b!*. (Art. 914.) And to obtain the root of a quantity 
of this description, we have only to take the roots of the two 
complete powers, and connect them by the sign -. Thus the 
square root of ^ -2xy-\-y^ is x ~y. Hence, 

• ,_ 265. To EXTRACT A BINOMIAL OR RESIDUAL SQUARE ROOT, 
TAKE THE ROOTS OF THE TWO TERMS WHICH ARE COMPLETE 
POWERS, AND CONNECT THEM BY THE SIGN WHICH IS PREFIX 
ED TO THE OTHER TERM. 

Ex. 1. To find the tool of sc'+Sa+l. 

The two terms which are complete powers are a? and 1 
The roots are a; and 1. (Art. 248.) 
The hmomial root is, therefore, a;-|-l. 

• See N«e P. 
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3. The square root of a^-Sai+l, is x~l. (Art. 214.) 

3. The stjiiai'e root of a'+a-\-i, is a-\-^. (ArU 224.) 

4. The square root of a'+sa-}-!, is a+|. 

5. The square root of d'-^ab-^j-, is a+S" 

6. 1 he square root of a^~\~ — -)--a, is a+— 

266. A ROOT WHOSE VALUE CANNOT BE EXACTtV EXPRESS- 
ED IN NUMBERS, IS CALLED A SURD. 

Thu3 y-S is a surd, because the square root of 2 cannot be 
expressed in numbers, wit!i perfect exactness. 

Ill decimals, it is 1.41431356 neaiiy. 

But though we are unable to assign tlie value of such a 
quantity when taken alone, yet by muUiplyitig it into itseif, or 
by comljiniiig it with otiier quantiiies, we may produce ex- 
pressions whose value can be deiemiined. There is, there- 
fore, a syslem of rules generally appropriated to surds. But 
as air Cjuanti ties wliaiever, when under tlie same radical sign, 
or liaving the same index, may be treated in nearly llie same 
manner ; it will be most convenient to consider ihein loge- 
tlier, under the general name of Radical Quantities ; under- 
standing by this term, every (juamily which is found under 
a radical sign, or which has a fractional index. 

267. Every quantity which is not a surd, is said lo be 
rational. But for tlie purpoKe of distinguisliing between ra- 
dicals and other quantities, the term rational will be applied, 
in this section, to those only which do not ni>pear under a 
radical sign, and which have not a fractional index. 

, EEDUCTION OF RADICAL ttUANTITIES. 

26S. Before entering on the consideration of the rules for 
the addition, subtraction, multiplication and division of radi- 
cal qiianiilies, it will be necessary to attend to the methods 
of reducing them from one form to another. 

First, to reduce a rational quantity to the form of a radi- 
cal; 
Raise the quantity to a power of the same name as 

THE GIVEN boot, AND THEN APPLY THE CORRESPONDINO 
RADICAL SIGN OR INDEX. 
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Ex, 1 . Keduce o t.o the form of the nth root, 
The »th power of a is «-. (Art. 211.) 
Over tliia, place the radical sign, and it becomes \/a". 
It is thus reduced to the form of a radical quantity, with- 
out any alteration of its value. For \/a''=a" =a. 

2. Reduce 4 to the form of the cube root, 

Ans. %/M or (64)^ 

3. Reduce 3a to the forui of the 4lh rooL 

Ans. ^,/B\a\ 

4. Reduce i«6 to the form of the square root. 

Ans. (iffl'6')". 

5. Reduce Sx"-'*" to (-he form of the cube root, 

Ans. ^^27X«*"^'. See Art. 213. 

6. Reduce a' to the form of the cube root. 
The cube of a' is a*. (Art. 220.) 

And the cube root of a' is \/a^ ^a'Y . 

In cases of this kind, where a pow^ is to be reduced to 
the form of the nth rool, it must be raised to the nlli power, 
not of the greeit Utter, but of the power of the letter. 

Thus in the example, a' is the cube, not of a, but of «'. 

7. Reduce a'h* to the form of the square root. 

8. Reduce if to the form of the nth root, 

269. Secondly, to reduce quantities which have diHerenl 
indices, to others of the stvme value having a common index; 

1. Reduce the indices to a common denominator. 

2. Involve eacli quantity to the power expressed by the 
numerator of its reduced index. 

3. Take (he root denoted by the common denominator. 
Ex, 1, Reduce a' and 6' to a common index. 

1st, The indices i and f reduced to a common denomina- 
tor, are ,*« and ["a, (Art. 146.) 

2d. Tlie quantities a and 6 involved to the powers express- 
ed by the two numerators, are a' and 6". 
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3d. The root denoted by tlie comnioii denominator is A. 
The answer, tlien, is a']'" and ii'j'*. 
The two quantities are thus reduced to a common index, 
without any alteration in their values. 

For by Art. 254, «^-a'^, which by Art. 358, ^Ff'"^. 
And universally a''=a"" =a.'"|°'". 

2. Reduce a' and ba:^ to a common index. 

Tlie indices I'educed to a common denominator are | 
and i. 
The quantities then, are a' and (6a;)% or a'|% and b'x'\' 

3. Reduce a' and 6". Ans. a'"j" and 6". 

4. Reduce a;" and if. Ans. a"]'"" And y"]"". 

5. Reduce 2* and st Ans. 8^ and 9^. 

6. Reduce (rt+6)' and (a:- y)"^. Ans. a+bM^ and S^l • 

7. Reduce a^ and 6°. 8. Reduce a;* and 5^. 

270. When it is required to reduce a quantity to a given 
index ; 

Divide the index of the quantity by the given index, place 
the quotient over the quantity, and set the given index ovei 
the wJiole. 

This is merely resolving the original index into twc factors, 
according (o Art. 258. 

Ex. 1. Reduce a" to the index J. 

By Art. 162, i-j.i=ix?=l=i. 
This is the index to be placed over a, which then becomes 

a ; and tJie given index set over this, makes it a \ , the an 
ewer. 

2. Reduce a' and x^ to the common index h 
2-^-^=2x3=6, the first index ) 

|-i-i^=f X3=^, the second index ) 

Therefore (a'y and (a*)' are the quantities required. 
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3. Reduce 4^ and 3^, to the common index* 

Answer, {4')\nd (3=)*. 

271. Thirdty, to remove a part of a root from under the 
radical sign ; 

If the quantity can be resolved into two factors, oue of 
which is an exact power of tlie same name with tlie root ; 

FIND THE BOOT OF THIS POWER, AHD PREFIX IT TO THE 
OTHER FACTOR, WITH THE RADICAL SIGN BETWEEN THEM. 

This ruieMs founded on the principle, that the root of the 
product of two factors is equal to the product of their roots. 
(Art. 259.) 

It will generally be best to resolve the radical quantity into 
such factoi-s, that one of them shall be the greatest power 
which will divide the quantity without a remainder. If 
there is no exact power which will divide the quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor from \/8. 

The greatest square which will divide 8 is 4. 
We may then resolve 8 into the factors 4 and 2. For 4 X2=8 

The root of this product is equal to the pi-oduct of the roou 
of its factors; that is, ^/S=^/iX'^/^^ 

But Ai/4=2. Instead of \/4, therefore, we may substitul« 
its equal 2. We then have 3 XV^ *'•' 2\/2. 

This is commonly called reducing a radical quantity to Ua 
most simpte terms. But the leanier may not perhaps at onte 
perceive, that 2^/2 is a more simple expression than a/6. 

2. Reduce ^aV Ans. V°XV^=«XV^="V''^- 

3. Reduce yT3. Ans. \f9x^=V^X\/2^3A^^. 

4. Reduce \/646'c. Ans ^646'X\/^=46^c, 

* /^ «' /~^' 

5. Reduce \/ ^^- Ans. c\/ cd' (Art. 260.) 

6. Reduce ^a'b. Ans. a^b, or ab\ 

7. Reduce (a^'-fi'b)K Ana. a{a-b)^. 

8. Reduce {5ia'b)^. Ans. &a\tby. 

9. Reduce v'^Sa'ar. 10. Reduce X/a^+a'^, 
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272. By a contrary process, the co-efficient of a radical 
quantity may be iiKrodiiced under the radical sign. 

1. Tluis, a,y6=^tfC 
For a=;^a'or a^. (Art. 253.) And ;ya'X\/''=A/^ 

Here the co-efficient a is first raised to a power of the same 
name as the radical part, and is then introduced as a factor 
under the radical sign. 



!. o(i-i)* = («'Xi-t)*= 


(a'i-«'6)*. 


!. S«l(Zo4')*=(16«-i.')*. 




./ h'c U / a'Vc U 





ADDITION AND SUBTRACTION OP RADICAL 
QUANTITIES. 

273. Radical quantities may he added like rational quan- 

litiesj' by wntlng them one after another wUk (Aetr signs. (Art. 
69.) ■ 

Thus the sum of is/a and ^^/b, is \fa-\-A/b. 

And the sum of a'^ -h^ o.ndx' -y", is a^ -h^+x'-y". 

But in many cases, several terms may be reduced to one, 
as in Arts. 72 and 74. 

The sum of Zya and 3V«is 2^/a+S^^/a=5^/a. 

For it is evident that twice tlie root of a, and three times 
the root of a, are five times the root of a. Hence, 

274. When the quantities to be added have the same radi- 
cal part, under the same radical sign or index ; add the ro- 
tional parts, and lo the sum annex the radical parts. 

If no rational quantity is prefixed lo the radical sign, 1 is 
always to be understood. (Art. 244.) 

To 2^ay 5V« 3{x+hy 5bk^ a^T^h 

Add Syay -2Va i{x^h)' Ibh^ y\/b^ 



Bum S^ay 7{x+hy {a+y)XVl>->> 
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275. If the radical parts are originally di(Terenl, they may 
BOiiietimes be made aUkej by the reductions in the preceding 
articles. 

1. Add ■s/S to ^50. Here the radical parts are not the 
same. But by ihe reduction in Art. 271, -v'8=2\/3, and 
V50=5V2. The sum then is 7V2. 

2. Add VI66 to V46. Ans. 4^/b+^\/b=6\/b. 

3. AM^a'x lOA/b'x. Ans. aA/x-\-b'{/xr=(a-\-b^)X'S/'' 

4. Add (36a»y)* to (2%)*. Ans. (ea+5)xs'. 

5. Add VlSatoS-x/Sa. 

276. But if the radical parls, after reduction, are differetU 
or have diflerent exponents, they cannot i>e united in the 
same term; and must be added by writing them one after the 
other. 

The sum of 3\/i and 2\/a, is S^/b-\-2^/a. 

It is manifest that three times the root of b, and twice the 
root of a, are neither five limes the root of b, nor five times 
the root of o, unless 6 and a are equal. 

The sum of %/a and lya, is ^a-\-^a. 

The square root of a, and tiie cube root of a, are neither 
twice the square root, nor twice the cube root of a. 

277. Subiraction of radical quantities is to be performed ia 
the same manner as addition,except thai the signs in the sub- 
trahend are to be changed according to Art. 82. 



From Vy 


4V0+I 


34* 


«(.+!)) -.- 


Sub. Syaj/ 


3-VM^i 


-Si* 


S(.+S) -2a-' 


Diff. - 2Vay 




Sh* 


«" 



From V50, subtract a/S. Ans. 5\/2 - 2 V3 =S\/2. (Art. 

275.) V V "V I 

From ^6*7/, subtract S^by'. Ans. (i-y)Xv'%- 
From H/x, subtract ^x. 

MULTIPLICATION OF RADICAL QUANTITIES. 
378. Radical quantities may be multiplied, like other 
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quanlities, by writing the factors one after another, either 
with or without the sign of multiplication between them. 
(Art. 93.) 

Thus the product of /s/a into \/6, is -\/flXV^' 

Tlie product of A' into y' is h^y . 

But it is often expedient to brin^he factors under the 
eame radical sign. This may be done, if they are first re- 
duced to a common index. 



Thus 5/1 xVy—V^* ^°'' ^''^ '*"*' '^^ ^^ product of 
several factore is equal to the product of their roots. (Art. 
269.) Hence, 

279. Quantities uhder the same radical sign or in- 
dex, MAY BE MULTIPLIED TOGETHER LIKE RATIONAI. QUAN- 
TITIES, THE PRODUCT BEING PLACED UNDER THE COMMON 
RADICAL SIGN OR INDEX,* 

Multiply \/!e into H/y, that is, a; into i/ . 

The quantities reduced to the same index, (Art. 269,) are 
(i') , and (!/')' and their product ie, [x'lj')^ =\/x^y^. 
Malt. V«-!-^ V<^^ ^ («+!/)^ o" 

Into V ~ "* V% ^ (''+^) " ^" 

Prod. V^^rr^ {a^x)'' ,«V)- 

Mulliply Ai/&xb mto <s/%xb. Prod, y 16^*6='= 4a:6. 

In this manner the product of radical quantities often be- 
comes rational. 

Thus the product of V^ into ^^18=^/3^ = 6. 

And the product of (a';/')* into (n'j/)' = (a'3/')'— oy. 

280.~ Roots of the same letter or quantity may be 
multiplied, by adding their fractional expokents. 

The exponents, like all oilier fractions, must be reduced 
to a common denominator, before they can be united in one 
jerm. (Art. 143.) 
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Th,.. aSx«*=.***=«**"=a'. 

Tlie values of the roots are nol altered, by reducing their 
ndices to a common denominator. (Arl. 354.) 

Therefore the first factor a^ — a' ( 
And the second a' = a J 

Bula^^a^Xa'Xa"*- (Art. 250.) 



And a' 



^-J 



The product therefore is a° Xa' Xn° X"" X*' 

And in all instances of lliis nature, the common denomin- 
ator of the indices denotes a certain root ; and tlie sum of 
the numerators, shows how often this is to be repealed as a 
factor to produce the required product. 

Tims a"Xa"'=a™Xa™=a™". 
Mult. 3yi a^x«* («+&)* (a-y)" ^"^ 
Into y' a' («+6}' (a-y)^ x~^ 



Prod. 3y^ {a+6)* 



The product of y'' into y ^ is y^ —U- 

The product of a" into a~", i3a''~"=a°=l. 

And/"^X^^""=3^°~'^~*=3^=1. 

The product of ffl* into «*=a'x«'=a ■ 

2S1. From the last example it will be seen, that poaen 
and roots may be multiplied by a common rule. This is one 
of the many advantages derived from the notation by frac- 
tiona.1 indices. Any quantities whatever may be reduced to 
the fonn of radicaia, (Art. 268,) and may then be subjected 
to the same modes of operation. 

Thu3j(=xy*=i/'**=^'^. 



And ^x^" = 



11* 
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Tlie product will become rational, whenever the numera- 
tor ol" llie index can be exactly divided by the denominator. 



KJ^. 



Thi.8a=xa^X 
And {a+b)^X {a+6) -^^{a+bf^a+b. 
And a^X" =« =«■ 

232, When radical ciuanlities which are reduced to the 
same index, have rational co-efficients, the rational 

PARTS MAV BE MULTIPLIED TOGETHER, AND THEIR PRO- 
DUCT PREFIXED TO THE PRODUCT OP THE RADICAL FARTS. 

' 1. Multiply a\/b into c.<,/d. 

The product of the rational parts ia ae. 
The product of the radical paits la \/bd. 
And the whole product is ac\^bd. 
For «V6 is axV^' (Art. 244.) And cV^ is cxV''- 

By Art. 1C2, axV^ ■"'« cxV^> '^ axVbX'XV<^i or 
by changing the order of the factors, 

3, Multiply aa^ into bd^. 

When the radical parts are reduced to a common index, 
the factors hecome a(a^)' and b{d^)'. 

The product then is a6(a;*tr)'. 

But in cases of this nature we may save the trouble of re- 
ducing to a common index, by muUipiying as in Art. 278. 

Thus ax^ into bd^ is ax^bd^. 

Mult. a(b-i-x)^ 




283. If the rational quantities, instead of being eO'effidenls 
to the radical quantities, are connected with them by the 
signs + and - , each term in the multiplier must be multi- 
plied into each in tlie multiplicand, as in Art. 100. 
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Multiply a-i-^/b 
Into c-i^x/d 



The product of n+^y into l~{-r\/yis 

a+^/y+ar^/y■+ry. 

1. Multiply V« into l/b. Ans, ^a'iy'. 

2. Multiply 5V5 into SyS. Ans. 30\fTo. ~ 

3. Multiply 2^3 into 3^i. Ans. 6^4^- 

4. Multiply yt/ into ^ab. Ana. f^a^li'if. 

3. Multiply ^ /^ into ^ /9«5_ Ans. ^ /3^. 



, Multiply a(a-a;)^ into (c-d)x(a«)' 



Ans. (ae ~ad)y, (a'a; - <»:*)■ 



DIVISION OF RADICAL QUANTITIES. 

284. The division of radical tjuantitiea may be expressetl^ 
by wilting the divisor under the dividend, in the form of a 
fraction. 

Thus the quotient of l/a divided by Ajh, is '^, 
And (a+?t)* divided by (6+a^)^ is lf±^ 

In these instances, the radical sign or index is separately 
appUed to the numerator and the denominator. But if the 
divisor and dividend are reduced to the same index or radical 
sign, this may be applied to the whole quotient. 

Thus r/a-f-A/6=^-— r /-. For the root of a fraction 
^b W b 

is equal to the root of the numerator divided by the root of 
the denominator. (Art. 260,) 
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Again, !!Jab-~-^b=^a. For the product of this quotient 
■iilo tlie divisor is equal to the dividend, tlmt is, 

!\/ay.!i/h=X/ah. Hence, 

385. Quantities under the same radical sign or index 
may be divided like rational quantities, the quotient 
being placed under the common radical sigh or index. 



Divide (iV)* '^y y ■ 



These reduced to the game index 


.re(,y)*and(9')' 


And the quotient is (a^)*=/=a;^. 

Divide veH" vffi? {••+«!)* 


[A)- («V)» 


By \fSi V*' «' 


(».)- (oj)* 


Quot V2«' (a'+a^)* 


(«S)*- 



286. A ROOT IS DIVIDED BV ANOTHER ROOT OF THE 
SAME LETTER OR QUANTITY, BY SUBTRACTING THE INDEX 
OF THE DIVISOR FROM THAT OP THE DIVIDEND. 

Thu»»4-i-.*=»5 -*=«♦- •=«♦=«*. 

For o*=a.'=M X« X^ tind this divided byo* is 






Divide (3a)'* (<w)* a™ (6+!/)^ (r'*/')' 

(3«)* {ax)i a- (i+y)" (rV=)' 



Quot. (3a)* a" {r'fy 



Pouters find roots may be brouglit promiscuously together, 
asid divided according to the same rule. See Art. SSL 
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Thus a'~a' =a''-'i=a\ For a'^X"' = «=«'• 
So y"-r-y"=f-k 

287. When radical qiiantiliea which are rechiceil to the 
same mdex have katioj\al co-efficients, the bationai 

PARTS MAV BE DIVIDED SEPARATELY, AND THEIR quOTlEMl 
PREFIXED TO THE QUOTIENT OP THE RADICAL PARTS, 

Thu3 ac\/bd^a^^^b=c\fd. For this quotient raulliplipd 
into the divisor is equal to the dividend. 

Divide 24x\fay I8dk.y/bx by{a'x^y 16V32 b\/^ 

By 6 V" 2AV.r y(«:r)" 8V4 VV 



Divide ab(x'b)* by a (a:)". 

Tliese reduced to the same index are ab'(x^b) ' and a{x''y. 

The quotient then is (>(&)"^=(6'')'^, (Art. 272.) 
To save the trouble of reducing to a common Index, the 
division may be expressed in Uie form of a fraciion. 



The quotient will llien be 






a{xf 

. /b' 

1. Divide 2^6c by 3V«p' Ans. f'V a^^- 

2. Divide 10^108 by 5^/4. Ans. 2^27=.6. 

3. Divide 10V27 by 2a/S. Ans. 15. 

4. Divide SVIOSbySye. Ans. 12^2- 

5. Divide (re'6'd')"^ by A Ans. (ab)i 
»^. Divide {16a= - 12a'ar)* by 2a. . Ans. (4(t~3x)K 

INVOLUTION OF RADICAL QUANTITIES. 

288. Radical quantities, like powers, are involved 
flv multiplying the index of the root into the index or 

THE required power. 
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S. Thecubeofa*=o^^®-a*. For a^Xo*Xa*="^- 
8. And universally, the nth power of o =0" '^ =0 . 
For the nth poAver of (^ = a " X ""■ - ■ • » times, and the Bura 
af the indices will then be -. 

4. The 5th power of o^ y^, is a^y^. Or, by reducing th« 
roots to a common index, 

a. A , i a , „ , _3. 

5. The cube of o"A la a"3:'" or (a x )-". 

6. The square of o'l', is a^A 
The cube of a^is a^'^^=a^=«. 

And the nth power of a", is a^=a. That is, 

289. A ROOT IS RAISED TO A POWER OF THE SAME NAME, 
BY REMOVING THE INDEX OR RADICAL SIGN. 

Thus the cube of X/b+x, is b+x. 

And the nth power of (a - »/) " , is (a - y.) 

290. When the radical f|uanlities have rational co-ejkieitis, 
these must also be involved. 

1. The Miuare of oV^i '^ a'V^'- 
For aV^XaV^^"" V^'- 

2. The »th power of a''x", is n™ a:". 

3. Thesquareof aVa^-J/.i^^'xCa;-!/-) 

4. The cube of Sa\/y, is 27a'i/. 

291. But if the radical quantities are connected with 
others by the signs + and -, they must be involved by a 
multiplication of the several terms, as in Art. 213. 
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RADICAL QUANTITIES. 
Ex. 1. Required the squares of a+V!/ ^^^ a~^/y. 

a+vy «-vy ■ 

« Vy+y ~ 'Vy+y 

n=_j-2avy+y "' ~ ^iVy+y 

2. Required ihe ciihe of a- V^* 
S. Required the cube of 'id-\-^/x. 



292, It is unnecessary to give a separate rule for the evo- 
lutvm of radical quantities, ihat is, for finding llie root of a 
quantity which is already a root. The operation is tire same 
as in other cases of evolution. The fractional index of the 
radical quantity is to be divided, by the number expressing 
the root to be found. Or, the radical sign belwiging to the 
re<iuired root, may be placed over the given quantity. (Art. 
257.) If there are rational co-efficients, the roots of Iheao 
must also be extracted. 

, i . J-:.3 -i 

Thus, the square root of « , is a • =a . 

The cube root of o(a^)% is «' C^y)°- 

The nth root of a\/^, is V a\/hy. 

393. It may be proper to observe, lhat dividing the jrac~ 
timal index of a root is the same in effect, as multiplying the 
number which is placed over the radical sign. For this 
number corresponds with the denominalor of the fractional 
index ; and a fraction is divided, by multiplying Its denomi- 
nator 

Thus V«=a^- V'»=''*- 

On the other liand, mulliplying the fractional index ia 
equivalent to diniding the number which is placed over the 
radical sign. 

Thus the square of X/a or a', is J/o or a' =a>. 
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293. b. In algebraic calculaiions, we have sometimeB 
occasion to seek for a factor, wliicli multiplied into a ^ven 
radical quantity, will render the product rational. In tlie 
case of a simple radical, such a factor is easily found. For 
if the nth root of any quantity, be multiplied by the same 
■ root raised to a power whose index is « - 1, the product will 
be the given quantity. 

Thus ;^a;Xv'^~^' '''' ^ ^^ —^ =^- 
And (x+y) x{3;+y) " =x+y. 
So V'XV'*=''- -*"'^ \/aX\/a^=%/a^=^- 
And VxV«'='^ ^'^- ■^"*' {a-i^-b)^ X(a+l>y=a+b- 
And {x+y)'x{''+y)^=^'^y- 

"293. c. A factor which will produce a rational product, 
when multiplied into a binomial surd containing only the 
square root, may be found by applying the principle, that 
the product of the sum and difference of two quantities, is 
equal tffthe difference of their squares. (Art. 235.) The 
binomial itself, after the sign which connects the terma is 
changed from + to-, or horn- to +, will be the factor 
required. 

Thus (V<H-y'') X (Va -V'') = V«' - V6'=n- b, which 
is free from radicals. 

So{1+V2)x(1-V2) = 1t2=-1- 

And (3 - 2V2) X (3+2V2) = 1- 

When the compoiiiid surd consists of more than two terms, 
It may be reduced, by successive multiplications, first to a 
binomial surd, and llien to a rational quantity. 

Thus (VIO f V2 -t V3) X (VIO+VS+VS) = 5 - W^> 
a binomial surd. 

And (5-2V6)x(5+2V6) = l- 
Therefore (V^O-V^-V^) muhiplied into (V10+V2+ 
V'3)X(5+2V6) = 1- 

293. d. It is sometimes desirable to clear from radical signs 
the numerator or denominator of a fraction. This may be 
cifecled. without altering the value of the fraction, if the 
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Bamerator and denominatof be both niuJiiplied by a factor 
whicii will render eitlier of lliem rational, as the case may 
require. 

1. If botli parts of the fraction 1^ be multiplied by V«. 

il will become V"XV« --^ j,^ ^^,lJ;^J^ ^j^^ numerator iis a 

V^XV V"* 
ratiooal quantity. 

Or if bolli parts^f ijie given fraction be multiplied by y«, 

it will become Y-^, in which the denominator is rational, 
a: 

a. The fr.Mio„^^=5*><(i±fL' = *i><Wi)' 
S. The fraclion iS+J^ &+«)'+'_ y+x 
i. The fraction -2. =j£Zr__^?Vi^ 



5. Thefmrf.-nn V^ ^ V3X(3+V2) g+Sya 

3-V2 (3-V2)(3+V2)~ ' ■ 

6. The fraction ? _ HV^+V^ ) _.,. 

, „ V5-V2 (V5-V2)(V5+V2)~ 



6_6x5' <!, ^ 

7. The fraction ~I TX|~ 5"^^ 

8. The fraction 



ya+ya+i (y3+y2+i)(y3-ys-i)(-ys) 
2y6-i-2y3. 

9. Retiuce — to a fniction liaving a rational denominator 

y3 

10. Reduce ~'*^ to a fraction iiaving a rational denonv 

•+yi 

VMiK 

293. e. The arithmetical operation of finding the proximate 
value of a fractional son!, may be sliorteiredj by rcnderiitg 
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eitlier the nmneraior or tlie denomiimtor rutioiial. The root 
of a fraction is e(]Lial to the root of the numerator divided by 
the root of the denominator. (Art. 260.) 

Thus " /_=iC.. Butlhismaybcrcdviced to _ 

or yxyfe""' /j^rt. 293. d.) 



The sqiiare root of- 



8V;,orJL,orya. 

\/b \/ij h 

When the fraction is thrown into this form, the process of 
extracting the root arithiiieticaily, will be confined either to 
the numerator, or to the denominator. 

Thns the square root of ^^ V|=V32W'^^^ 

Examples for practkc. 
1. Find the 4th root of 81a*. 
S. Find the 6ih root of («-f 6}"", 



. Find the nth root of (a; - y)'. 
, Find the cube roolof~t: 
. Find the square root of _ 



Find the cube roolof ~ tSSaa:*. 



243 

7. Find the square root of x'-Qbx-^-W 



6. Find the 5th root of 

243 



8. Find tlie square root of a°-j-«i/-|-i.. 

9 Reduce ax' to the form of the 6th root. 

10. Reduce -Si/ to the form of the cube root. 

1 1 . Reduce a' and a'" to a common index. 

12. Reduce 4 and 5* to a common index. 

13. Reduce a' and 6' to the common index . 

14. Eedjce 2^ and 4* to the c 
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15. Remove a factor from ^294, 

16. Remove a factor from yr'-aV. 

17. Find the sum and difierence of ^I 6aV aTid \^i^ 

18. Find the sum and diiference of i/T92 and \.'24. 

19. Multiply 7\/I8 into 5^4. 

20. Multiply 4+2 V2 into 2-^2. 

21. MiiUipIy a(a-{-yc)^ into b{a-A/c)h 

22. Multiply 2(«+6)^into 3(a+i)-. 

23. Divide 6V54 by 3^2. 

24. Divide 4^72 by 2^18. 

25. Divide V'' by 1/7. 

26. Divide 8^612 by 4 V2. 

27. Find the cube of 17^21. 

28. Find the square of 5+^3. 

29. Find the 4i.h power of i^^G. 

30. Find the cube of \fx-^b. 

31. Find a factor wliich will inalie \/y ratioual. 

32. Find a factor which will make ^5-\^3: rational. 

33 Reduce:v_ to ^ fraction iiaving a rational numbratoi. 

34. Reduce — ^ to a fraction having a rational do- 

ncminator. 
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REDUCTION OF EQUATIONS BY INVOLUTION 
AND EVOLUTION. 

Art. 294. IN an equation, the letter which expresses the 
unknown quantity is sometimes found under a radical sign. 
We may have njx=a. 

To clear this of the radical eign, let each memher of the 
equation be squared, that is, multiplied into itself. We shall 
then have 

^xXV^=aa. Or, (Art. 289,) x=a\ 

The equality of the sides is not affected by this operation, 
because each is only multiplied into itself, that is, equal quan- 
tities are multiplied into equal quantities. 

The same principle is applicable to any root whatever. — 
If ^n—a; then i^a". For by Art. 289, a root is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 

295. When the unknown quantitt is under a radical 
sign, the equation is reduced bv involving both sides, 
to a power of the 3ame name, as the root expressed by the 
radical sign. 

It will generally be expedient to make the necessary trans- 
positions, before invoh-ing the quantities ; so that all those 
which are not under the radical sign may stand on one side 
of the c<iuation. 

Ex.1. Reduce the equation \/a;4-4=9 

Transposing +4 .v'^=9 -4=5. 

Involving both sides a!=5"=25. 

. Reduce the equation a-\-\/x-h=d 

By transposition, \/x=d-^b •- a 

By involution, x= {d-\-b ~ a)' 
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3. Reduce the eqiiiUion i^/x-\-\=4 
Involving bolli sides, x-|-l=4'=64 
And x=G3. 

4. Reduce the equation 4-\-3\/x--4 = 6-\-^ 
Clearing of fractions, 8-|-6\/i- 4 = 13 
And ^1^=^. 
Involving both sides, i-4 = ff 

And x=H+4: 

5. Reduce the equation yi7'_|-yT— "^ 

Multiplying by Vw'+V^' a^+y/x= 5+d 

And ^x-S+d-cf 

Involving both sides, x=(S-\-d-a^Y. 

In the fi rst step i n this example, multiplying the first mem- 
oer into ^{i'-\-^/x, that Is, into itself, is the same as squar- 
ing: it) wliicK ia done by taking away its radical sign. The 
other member being a fraction, is muitipiied into a quantity 
equal to its denominator, by cancelling the denominator. 
(Art. 159.) There remains a radical sign over x, which 
must be removed by involving both sides of the equation. 



6. Reduce 3+2V^-i=6. 


Ans. x==i-U- 


7. Reduce 4^^=S. 


Ans. a: =20. 


8. Reduce (2a;+3)^+4=7. 

9. Reduce VlS+ar^S+V^- 


An?. x=n. 
Ans. x=i. 


10. Reduce V^^-V^- J Va- 


A 26a 


il. Reduce V5XV^+2=2+v5i 


, A...= |^ 


12. Reduce ^-"^-'V^ 

13. Reduce V£±28^y:^8_ 


Ans. x= 

1-0 

Ans. x=4. 
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14. lluJilce v'a:+V"+*^— =^- Ans. :r = fa. 

13. Reduce a;+v'a''+^=~;==n- Ana. 3;=aVi- 
■va'-|-:r 



16. Reduce a;4-a=V'»'+^V6'+ar'- Ana. 3:=—^ 

4 . 2 

17. Reduce V2+3;+V^=-^^=- Ans. x=-. 

V2+a: 3 

18. Reduce V^^^ = 16-Va^- Ans. x=81. 

19. Reduce y4^"T7=:2V^+l- Ans. 3:= 16. 

V6:c+3-4V6:. 
REDUCTION OF EQUATIONS BY EVOLUTION. 

296. I)v many equations, the letter which expresses the 
u iknown qimniity is involved to some power. Tlius in the 
equation 

a^=I6 
we have the value of the square of x, but not of x itself. If 
the sfiuare root of both sides be extracted, we shall have 

Tll^ equality of the members is not affected by this reduc- 
tion. For if two quantities or sets of quantities are equal, 
their roots are also equal, 

ir (ai+a)" ~b+h, then x+a—\/b+k. Hence, 

297. When the expression containing the unknown 
quantity is a power, the equation is reduced bv ex- 
TRACTiNfi THE BOOT OF BOTH SIDES, a TOOt of the Same name 
ns the power. 

Ex. 1. Reduce the equation G+a^'-SrzT 

By transposition i'=-.7-j-8 - 6=9 

By evolution a;=iv''*=i3- 

The agns + and - are both placed before \/% because 
tin even root of an affirmative quantity is atnbiguoxis. (Art 
SCI.) 
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2. Reduce (he equation 63^~30=a^-\-34 
Transposing, &;c, x'=i6 

By evolution, -• - . ■_. a;=i4. 

3. Reduce the equation, o+^=A^^ 

b d 

Clearing of fractions, &c. a 



b+d 



By evolution, ^_+/ 6tr/t-a 6,JU 

. Reduce the equation, a-\-dx"=lQ- a" 

Transposing, &c, ;f -- 



By evolution. 



\d-\-l I 



208. From the preceding articles, it will be easy to see in 
what manner an equation is to be reduced, when the ex- 
pression containing the unknown quantity is a power, and at 
the same time under a radical sign ; that is, when it is a root 
of a power. Both involution and evolution will be n 
in this case. 



Ex. I. Reduce the equation 


V^'=4. 


By involution 


af==4'z=64 


By evolution 


x=±V64=+8. 


3, Reduce the equation 


^a^-a^k-d 


By involution 


3r-a=h''~2hd+d^ 


And 


x"^h'~2Kd+d'+a 


By evolution 


x=\/h'-2hd+d^+a. 



. Reduce the equation {x-\-a) '' = 



a+b 



{.--ay 

Multiplying by (a; -a)^ (Art. 279.) (x^- a')^ =a+b 
By involution ar'-a==a^+2a&+i'' 

Tran^.'Mid uniting terms x'=:2a'''^2ab-\-h' 



J[J evolution x=(2d'+2ab-\~b'y 
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Prohtems. 

Prob. 1. A gentleiTiiin being asked his age, replied, "If 

you acid to it leii years, and exLraet ilie square mol of the 
sum, and from iKis vool subtracl 2, ilie remainder will Ire 6." 
What was bia age I 

By the conditions of the problem \/x-{-l0-~2=6 
By transposition, V^+T0=6+2=8 

By involution, a;-|-10=8'=64. 

And x^64- 10=54. 

Proof (Art. 194.) ^5^^0-2 = 6- 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and from this 163 be 
subtracted, the remainder will be 237. What is the num- 
ber 1 

Let !t7= the nmnber sought. 6^163 

a=22577 c=337. 

By the conditions proposed \/x-\-a-b=c 

By transposition, \/x-{-a=c-\-b 

By involution, x-\-a^ (c+t)^ 

And x={c-\-by-a 

Restoring the numbers, (Art. 52.)a^=(237+163) = -22577 
That is a;= 1 60000 - 22577= 137423. 

Proof V137423+22577- 163=237. 

209. When an etjuation is reduced by extracting an even 
root of a quantity, the solution does not determine whether 
the answer is positive or negative. (Ait. 297.) But what 
is thus left ambiguous by the algebraic process, is frequently 
settled by llie statement of the problem. 

Prob. 3, A merchant gains in trade a sum, to which 320 
dollars bears the same proportion as five limes this sum doP3 
to 2500, What is the amount gained '\ 
Let ar=the sum required, 
a =320. 
ii=2500. 
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By the supposition a-.x-.iSxib 

Multiplying the extremes and means 5x^ = ab 

And ^=(^1^ 

Restoring the numbers, x= p^0x25OQ j J ^ ^^^ 

Here the answer is not marked as ambignoua, because by 
the statement of the problem it is gain, and not loss. Il 
must therefore be positive. This might be determined, in 
the present instance, even from the algebraic process. 
Whenever the root of a;" is ambiguous, it is because we are 
ignorant whether tlie power has been produced by ihe mul- 
tiplication of ~\-x, or of-ar, into itself. (Art. 362.) - But 
here we have the multiplication actually performed. By 
turning back to the two fli'st steps of the ecjusition, we find 
that 5x^ was produced by multiplying 5x into x, that is -\-5x 
into -|-a;, 

Prob. 4. The distance to a certain place is such, that if 
96 be subtracted from the square of the (uimber of miles, the 
remainder will be 48. What is the distance ? 
Let x= the distance required. 

By the supposition a;^~9C— 48 

Therefore 3:=Vf 44 = 12. 

Prob. 5. If three times the square of a certain number be 
divided by four, and if the quotient be diminished by 12, tho 
remainder will be 180, What is the number 1 

By the supposition — -12 = 130. 

Therefore x=^/J56=l6. 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remainder equal to 
four? Ans. 4. 

Prob. 7. What two numbers are those, whose sum is to the 
greater as 10 to 7 ; and whose sum multiplied into the less 
produces 270 1 

Let 10a;=their sum. 

Then 7a: = the greater, and 3a; = the less. 

Therefore x=S, and the numbers required are 21 and 9 
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Prob. 8. What two numbers are those, whose dilTerence is 
to the greater as 3:9, and tlie difference of whose scjuares 
is 1281 Alls. 18 and 14. 

Prob. 9. It ia required to divide the number 18 into two 
such pans, that the squares of those parts may be lo each 
other as 25 to 16. 

Let x= the greater part. Then 18 - a;=the less. 

By the condition proposed a;' : (18 - r)" : : 25 : 16. 

Tlierefore 16^=25x(18-ij:)=. 

By evohition 4x=5x{l8-x.) 
And a;=10. 

Prob, 10. it ia required lo divide the number 14 into two 
such parts, that tlie quotient of the greater divided by the 
less, jnay be to the quotient of ilie less divided by ilie greater, 
as 16 : 9. Ans. Tlie parts are 8 and 6. 

Prob, 11. What two numbers are as 5 to 4, tlie sum of 
whose cubes is 5103 1 

Let 5x and 43;— the two numbers. 

Then 3:^3, and the numbere are 15 and 12. 

Prob. 12. Two travellers ^ and B set out to meet each 
jther, .S leaving the town C, at the same time thai B left D. 
Fhey travelled the direct road between C and />; and on 
meetiiig, it appeared tliat ^ had travelled 18 miles more 
than B, and that «3 could have gone S's distance in 15? days, 
but B would have been 38 days in going ^s distance. Re- 
quired the dist«i)ce between C and D. 

Let »^the number of miles ^ travelled. 

Then a;- IS^lhe number B travelled. 
^Z^=jra daily progress. 

__ =B's daily progress. 

Therefore a; : ar- 18 : : ItI^ : £-. 
15| 28 
This reduced gives ^=72, Jl's distance. 
Tlie wtiole distance, therefore, from C to D= 1 26 miles. 
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Prob. 13- Find two mimbcis which are to each other as 8 
to 5, and whose product is 360. Ans. 24 and 15. 

Prob. 14. A gentleman bought two pieces of silk, which 
together measured 36 yards. Each of them cost as many 
shillings by the yard, as there were yards in the piece, and 
their whoie prices were as 4 to 1. What weie the leiiglha 
of the pieces J Ans. 24 and 12 yards. 

Prob. 15. Find two numbers which are to each other as 
3 to 2 ; and the dilTerence of whose fourth pjwers is to the 
sum of their cubes, as 26 to 7, 

Ans. The numbers are 6 and 4. 

Prob. 16. Several gentlemen made an excmsion, each 
taking tlie same sum of nroney. Each had as many servants 
attending him as there were gentlemen ; the number of dol- 
lars which each had was double the number of ail the ser- 
vants, and the whole sum of money taken out was 3456 dol- 
lars. How many genilemen were there 1 Ans. 12. 

Prob, 17. A dotaciiment of soldiers from a regiment being 
ordered to march on a particular service, each company fur- 
nished four times as many men as there were companies in 
the whole regiment ; but these being found insulEcienl, civch 
company furnished three men more ; when their number was 
found to be increased in the ratio of 17 to 16. How many 
companies were there in the regiment? Ans. 13. 

AFFECTED QUADRATIC EQUATIONS. 

300^ Equations are divided into classes, which are distin^ 
guished from each other by the power of the letter thai ex- 
presses the unknown quantity. Those which contain only 
the^sf power of the unknown quantity are called equations 
of one dimenawn, or equations of the first degree. Tliose in 
which the highest powerof the unknown quantity is ashore, 
are called quadratic, or equations of the second degree; 
those in which the highest power is a cube, eoualions of the 
third degree, &c. 

Thus x—a-\-b, is an equation of the first degree. 

x'=e, and x''-\-ax=d, are quadratic equations, oi 
equations of the second degree. 

3^=k, and a?-\-ax^-\-bx=d, are cubic equations, oi 

ualions of the third degree. 
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301, Equalions are also divided into pure and affected 
equations. A pure equation contains only one power of the 
unknown quantity. This may be the fust, second, third, or 
any other power. An affected equation contains differml 
powers of the unknown quantity. Thus, 

< i"— d-b,is B. pure quadratic equation. 

I x^-{-bx —d, an affected quadratic equation. 

i X ~b — c, a pure cubic equation. 

( x^-l-ax^-\-bx=:h, an affected cubic equation, 

A pure equation is also called a simple equation. But tins 

tenu has been applied in too vague a manner. By some 

writera, it is extended to pure equations of every degree ; by 

others, it is confined to those of the first degree. 

In a pure equation, all the tei'ms which contain the un- 
known quantity may be united in one, (Art, 185,) and the 
equation, however coniplicated in other respects, may be re- 
duced by the rules wliich have already been given. But in 
an affected equation, as the unknown quantity is raised to dif- 
ferent powers, the terms containing these powers cannot be 
united. (Art. 230.) There are parlicular rules for the reduc- 
tion of quadratic, cubic, and biquadratic equations. Of these, 
only the first will be considered at present. 

302, An affected quadratic equation is one which 
contains the unknown quantity in one term, and the 
square of that quantity in anothf.r term. 

The unknown quantity may be originally in several terms 
of the equation. But all tjiese may be reduced to two, one 
coiitainhig the unknown quantity, and tiie other its square. 

303, It has already been shown that a pttre quadratic is 
eolved by extracting the root of both sides of tJie equatioti. An 
affected quadratic may be solved in the same way, if the 
member which contains the unknown quantity is an exact ' 
square. Thus the equation 

may be reduced by evolution. For the firet member is tlie 
square of a bmonUtU quantity, (Art. 264,) And its root is 
t-J-o. TliereCore, 

x-^a=\fb'j-h, ajid by transposing oy 
x=-\/b-{-h. — a. 
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304. But it is not often the case, tliat a member of an af- 
fected (jtiatlmtic eqiiaticn is an exact s(]iiare, till an addi- 
tional teiin is applied, for the purpose of malting tlie required 
redaction. In tlie eqiiulion 

the side containing the unknown quantity is not a complete 
eqnare. The two leiins of which it is composed are indeed 
such as might belong to tlie square of a binomiid quantity, 
(Art. 214.) Kilt one term is wattimg. We have tiien to in- 
qture, in what way this may be supplied- From having (tw 
terms of the square of a buiomial given, how shall we find 
the third ? 

Of tlie three terms, two are complete powers, and the 
other is twice the product of the roots of these powers; (Art. 
214,) or which is the same thing, the product of one of tho 
roots into twice the other. In the expression 

ilie term Saa^consists of tlie factors 2a and s. The latter IB 
(he unknown quantity. The other factor 2a may be consid- 
ered the co-effident of th« unknown quantity ; a co-efficient 
being another name for a factor. (Art. 41.) As a: is the 
root of the first term a;* ; the other factor 2a is tioke the root 
of the third term, which is wanted to complete tlie s<[uaie. 
Therefore luUf 2a is the root of the deficient term, and a" is 
the term itself. The squai'e completed is 

where it will be seen that the last term a° is the sqnai-e of 
!ialf 2a, and 3a is the co-efficient of x, the root of the fir&t 
term. 

In the same manner, it maybe proved, lliat tlie last term 
of the square of any binomial quantity, is equal to the square 
of half the co-efficient of the root of the first term. From 
this principle is derived the following rule : 

' 305. To COMFLETK THE SQUARE In an affected quadratic 
equation: take the square of iiAtr the co-efficient op 

THE FIRST POWER OP THE UNKNOWN ^QUANTITY, ANH ADD IT 
TO BOTH SIDES OF THE EQUATION. 

Before completing the s(]uare, the known and unknown 
qiiantiiies must he brought on opposit<i sides of the equation 
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by transposition ; and the highest power of the unknown 
quantity must have the affirmative sign, and be cleared of 
fractions, co-efBdents, &c. See Arta, 308, 9, 10, II. 

AJier tlie square is completed, ihe equation is reduced, by 
extracting the square root of both sides, and transposing the 
known part of the binomial root, (Art. 303.) 

The quantity which is added to one side of the equation, 
to complete the square, must be added to the other side also, 
to preserve the equality of the two members. (Ax. 1.) 

306, It will be important for the learner to distinguish be- 
tween what is peculiar in the reduction of quadratic equa- 
tions, and what is common to this and the other kinds which 
have already been considered. The pecuh'ar part, in the 
resolution of affected quadraticE, is the completing of the 
square. The other steps are similar to those by which pure 
equations are reduced. 

For the purpose of rendering the completing of the square 
familiar, there will be an advantage in beginning with exam- 
ples in which the equation is already prepared f«r this step. 

Ex. 1. Reduce the equation ar'-|-6ax=6 

Completing the square, a^-\-6ax-\~3a'=9a^-\-b 

Extracting both sides (Art. 303.) a;+3a=JV9aM-^ 

And x=-3aty9a'+b. 

Here the co-efficient of x, in ihe first step, is 6o; 

The square of half this is da', which being added to both 
aides completes the square. The equation is then reduced 
by extracting the root of each memljer, in the same manner 
as in Art. 297, excepting that the square here being that of 
a binomial, its loot is found by the rule in Art. 265. 
2. Reduce the equation w" -Sbx—h 

Completing the square, a;' - Sbx-\~ 1 66'= 1 Qh'-^-h 
Extracting both sides x - 4b=±A^/iGb^-\-h 
And x=4bt.\/l6b^J^k. 

In this example, half the co-efiicient of x is ib, the square 
of which IW is to be added to both sides of the equation. 
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3. Reduce the equation x'-\-ax=b-^h 
Uompleling the square, a?-\-ax-^—=—-{-b-{-h 

By evolution a;+^=±[^+6+M' 

And x=-^±{^^+b-\^ljK 

4, Reduce the equation x''-x=k~d 
Completing the square, x' -X'\-i=^-\-h~d 

■ And x=ita+h-d)K 

Here the co-efficient of a; is 1, thesqutire of half which Ir^, 

6. Reduce the equation x'-[-$x=d'\~G 

Completing the square, a.^^fix+i—i-\-d-\-6 
And a;=-tJ:(f+d+6)i 

6. Reduce the equation a^-abx—ab-cd 
Completing the square, i^-abx-\ — _,=— _- j-a6 — cd 

And .=^(iJ.'+.S-rf)J. 

7. Reduce the equation x''-\-—~=h 
Completing the square, a^+^^-|-.^ =_? -|-fc 

By Art. 153, ^=:^x^. The co-efficient of a;, therefore, 
b o 

la-. Half of this is .^, (Art. IC3.) t-hesquareof whicb • 
b 36 ^ 
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8. Reduce tlie equalion 



■2,b \Ab' ) 



Here tliefraction^=ix*- (Art. 158.) Therefore the 
b 

co-efficient of x is _. 
b 
307. In these and similar instances, tlie root of the third 
term of the compleied scjuare is easily fbujid, because this 
root ia the same iialf co-efficient from wliicli tlje lerni has 
just been derived. (Art. 304.) Tlius in tlie last example, 
half the co-efficient of a; is — , and this is the root of the 



4i<* 
SOS. When the first power of the unknown (luantity is in 
several terms, these should be united in one, if they can be 
by the rules for reduction in addition. But if ihere are Ute~ 
rai co-efficients, these may be considered as constituting, to- 
gether, a compound co-eflklent or factor, into which llie uu- 
Enown quantity is niultiphed. 

Thus axJrt>^-j-dx^(a+b+d)xx. (Art. 130.) The 
square of half this compound co-cflicient is to be added to 
both sides of the equation. 

I. Reduce the equation x^-\-Sx-\-2x-\-x=:it 
Uniting (ernis x^-{-Gx—d 

Completing the square x''-{-6x-\-0=9-{-d 
And X-. - S±\/Q+d. 

3. Rediice the equation x^-\-ax-\-b3:—k 
By Art. 120. x''+{a+b)x^=h 

Therefore ^'+(a+6) X^+ [^) ' = (^) '+A 
Byevolution x+^^t^'{^y+h 



And 
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3. Reduce the erjuation x^-\-ax — x—b 
By Art. 120 x>+{a-'l)xx=b 

Therefore ^'+(a- l)x:.+ /^)'= (^) +& 

309. After becoming familiar with the method of complet- 
ing the square, in affected quadratic equations, it will be 
proper to attend to the steps which ai-e preparatory to this. 
Here, however, little more is necessary, than an application 
of rules already given. The known and unknown quanti- 
ties must be brought on opposite sides of the equation by 
transposition. And it will generally be expedient to make 
the square of the unknown quantity the first or leading term, 
as in the preceding examples. This indeed is not essential. 
But it ivill show, to the best advantage, the arrangement of 
the terms in the completed square. 

1. Reduce the equation a-^5x-3b=Sx — x' 
Transp. and uniting terms, x^-}-2x— Sb~a 
Completing the square if'j^^w-^ 1 = 1 -f-3A - a 
And x= - livl+Sfi-o. 

2. Reduce the equation ^ = . ". -4 

' 2 x+2 

Clearing of fractions, &c. x^-\--lOx=5G 

Completing the square x*4-I0a'+25-25-f-56=81 

And x=-5ivSl=-5+9. 

310. if the highest pouter of the tmknown quantity has 
any co-efficieM, or divkor, it must, before the square is com- 
pleted, by the mle in Art. 305, be freed from these, by multi- 
plication or division, as in Arts. 180 and 184. 

1. Reduce the equation ar'-[-34a-6A=12a:-6a? 

Transp. and uniting terms, Ga; - l2x=Gh-Ma 
Dividing by 6, x^ — $x=h-4a 

Completing the square, x^-2x-\-X^l-\-h- 4a 
-4a. 
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. Reduce ihc equation /(-f5a^==d- — 

Cleiiring of fractions bx^+2'ix=ad - 
r,. - ,. , I J , S-i^c ad - 

Diviiling liy 6, ^ """"T"" ' 



Therefore 
And 






311. If the square of the unknown qnantily is in several 
leims, tlie equation ituist be divided by all the co-efficienta 
of this square, as in Art, 185. 
1. Reduce (he equation bx''-[-da^~4x=b-k 

Dividing by b-^-d, (Art. 121.) x' ~ — £-=-^ 
u-\-d o-f-d 



T,,eref„,e .^^+^(j^) +: 



-i \ ',b~^h 
b+~d-\/ \b+dj '^b-\-d' 
Reduce tlie equation ax''-\-x—h-^Sx - a^ 

Transp. and uniting lerma ttx'-\-x^ - 2x=k 
„.,,., , , o 2»; h 

Dividing by a-j-l, a"- — _,= — ~ 



Exlracling and transp. »;= _— +_^^__j +^3^- 

There is anotlier method of completing the square, which, 

in many cases, particularly those in wliich i,!ie higliest power 

of the uniinown quantity has a co-efficient, is more simple 

in its application, than that given in Art, 305. 

Let aa^+bx—d. 

If ihe equation bo multiplied by 4a, and if &^ be added to 
both sides, it will become 

4a^x'+4abx+b''=4ad+t/' ; 
the first member of which is a complete power of 2ax+b. 

Hence, 

Sll. 6. In a quadratic equation, the square may be com- 
pleted, by multiplying the equation into 4 times the co-effi- 
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cient of the highest power of the unknown quantity and ad- 
ding to both sides, the square of ilie co-efficienl of the lowest 
power. 

The advantage of this method is, that it avoids the intro- 
duction of fraclwns, in completing the s()unre. 

This will be seen, by solving aii equation by both methoda. 

Let ax'-{-dx=h. 
Completing the square by the rule just, given ; 

Extracting the root 2ax-{-d=t^/4:ali-i-(P 



And 



_ - dt^/4ah+ (P 



Completing the square of the given equation by Arts. 305 

and 310; x-] — -\-~^^—\-~. 

a 4a a 4a' 

Extracting the root a;+— — ±. /^+_. 

2a ^v n 4a' 

If (1=1, the rule will be reduced to this ; " Multiply th« 
equation by 4, and add to both sides the square of the co- 
efficient of x." 

Let a?-\-dx=k 
Completing the square 43!'-\-4dx-\-d'=:4h-\-cP 
Extracting the root 2x-{-d—tA:/4k-\-d' 

And .^rjt^fiS. 

1. Reduce the equation 33;'+5t=43 

Completing the square S6x^-i^G0x-{-^5=529 
Therefore a^=3. 

3. Reduce the equation 3?-15a:=-54 

Completing thesquare 43;'-60a:-4-225=9 
Therefore 3j:=151:3=18 or 13. 

512. In the square of a binomial, the first and last terms 
are always positive. For each is tlie square of one of lite 
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terms of ihe rayt. (Art. 214.) But evei-y square is positive. 
(Art 218.) If llieii -ar' occiu's in an equation, il cannot, with 
this aign, form a part of the square of a binomial. But if 
lUl llie signs in the equation be changed, the emiality of the 
sides will be preserved, (Art. 177,) the term - a? wil.' become 
piffiitive, and the square may be completed. 

1. Reduce the equation -a:'-f-2x— (i-A 

Changing all the signs x'-2x= k-d 

Therefore x= l+^l-|-/,-e/ 

3, Reduce the equation Ax-x'^ — lZ 

Ans. x=:3iVl6. 

31 S. In a. quadratic equation, the first term a^ is the square 
of a single letter. But a binomial quantity may consist oi 
terms, one or both of which are already powers. 

Thus x'~{-a is a binomial, and its stpiare is 

where the index of a: in the first term is twice as great as m 
the second. When the third term is deficient, the square 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So the sc[uare of sf-^a, is 3p"~\-2a^'\-a'. 

And the square of x"+a, is x''^2ax"-\-a'. 

Therefore, 

314. Ani equation which contains only two dip- 
kekeht powers or roots of the unknown quantitt, 
the index of one of which is twice that of the 
other, may be resolved in the same manner as a qua- 
dratic equation, by completing the square. 

It must be olreerved, however, that in i.he binomial root, 
the letter expressing the unknown quantity may still have p 
fractional or integi'al index, so that a fartlier extraction, ac 
cording to Art. 297, may be necessary. 

1. Reduce the equation a'*-a:'=6-oi 

Completing the square a;'--x^-\-^=^~{-h~a 

Extracting and transposing x''=^t '\/l+b~a 

Extracting again, (Art. 297,) x=±VitA/{^-{-b - a) 
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, Reduce ihe equation x'"-4bsf=a 

Answer x^II^/U+a/IAS^^.) 



. Reduce the equation 



x+4^x. 



Completing the square x-^4^x+4—h. 71+4 

ExLrftcting and transp. ^3;= - 2tA/h-n^i 
Involving x^ ( - 2t\/h-n+4y. 

4. Reduce ihe equation x''-\~Sx'' —a-\-b 

Completing the square a;-+Sx^+16:^a+6+ie 

Extracting and transp. x'=-4t\/a+b+\6 

315. The solution of a tjuadralio equation, whether pure 
or airecied, gives two results. For after the equation ia re- 
duced, It contains an anihiguous root. In a pure quadratic 
this root IS tlie whole value of the iniknown quantity. (Art. 

Thus the equation x''=64 

Becomes, when reduced x—±\/G4. 
Tliat is, Ihe value of x is cither +8 or - 8, for each of 
these IS a root of 64. Here both the values of x are the 
same, except that they have contrary signs. This will be 
the case in every pure quadratic equaiion, because llie whole 
of the second member is under the radical sign. The two 
values of the unknown quantity will be alike, except that 
one will be positive, and the otiier negative. 

316. But in n/ee(erf quadratics, a pio-i only of one side of 
the reduced equation is under the radical aign. Wlien this 
part is added to, or aubtiacted from, that whicli ia without 
the radical ai^n ; the two results will differ In quantity, ami 
will jiuve their signs in some cases alike, and in others un- 
like. 

I. The equation x^-{-8x—20 

BeciMiies when reduced, x— - 4±a/I 6-J-20, 
That is x= -416, 

Here ihc first vahieof a: is, -4+G^+2 > one positive, and 
And the second is - 4 - 6= - 10 j theoiheroegative. 
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3. The equation x'-ox = - 15 _ 

Becomes when reduced, x=4±^^/l6 - IS 
That is a;=4il 

Here the first value of ^ is 4+l=-j-5 ) ^^^^ j^j^^^ 
And the second la 4-1 =+» J '^ 

That these two vaUiee of a: are correctly found, may be 
proved, by substituting first one and then the other, for x it- 
self, in the original equation, (Art. 194.) 
Tlius5=-8x5=25-.40=-15 
And3'-8x3=9-M=-15. 

317. In the reduction of an affected quadratic equation, 
the value of tlie unknown quantity is frequently found to be 
imaginary. 

Thus the equation x'' - 8x — - 20 

Becomes, when reduced, 3;=4±\/16-20 

That is, z=4t^/-4. 

Here the root of the negative quantity - 4 can not be as- 
signed, (Art. 263,) and therefore the value of x can not be 
foinid. There will be the same impossibihty, in every in- 
stance in which the negative part of the quantities under the 
radical sign is greater than the positive part.* 

318, Whenever one of the values of the unknown quan- 
tity, in a quadratic equation, is imaginary, the other is so 
also. For both are equally affected by the imaginary root. 

Thus in the example above 

The first value of x is 4-|-\/ - 4, 

And the second is 4 — \/ — 4; each of which 
contains the imaginary quantity /^ -4. 

316, An equation which when reduced contains an ima- 
ginary \ool, is often of use, to enable us to determine wliether 
a propose,! question admits of an answer, or involves an ab- 
surdity. 

Suppose it is required to divide S into two such parts, that 
the product will be 20. 
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If a; is one of the parts, the other will be 8 - 1'. (Art. 1 93.) 
By the conditions proposed (8-a;) X^=20 

This becomee, when reduced, a;=:4jx/- 4. 

Here the imaginary expression V-4 shows that an an- 
swer IS impossibte ; and that there is an absurdity in si^ppo- 
emg that 8 may be. divided into two fsuch parts, tliat thSir 
product shall be 20. 

320. Although a quadratic equation has two solutiope, yet 
both these may not always be applicable to the subject pro- 
posed. The quantity under the radical sign may be produced 
either from a positive or a negative root. But both these roots 
may not, in every instance, belong to the problem to be sol- 
ved. See Art. 399. 

Divide the number 30 into two such paits, that their pro. 

duct may be equal to 8 times their dilTerence. 
If X— the lesser part, then 30-a:= the greater. 
By the supposition, aix (30 - x) = 8 x (30 - ^x) 
This reduced, gives 3^—23+17=40 or 6= the leaser part, 
Bui as 40 cannot he a part of 30, t!ie problem can hava 

but one real solution, making the lesser part 6, aiid the greater 

part 24. 

Examples of Quadratic Equations. 

1. Reduce3a:^-9a;-4=80. Ans. a:=7, or -4. 

2. Reduce 4x - ^^Jlf ^ 46. Aiis. x=n,oi~i 

X * 

3. Reduce 4x- llz£=14. Ans. x=4, or -J, 

4. Reduce 5x -—Z^=2x+^^S Aus. x^4, or-1. 

o. Kcduce — - — — , — =3. Ana. i;=4, or 24. 

3' 4x 

6. Reduce 5^4-1 = 10-^. Ans. a;=12, or 6. 

.T-4 2 ' 

7. Reduce ?±l-Iz^=^T- 1. Ans. x=2I. or5. 
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8. 


Redu.;e 


.r^-lO/'+l 


= x- 


-3. 






x^- G^+9 




9. 


Redtice 


i+^^- 






10. 


r.o.„eJf^-- 


=.. 


-9. 


11. 


•kcJuc 


B ;+?=?. 






12. 


Reduc. 


„'^-«'=6. 


An 


8,:.= 


13. 


Reiluc. 


c'' -''--- 


1 





An?. r^IiV'-"' 

— An?. x=V4- 

a » 32 

14. Re(lui'e2:c^+3a:*^2. An?. r^K 

16. Reduce iar-JV^=22i. Ans. r^49. 
10. Reduce 2i'-*'+96^99. Ans. x=JV<' 

17. Reduce (10+1)4 -(10+i)* = 2. Ans. i=6. 

13. Reduce 3i'--2i-=3. Ma.T=!Vft. 

19. Reduce 2(l+i-i') -^\+i-x'= -i. 

.\ns. i=! + lV41 
, -, , . I: /4a'~b^ 

20. Reduce V"- «■ = '-'• -''"'■ '^iW -^W 

21. R.duce Vii+S^ljlVi An8. x-,i. 

22. Reduce »*+/=75C. Ans. «=243. 

23. Reduce VW-~l+2Vi= 7,jiiT Am. i=4. 

84. Reduce 2V?^+3V2»='°iS. Ai.s. i=9a. 
Vx-a 

25. Reduce i+l6-7V^+l6=10-4Vi+16. Ans.a:=» 

ac. Reduce a/x^+\/x'=G^x. 

Dividing by Va:. x'+x=6. Ana. *=2. 
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27. R.duce li::5_3£-7_9r+2:^ 

28. Reduce _l--+^^-lI. Ans. :.=3. 

29. Reduce (x -3)^ -^x- 5}^^4(}. An?. i = 9. 

30. Reduce a:+v'^^2+3VH^- Ans. ar^lO. 

PROBLEMS PRODUCiXG aUADRATlC EaUATIONS. 

Prob. I. A meirhiint has a piece of coiron clolli, and ft 
piece of silk. Tlio number of yards in holli is 1 10 : and if 
ihe square of tlie nuniiier of yards of si!k be snbtracred from m 
tJines (lie number of 3-ards of coKon, llie difference will be 
400. How jnany yards are there in eacli piece ? 
Let a:= the yards of sillc. 
Then 110-r= the yards of cotlon. 
By supposition 400= SO x ( 1 10 - a;) - x' 
Therefore xz= - 40J:VT(K»oo= - 40+100. 

The fii-9t value of x, h - 40+100 = 60, the yards of silk; 
And 110-z=110-60=50, the yards of cotton. 

_ The second value of x, is -40- 100= - 140 ; but as this 
IS a negative ciuaniity, it is not applicable to goods which a 
man lias in his possession. 

Prob. 2. The ages of two brothers are such, that (heir sum 
is45 years, and their product 500. Wliat is the ageof eacli? 
Ans. 25 and 20 years. 

Prob. 3. To find two numbers such, (hat their difference 
shall be 4, and their product 117. 

Let x= one number, and x-{-4 = (he oilier. 
By the conditions (x+4)xx=U7. 

This reduced, gives x = ~2±^/m = -^tll. 

One of the numbers therefore is 9, and the other 13. 

Prob. 4. A merchant having sold a piece of cloth whic.t* 
cost him 30 dollars, found that if the price for which he bo"< 
it were multiplied Ijy his [;ain, the product would be equai ir* 
Iha cube of his gain. What was liis gain ? 
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Let x= ihe gain. 
Then 30+1= the ptic^or which the cloth was sold 
Ky riie statement x'= (30+x) x^ 

Tlierefore a;=^iVpF30=J±-y- 

The first value of x is |+-V- =+6. ) 
Tiie second value ia | - -'a'- = — 3. J .. . r 
As the last answer is negalive, it is to be rejected as incon- 
sistent witli the nature of the problem, (Art. 320.) for gain 
must be considered positive. 

Prob. 5. To find two numbers whose difference shall be 3, 
nnd the difference of tiieir cubes 117. 
Let x= the less number, 
Then3;-|-3= the greater. 

By supposition (a;+3)' - «'= 1 1 7 

Expanding (x-\-3)' (Art. S17.) 9iE'+27a:=H1'- 27=00 

And a^=-f+VV= -Bi*. 

The two numbers, therefore, ai'e 2 and 5. 

Prob. 6. To find two numbers whose difiereiice shall he 
13, and the sum of their squares 1424. 

Ans. The numbers are 20 and 32. 

Prob. 7. Two persons draw prizes in a lottery, the differ- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes 1 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose sum ia 6,and 
the sum of their cubes 72 1 y_ Ana. 3 and 4. 

Pioh. 9. Divide the number 56 into two such parts, that 
their product rfiall he 640. 

Putting X for one of the parts, we have, 3:=28il2 = 40 or 
16. 

In this case, the two values of the unknown quantity are 
(lie two parts into which tiie given number was required to 
be divided. 

Prob. 10. A gentleman bought a number of pieces of cloth 
for 675 dollars, which he aold again at 48 dollars by tite piece, 
and gained by tiie bargain as much as one piece cost him. 
What was the number of pieces? Ans. 15. 
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Prob. 11. ^ and 5 started together, for a place 150 miles 
distant, ^s hourly progress was 3 miles more than B's, and 
he arrived at hia journey's end 8 hours and 20 mlnulea trefore 
B. What was the hourly progress of each 1 

Ans. 9 and 6 miles. 

Prob. 12. The difference of two numbers is 6 ; and if 4? 
be added to twice tlie square of tlie less, it will be equal to 
the square of the greater. What are the numbers 1 

Ans. 17 and 11. 

Prob. 13. ^ and jB distributed 1200 dollars each, among 
a certain number of persons. .S relieved 40 persona more 
than B, and B gave to each individual 5 dollars more than 
•3. How many were relieved by ^4 and B? 

Ans. 120 by A, and 80 by B. 

Prob. 14. Find two numbers whose smn is 10, and the sum 
of their squares 58. Ans. 7 and 3. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, the bifi 
was paid by the others, each furnishing !0 dollars more than 
would have been his equal share if the bill had been paid by 
the whole company. What was the number in the company 
atfir,.r,? Ans. 7. 

Prob. 16. A merchant bought several yards of linen for 
60 dollars, out of which lie reserved 15 yaids, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How 
many yai'ds did he buy, and at what price 1 

Ans. 75 yards, at 80 cents a yard. 

Prob. 17. ^ and B set out from two towns, which were 
247 miles distant, and travelled the direct road till iheymet. 
^ went 9 miles a day ; and the number of days which they 
travelled before meeting, was greater by 3, than tlie number 
of miles which B went in a day. How many miles did each 
travel] Ana. ^ went 117, and B 130 miles. 

Prob. 18. A gentleman bought two pieces of cloth, the 
, finer of which cost 4 shillings a yard more than the other. 
The finer piece cost £18 ; but the coarser one, which was 3 
yards longer than the finer, cost only £10. How many 
yards were there in each piece, and what was the price of a 
yard of each 1 

Ans. There were 18 yards of the finer piece, and 20 of the 
coarser ; and the prices were 20 and 1 6 shillings. 
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152 ALGEBKA. 

Prob. 19. AniercJiaiit bought 54 gallons of MaiTeira wine, 
and a cennin qiiatility of Teneriffe. For tl\e former, lie gave 
half as many sliillings by (lie gallon, as there were giillona 
of Teneiille, and for the latter, 4 shillings less by the gallon. 
He solil ihe mixture at 10 shillings by the gaflon, and lost 
£28 16s. by hisbargnin. Re(|iiiredtlie price of the Madeira, 
and the number of gallons of TenerifTe. 

Ans. The Madeira coc^l 18 shillings a gallon, and there 
were 36 gallons of Teneritle, 

Pl-ob. 20. If ihe sqtiare of a certain number be talien from 
40, and the square rooi of this difference be increased by 10, 
and the sum be multiplied by 2, and the product divided by 
the number itself, the quotient will be 4. What is the 
number 1 Ans. 6. 

Prob. 21. A person being asked his age, replied, If j'ou 
add the square root of it to half of it, and subiraci 12, the 
remainder will be nothing. What was his age 1 

Ans. 16 years. 

Prob. 22. Two cask^ of wine were purcliased for 58 do!- 
.ars, one of which contained 5 gallons more than the other, 
and the price by Ihe gallon, was 2 dollars less than \ of the 
number of gallojis in liin smaller cn>-k. Requiied the num- 
ber of gallons in each, and llie price by the gallon. 

Ans. The nnmbers were 13 and 17, and the price by the 
gallon 2 dollars. 

Prob. 23. In a parcel which contains 24 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and eacii copper coin is worlh as many cents as 
there are silver coins ; and the whole are worlh 2 dollars and 
16 cents. How nianv are ihere of each 1 

Alls. 6 of one, and 18 of the olher. 

Prob. 24. A person botight a certain nimiber of oxen for 
80 guineas. If he had received 4 more oxen for the s.ime 
money, he would have paid one guinea less for each. What 
was the jmmber of oxen 1 Ans. 16. 

SUBSTITUTION. 

321. In ine reduction of Qu^idralic E(|ualions, as well as 
in oiher parts of Aljrebra, a coinplicnied process may be ren- 
iered much more siiiipie, by inirodiicitig a new letter wiiich 
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shnll he made (o rftpresent several others. Tliis .6 ueritied 
mbslilulion. A leiier may be piil for a compound f[iiaiUiiy 
aa well as for a single number. Tfius iu the equaiion 

we may substimte b, for i+V^G - 64+^. The equation 
will then become x'-^ax^b, and when reduced 

wiil be x=: aiv'"''+^- 

After the operation is completed, tlie compound qitantitv 
for which a single letter has been substituted, may be reslor 
ed. The last equation, by restoring the value of b, will (m 
come 



Reduce the equation ax- 2x-d=bx-~x''-x 
Transposing, &c. !c'-'r{a-b -■l)xx=d 

Substituting ft for (a-i- i),a;'-f-fti=rf 

Therefore --|--s/?H 



Restoring the value of /(,»;= _"-^-'4- / (a-b-iy 
8 -V 4 



SECTION XL 



SOLUTION OF PROBLEMS WHICH CONTAIN TWO 
OR MORE UNKNOWN QUANTITIES. 

DEMONSTRATION OP THEOREMS. 

Art, 322. IN the examples which have been given of tlio 
resolution of equations, in the preceding sections, each pro- 
Hera has contained only one unknown quantity. Gi if, in 
some instances, there have been Iwo, they have been so ra- 
lated to each other, thai they have both been expre«<ed by 
sneans of the same letter. (Art. 195.) 
14* 
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Hut ca^es frequently occur, in which several imknown 
quanuiies are iiitrodiiced inio ihe aame calculalion. And if 
the pmblem is of sucli a nature aa to admit of a determinate 
answer, llieie will arise from the conditions, as many equa- 
tions independent of each other, as there are unlcnown quan- 
tities. 

Equations are said to be independent, when they express 
different conditions; and dependent, when I hey express tlie 
eaiiie condiiions under different forms. The former are not 
conv^rliltle into each other. But the latter may be changed 
from one form to the other, by the methods of reduction 
which have been considered. Thus b-xi=y, and b=\j-\-x, 
are dependent etiuationa, because one is formed from the 
oilier by merely transposing x. 

323. In solving a problem, it it necessary first to find the 
vahie of one of tbe unknown quantities, and then of the 
others in succession. To do thiSj we must derive from the 
equations which are given, a new equation, from which all 
Uie unknown quantities except one shall be excluded. 

Suppose the following eqiiations are given. 

1. x^y = Xi 

2. x-V=% 

If y be transposed in each, tliey will become 

1. x=\A-y 

2. a: ^2-]-)/. 

Here the first member of each of the equations is x, and 
the second member of each is equal to x. But according to 
axiom 1 1th, quantities which are respectively equal to any 
other quantity are equal to eacli other ; therefore, 
%^y^U-y. 

Here we have a new equation, which contains only the 
unknown quantity y. Hence, 

324. Rule I. To extcriiilnate one of two unknown quan- 
tities, and deduce one equation from two ; Find the value 

OF ONE OP THE UNKNOWN QUANTITIES IN EACH OF THE EQUA- 
TIONS, AND FORM A NEW EQUATION BY MAKING ONE OP THESE 
VALUES EQUAL TO THE OTHER. 

That quantity which is the least involved should he tbe 
one which is chosen to be exterminated. 
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For the convenience of referring to difTerent parts of a so- 
lution, the several steps will, in future be numbereil. When 
an equation is formed froiTi one immediately preceding, h will 
be unnecessary to specify it. In other cases, the number of 
the equation or equations from whicli a new one is derived, 
will be referred to. 

Prob. 1, To find two numbers such, that 
Their sum shall be 24 ; and 
The greater shall be equal to five times tlie less. 
Let ar— the greater; And i/=the less. 

1. By the first condition, x-{-y=24 ) 

2. By the second, x=5y \ 

3. Transp. y m the first equation, x=M-y 

4. Making tlie 2d and 3d equal, 5j/=24 - y 

5- And y=4, the less number 

Prob. 3. To find one of two quantities, 
Whose sum is equal lo h; and 
The dKFerence of whose squares is equal to d. 

Let x= the greater quantity ; And y= tlie less. 

1. By the first condition, x-\-y=h } 

2. By the second, ai' — y''=d > 

3. Tiansp. t/" in the 2d equation, a;'=d-}-y» 

4. By evolution, {Art. 297.) x^-^d^y' 

5. Trans, y in the first equation, x=h -y 

6. Making the 4ih and 5th equal, ^d-\-y^=k-y 

7. Therefore «=—-'' •' 

" 2h 

P,ob.3.Given«.+J,^.^/. j^^,,,^^_ An. ,.|^^^. , 

325 The rule given above may be generally applied, for 
the extermination of unknown quantities. But there are 
cases in which other methods will be found more expeditious. 
Suppose x—hy ) 
And' a!c-\-(/x—y^ y 
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As in ihe first of iheae equations x is equal to hy, we may 

ill the second eijiialion si^stilule this value of x instead of 

X itself. The second equation will then be converted into 

ahy-{-bky=y^. 

The equality of the two sides is not affected by this alter- 
ation, because we only change one quantity x for another 
wiiicli is equal to it. By this means we obfain an equation 
which contains only one unknown quantity. Hence, 

326. Rule II. To exterminate an unknown quantity, find 

THE VALUE OF ONE OF THE UNKNOWN QUANTITIES, IN ONE OF 

THE EQUATIONS ; and tlien in tlie other equ4Tiom SUBSTI- 
TUTE THIS VALCE FOR THE UNKNOWN QUANTITV ITSELF. 

Problem 4. A privateer in cliase of a sliip 20 miles distant, 
sails 8 niiies, while the ship sails 7. How far must the pri- 
vateer sail before she overtakes the ship ? 

It is evident that the whole distance which the piivateer 
sails during the chase, must be to the distance which the 
ship sails in the same time, as 8 lo 7. 

Let x= the distance which the privateer sails: 
And y= the distance which the ship sails, 

1. By the supposition, a;=J/4-20 ? 

2. And also, x:y::8:7i 

3. Art. 188, J/=-|a: 

4. Substituting T loi" y, ill tlie 1st equation, a:=Ja:-{-20 

5. Therefore, x=WO. 
Prob. 5. The ages of two persons, ^ and B, are such that 

seven years ago, ^ was three times as old as B; and seven 
years hence, A wilt be twice as old as B. What is the age 
ofB? 

Let x^ the age of A; And y— the age of B. 

Then x-7 was the age of Jl, 7 yea.ra ago ; 

And y-l was the age of B, 7 years ago ; 

Also x-[-7 will be the age of Jt, 7 years hence ; 

And y-\-l will be the age of B, 7 years hence. 

1. By the first condition, a;-7^3x{y-7)=%-21 ( 

2. By the second, :E+7=2x(y-l-'?) = 2i/-(-14 J 

3. Transp. 7 in the 1st equa. x~Sy-t4 

4. Subst. 3y-14fora^, in the2d, 3i/- 14+7=9i/-f 14 
6. Therefore, i(=21, the age of B. 



.■..Google 



EQUATIONS 157 

Prob. 6. There are two numbers, of which. 

The greater is to tlie less as 3 to 2 ; anci 
Their sum is the 6th pjut of tlieir product. 

Wiiat is the less riLimber 1 Ans. 10. 

327. There is a third method of exteiminating an unknown 
quantity from an equaiion, which in many cases, is pi efeiahle 
to either of the preceding. 

Suppose that x-\-3y=a ) 
And x-3y=bl 

_ If we add together the first i^iembers of these two equa- 
tions, and also the second members, we shall have 

an equation which contains only the unknown qimntity x 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art. 77.) The equality of the sides is preserved 
because we have only added equai quantities to equal quan- 
Uties. ' 

Again, suppose 3x-\-y^li ) 
And 2x+y:=dS 

If we subtract the last equation from the first, we sliail have 
x=h-d 

where y is exterminated, without alfectinff the equalitvof 
the sides. ■' 

Again, suppose x~2y=a ) 
And x-\-4y=bi 

Multiplying the 1st by 2, 9x-4y— 2a 
Then adding tlic 2d and 3d, 3x-.b+2a. Hence, 
328. Rule III. To exterminate an unknown quantity, 
MULTIPLY OR DIVIDE the equations, if necessary, 

■IN SUCH A MANNER THAT THE TERM WHICH CONTAINS ONE 
OF THE UNKNOWN QUANTITIES SHALL BE THE SAME IN BOTH. 

Then SUBTRACT one equation from the other, 

IF THE SIGNS OF THIS UNKNOWN QUANTITY ARE ALIKE, 
OR ADD them together, if the SIGNS ARE U^XIKE. 

It must be kept in mind that both members of an equa- 
tion are always to be increased or di.-ninished, multiplied or 
divided alike. (Art. 170.) 
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Prob. 7. The numbers in two opposing armies are such, 
tbat, 

The sum of both is 21110; and 

Twice the number in the greater army, added to three 
times the number in the less, is 62219. 

What is the number in the greater aimy 1 

Let x= the greater. And y= the less. 

1. By the first condition, a-j-i/=21110 > 

2. Bv the second, 2x+3)/-52219 ) 

3. MuUiplying the 1st by 3, 3a:-|-3i/-=63330 

4. Subtracting the 2d from the 3d, a:= 1 1 1 11. 

Prob. 8. Given ^x-\-y=ie, and Sx-3y^6, to find the 
rahie of a;. 

1. By sopp<Bition, ^x-\-y=]6'f 

2. And 3x-3j/ = 6J 

5. Multiplying the 1st by 3, Gx+Sij-4S 

4. Adding the 2d and 3d, 9x=di 

5. Dividing by 9, ar^.fi. 

Prob. 9. Givena;-|-T/=14, and a;-i/=2, to find the vahie 
of y. Ans. 6. 

In tlje succeeding problems, either of ihe three rules 
for exterminating unlcnown quantities will be made use of, as 
will in each case be most convenient 

339- When one of the unknown quantit ies is determined, the 
other may be easily obtained, by going back to an equation 
which contains both, and substituting instead of that which 
is already found, its numerical value, 

Prob. 10. The mast of a ship consists of two paits : 

One third of (he lower part added to one sixth of the 
upper part, is ecjual to 38 ; and, 

Five times the lower part, diminished by six times the 
upper part, is equal to 12 

What is the height of the mast % 
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Let x=i the lower part ; And y= the upper part. 

1. Byllie first condition, \x-\-{y=2?, J 

3. By tlie second, 5x-(iy = \2\ 
S. Multiplying the 1st by 6, 2i-|-y=168 

4. Dividing the 2d by 6, lx-y=2 

5. Adding the 3d dnd 4th, 2«-f|ar=n0 

6. Multiplying by 6, 12a^+5.T=1020 

7. Unitingterms and dividing by I7,3;=60, the lower part. 
Then by the 3d step, 2x-\-y^]6S 

That ia, substituting 60 for x, 120+^= 168 [per part. 

Transposing 1 20, y^l68- 120=48, the up- 

Prob. 11. To find a fraction such that, 

If a unit be added to the numerator, the fraclioii will be 
equal to j ; but 

If a unit be added to the denominator, the fjaction will be 
equal to J. 

Let x— the numerator, 
1. By the firet condition, 
By the second. 

3. Therefore x=4, the numerator. 

4. And j/=15, the denominator. 
Prob. 13, What two numbers are those. 

Whose difference is to their sum, as 2 to 3 ; and 
Wliose sum is to their product, as 3 to 5 ] 

Ans. 10 and 2. 

Prob. IS. To find two numbers such, that 

The product of their sum and difference shall be 5, and 
The product of the sum of their squares and the differ 
ence of their squares shall be 65. 

Ijet x= the greater number ; Andy= the less. 
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1. By lUe first condition, (x-\-y)x{':-y)=5 > 

2. By the second, (x^-j-y^) x(x^~f) = S5 i 

3. Mult, the factors in llie 1st, (Art. 235,) x' -y'^-S 

4. Dividing the 2d by the 3d, (Art. 1 18,) ar'+j/'^ 13 

5. Adding the 3d and 4th, 21=^18 

6. Therefore a;=3, the greater number, 

7. And y=2, the less. 

In tire 4th step, tlie fiist member of the second equation is 
divided by x'-y'', and the second member by 5, which is 
equal to x^ - y''. 

Prob, 14. To find two numbers whose difference is 8, and 
product 240. 

Prob. 15. To find two numbers. 

Whose difference shall be 12, and 
The sum of their stjnares 1424. 

Let x= the greater ; And y= the less. 

1. By the first condition, x-y=n i 

i. By the second, ^-\-y'=\4^4 J 

3. Transposing y in the first, a;=)/-[-12 

4. Stjuaring both sides, x''=y^-\-24y-\-144 

5. Transposing J/' in (he second, a;'=1424-i/'' 

6. Making the 4th and 5ihequaI,y'4.24i/4-144= 1424 - y' 

7. Therefore y= - Gty/(G7S) = - 6+26 

8. And 3:^y+12=:20+12=32. 

EaUATIOKS WHICH CONTAIN THREE OR MORE 
UNKNOWN Q.UANT1T1ES. 

330. In the examples hitherto given, each has conlamed 
no more than two unknown qtiaiuities. And two indepen- 
dent equations have bee s ffce to express the conditions 
of tlie question. But p obie s n y involve three or more 
unknown quantities ; a d ay re^ re lor tlieir solution as 
many independent ei] o s, 

Suppose ar+y+s^l^ 1 

And x+2y- 2;=10 W eg en to find, a:, y, and 7, 

And x-fi;-E=4 J 
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From these three equations, two others may be derived 
which sliall contain only two unknown quantities. One of 
the thiee in the original equations may be exterminated, in 
the same manner as when there are, at fii-st, only two, by the 
rules in Ai'ts. 324, 6, 8. 

In the equations given above, if we transpose y and t, we 
shall have, 

In the first, x=}^~y-s 'i 

In the second, !C—\0-2y-{-2z\ 

In the third, x—i-y-^-z ) 

From these we jnay deduce two new equadona, from which 
« shall be excluded. 

By making the Ist and 2d equal, \^-y-z=:\0-2y-\-Zz } 
By making the 2d and 3d equal, l0-^y-{-%£=4-y+z \ 
Reducing the first of these . two, y = 3z~2 } 
Reducing the second, y=z-\-G $ 

■ Prom these two equations one may be derived containing 
only one unknow:i quantity 

Making one equal to the other, Sz- 2=s-j-6 
And z=4. Hence, 

331. To solve a problem containmg three unknown quon 
lilies, and producing three independent equations. 

First, from the three equations deduce two coh- 
taining only two unknown quantities. 

Then, from these two deduce one, containing only 

ONE unknown quantity. 

For making these reductions, the rules already given n.a 
Bufficienl. (Art. 324, 6, 8.) 
Prob. 16. Let ihei'e be given, 

1. The equation x-\-5y-\-6z=5S 1 

g. And x+Sy4-Sz^30\ To fmd x, y, and i. 

3. And )i^y-{-z=l2 ) 

Prom these three equations to derive two, containing only 
two unknown quantities, 

4. Subtract the 2d from the Isf, 2y-^Sz=i$ > 

5. Subtract the 3d from the Sd, 2y-\.2z= 18 J 
From these two, to derive one, 

6. Subtract the 5th from the 4th, z—9, 
16 
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To find X antl y, we liave only to take ihcir values from 
die thit-d and fifUi equations. (Art. 329.) 

7. Reducing the fifth, j/^9-2^9-5^4 

8. Transposing in the lliird, 3:^12 -z-i/^12- 5-4=3 
Prob. 17. To find x, y, and i, fioni 

1. The equation x+y-\-2=l% 'i 

2. And i+2i/+3!=20S 

3. And ix+iy+z=.6 ) 

4. Mullipiyiiigthelst byS, 3a:-l-3y+3r=3G 

5. Subtracting the 2d from the 4th, 2x-\-y^1.6 

6. Subtracting the 3d fromlhe 1st, x-ix-\-y-iy=6 

7. Clearing the 6th of fractions, 43:+3y=36 ) 

8. Multiplying the 5th by 3, 6x+3j/-4S J 

9. Subtracting the 7th from the 8lh, 2i= 13. And x=6. 

.« T. . ■ ,1 -.1 36 --4a: 36-24 , 

10. Reducing the 7lh, i/— — 5—— — 5 — =4- 

11. Reducing the 1st, s=::12-3r-i/=12- 6-4=2. 
In this example all the reductions have been made accor- 

iing to the third rule for exterminating unknown quantities. — 
(Art 328.) But either of the three may be used at pleasure, 

333. A calculation may often be very much abridged, by 
the exercise of judgment in stating the question, in selecting 
the equations from which others are to be deduced, in simpli- 
fying fractional expre-^sions, in avoiding radical quantities, 
&c. The skill wliich is necessary for this purpose, however, 
is to be acquired, not from a system of rules, but from prac- 
tice, and a habit of attention to the peculiarities in the con- 
ditions of difierent problems, the variety of ways in which 
the same quantity may be expressed, the liumerous forms 
which equations may assume, &c. In many of the examples 
in this and the preceding sections, the processes might have 
been shortened. But the object has been to illustrate gen- 
eral principles rather than to furnish specimens of expeditious 
solutions. The learner wi!! do well, as he passes along, to 
exercise his skill in abiidging the oalcrdations which are 
here given, or substituting others in their stead. 
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f 1. 3;+i/=n) 

Prob. 18. Given ? 2. a;+2=fi J To find x, y and y. 

( 3. ff+r=c > 

t '*in^" i^n '^'""^^ persons ^, £, and C, purchase a horse 
tor 100 dollars, but neitjiei- is able to pay for the whole. 
1 he payment would require, 
The whole of ^'s money, together with half of ^s; or 
The whole of B's, with one third of Cs ; or 
The whole of Cs, with one fourth of *ff's. 
How much money had each % 
Let a;=^'s 
y=B'a 
By tlie first condition. 
By the second. 
By the third, 

Therefore a;=64. !/=72. 
333. The learner iimst exercise his own judgment, as to 
the choice of the quantity to be first exterm'inaied. It will 
generally be best to begin wiili that which is most free from 
co-efficients, fractions, radical signs, &c. 

Prob. 20. The sum of the distances which three persoiw, 
Jl, B, and C, have travelled, is 62 miles ; 
^a distance is equal {a 4 times Cs, added to twice B% ■ and 
Twjce ^'s added to 3 times B\ is equal to 17 times Cs. 
What are the respective distances? 

Ans. ^s, 46 miles ; B'a, 9 ; Cs 7. 
Prob. 21. To find x, y, and s, from 

The equation ix-{--hi-l-le~Q2 \ 

Anil t»+j»+l,=«J 

Ana. ^=24 !/=60. s=no. 

Prob, n. Given J »r:^300 J To find i, y, and ». 

( yz=2m ) 
Ans. z=30. y=20. 2=10. 
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334. The same method which is employed for the reduc- 
tion of three equations, may be extended to 4, 5, or any num- 
ber of equations, containing as many unknown quantities. 

The unknown quantities may be exterminated, one after 
ajwrther, and the number of equations may be reduced by 
successive steps from five to four, from four to three, from 
three to two, &c, 

Prob. 23. To find w, a:, y, and z, from 
1. The equation ^+s+iM' 



. And 

, And 

. And a;+w+3:: 

, Clear, the Islof frac. y-f gj+w. 



Four equations. 



6. Subtract, 2d from 3d, 

7. Subtract. 4th from 3d, y-u 

8. Adding 3th and 6th, y+Sz: 

9. Subtract. 7th from 6th, - i/-f-: 

10. Adding 8th and 9tli, 4z-20. Or r= 

11. Transp. in the 8th, j/=19-3i=4 

12. Transp. in the Sd, a;=12-y-r^3 

13. Transp, in the 2d, tt=9-a;-i/=^2 

Prob. 24. Given J+iS-g 
( r+195^3t« 
Answer, w — 100 
a::- 150 



Three equations 



Two equations. 



Quantities 
required. 



To find v>, X, y, and e 



90 



£=105. 

Prob. 25, There is a certain number consiatiug of two 
digits. Tlie left-hand digit is equal to 3 times the right- 
hand digit; and if twelve be subtracted from the number 
itself, the remainder will be equal to the squai^e of the left- 
hand digit. What is the number 1 

Let x= the left-hand digil, and y— the right hand digit. 

As the local value of figures increases in a ten-fold ratio 
from right to left ; the number required = 10a:-f-y 

By the conditions of the problem x—3y } 

And mx-\-y~\2^x' $ 

The required number is, therefore, 93. 
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Prob. 28. If a certain iiiinibei- be diviikt! bv ilie product 
of lis iwt, d^iis, tlie (]iioiient will be 2; and if 27 be added 
lolhe rminl«v,lhe dig-its will be inverlod. Wliat is the 
numberl ^-^- Ans. 36. 

Prob. 37. There nre two n»iiil>ers, sii';h, that if ihe less be 
taken froin three times the greater, the rejiiaiiider will be 35 ; 
and if 4 times the greater be divided by 3 time* the le-^s+l, 
tlie quotient will be equal to tiie less. What are t!ie mimbera 1 
Alls. 13 ami 4. 
Prob. 23. There is a certain fraction, anch, that if 3 be 
added to tlie nil mem tor, the v^alue of the fraction will be i ; 
but if 1 be subtracted from llie denominator, the vahie will 
be i. What k the fraction 1 . 4 

Ana. 

21- 
^ Prob, 29. A gentleman ha^ two horses, and a saddle which 
IS worth ten guineas. If the saddle be pnL on Ihe j^rsi horse, 
the value of both will be double that of the second horse ; but 
if the saddle be put on the second horse, the value of both 
will be less than tW of the first horse by 13 guineas. What 
is the value of each horse 1 

Ans. 56 and 33 guineas. 
Piob. 30. Divide the number 90 into 4 such pari*, that the 
first increased by 2, the second dimimshed by 2, the third mvU 
tiplied by 2, and the fourth dloided by 2, shall all be equal. 

If X, y, and 2, be three of the parts, the fourth will be 
^0-x~y-z. And by the conditions, 

x+2^!/-2 
3:+2=2s 

g,_ 90-^- y-r 
2 
The parts required are 18, 23, 10, and 40. 

Prob. 31. Find three numbers, such that [he first witii ; 
the sum of the second and third shall be 130; the second with 
t the dilference of the third and first shall be 70 ; and J the 
sum of the three numbers sliall be 95. 

Prob. 32. What two numbers are those, whose difference, 
sum and product, are as the numbers 2, 3, and 5 1 

i5# Ans. 10 and 3. 
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Prob 33. A vintner sold at one time, 20 dozen of port 
wine, and 30 dozen of sherry ; and for tlie whole received 
120 guineas. At aiiolher time, he sold 30 d(^eH of port and 
25 dozen of sherry, at the same prices as befote ; and for the 
whole received 140 guineas. What was the price of a dozen 
of each sort of wine t 

Ans. The port was 3 guineas, and the sheriy 2 guineas a 
dozen. 

Prob. 34. A merchant Imving mixed a certain number of 
gallons of brandy and water, found that, if he had mixed 6 
gallons more of each, he would hEIve put into the mixture 7 
gallons of brandy for every 6 of water. But if he had mixed 
6 less of each, he wordd have put in 6 gallons of brandy for 
every 5 of water. How many gallons of each did he mix 1 
Ans. 78 gallons of brandy and 66 of water. 

Prob. 35. What fraction is that, whose nnmerator being 
doubled, and the denominator increased by 7, the value be- 
comes 1 ; but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes f t Ans. i. 

Prob. 36, A person expends 30 cents in apples and pears, 
giving a cent for 4 apples and a cent for 5 pears. He after- 
wards parts with half hia apples and one third of his pears, 
the cost of wliich was 13 cents. How many did he buy of 
each 1 Alls. 72 apples and 60 pears.* 



335. If in the algebraic statement of the conditions of R 
problem, tiie original equations aic more numerous than the 
unknown quantities ; these equations will either be conlrch 
dietary, or one or more of them will be superfluous. 

Thus the equations \ i^^^O \ ^^^ conlradiciorj-. 

For by the first a^=^30, while by the second, x=40. 

But if the latter be ahered, so as to give to x the same value 
as the former, it will be useless, in the statement of a 



» Foe mnre eiamplui of ills solution of problems by eijuations, see Euler-s 
AlOTbra, Pan I, Sec. 4 ; Simpson's Algebra, Sec II ; Simpson's Eiercisea ; 
Madnurin's Algebra, Part I, Chap. 8 and 13; Emerson's Alg* bra, Book U, 
Ssc. I ! Saimdcrson'a Algebra, Book II and 111; Dodson's MaihEnalical Re 
p.jailory, anil Blat.d's Algcbrakal Problems. 
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problem. For nothing can be determined from tbe one, 
which cannot be from tlie other. 

Thu3 of the equations | j^Zin ( ''"^ '^ stipetrfltioiis. 

Foi* either of tliera is sufficient to delennine (he value of i. 
They are not independent e(nialions. (Art. 322.) One is 
convertible into tlie other. For if we divide the 1st by 6, it 
will become the same as the second. 

Or if we multiply the second by 6, it will become the same 
as the first. 

336. But if the number of independent equations produc- 
ed from the conditions of a problem, is less ihtin the number 
of unknown quantitiesj the subject is not sufficiently limited 
to admit of a definite answer. For each equation can limit 
but one quantity. And to enable us to find this quantity, ail 
the others connected with it, must either be previously known, 
or be determined from other equations. If this is not the 
case, there will be a variety of answers which will equally 
satisfy the conditions of the question. If, for instance, in 
the equation 

^+!/=100, 
* and tj are required, there may be fifiy^diffeieai answers. 
The values of x and y may be either 99 and 1, or 98 imd 2, 
or 97 and 3, &c. For the sum of each of these pairs of 
numbers is equal to 100. But if there is a second equation 
which determines (me of these quantities, the other may then 
be found from the equation already given. As :r-f-t/=100, 
if x=46, y must be such a number as added to 46 will make 
100, that is, it must be 5i. No other number will answer 
this condition. 

337. For the sake of abridging the solution of a problem, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of unknown 
quantities. Suppose we are required to divide 100 into two 
such parts, that the greater shall be equal to three limes the 
less. If we put x for the greater, the less will be 100 - x. 
(Art. 195.) 

Then by the supposition, a—SOO - 3x. 

Transposing and dividing, x=75, the greater. 

And 100- 75^25, the iess. 
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Here, two unknown quaniities are found, although there 
appears to be but one inde^iendeiit equation. The reason of 
this Is, that a part of the aolntion has been omitted, because 
it ia so simple, as to be easily supplied by the mind. To 
have a view of the whole, without abridging, let x= the 
greater number, and y= the less. 

1. Then by the supposition, x-\-y=lQO ) 

3. And S,y=x J 

3. Transposing a; in the 1st, y^\QQ-x 

4. Dividing the 2d by 3, y=lx 

5. Making the 3d and 4 ih equal, {x~\fiO — x 

6. iMuUiplyingby 3, a'-SOO-Sx 

7. Transposing and dividing, a::^ 76, ihe greater. 

8. BytheSdstep, j)i=100-a:=25, the less. 
By comparing these two solutions with each otliej-, it will 

be seen that the first begins at the 6th step of the latter, all 
the preceding parts being omitted, because they are too sim- 
ple to require the formality of writing down. 

Prob. To find two numbers whose sutn is 30, and the dif- 
ference of their squares 120. 

Let a=30 i=120 

a;= the less number required. 
Then a-x=. the greater. (Art. 195.) 
And a*-2oa;-j-a;'= the square of the greater. (Art. 214.) 
From this subtract 3^, the stjuare of the less, and we shall 
have a' - Saa:— the difference of their squares. 

Therefore, .^«Iz^=(52)l:illO=.13. 
2a 2x30 

338. In most cases also, the solution of a problem which 
contains many unknown quantities, may be abridged, by par- 
ticular artifices in mbstiiutmg a single letter for several, 
(Art. 321.) 

* Suppose four numbers, u,x,y and z, are required, of which 
The sum of the tiiree first is 13 

The sum of (he two first and last 17 

The sum of the first and two last 18 

The sum of the three laut 21 



• Ludlsm's Algebra, An. 1 
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Then I. u^x+y^tS 

2. w+3:+j^I7 

3. u+y+z^ IE 

4. x+y+z=2\. 

_ Let S be substituted for (he sum of (!,e four nunit.ers, Ihat 
'?' ^°' ^+^+y+x- It will be seen that of these four equa. 

Ttie first contains all the letters except z, that is. .S*- j = 1 3 
The second contains all except y, ihai is, S~y^\7 

The third conlarns all except a:, that is, ^-^=18 

The fourth contains all except u, thai is A"-«=2I 

Adding all these equations together, we have 



45- 



-y- 



Or 45'-.(-+y+^+„) = 69 {Art. 83. c.) 
But S^{z-\.y+x+u) by subslitution. 
Therefore, 45-5=69, tjiat is, 35=69, and 5=23. 

_ Then putting 23 for 5, in the four equations in wiiich it 
13 first introduced, we have 

23-==13-] r?-23-13^IO 

23-M=2lJ L"=23-21 = 2. 

Contrivances of this sort for facJiitating- the i^olufion of 
particular problems, must be left to be furnished for the occa 
sion, by the ingenuity of thft learner. They are of a nature 
not to be taught by a system of rules. 

339. fn the resolution of equations containing several un- 
known quantities, there will often be an advantage in adopt- 
ing the following method of notution. 

The co-efficients of one of the unknown quantities are 
represenied, 

In the Jirsl equation, by a single leltei', as a. 
In the second, by the same letter marked wiiii an accent, as a" 
In the third, by the same letter with a double accent, as a",&c'. 
The co-efficients of the other unknown quantities, are re- 
presented by other letters marked in a similar manner ; as ar* 
also the terms winch consist of ftnoion quantities only' 
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Two equations containing the two unknown quantities x 
and y may be written thus, 

a'xJf-h'y^c. 
Three equations containing x, y, and r, thus, 

aX'\-by-\-ci=d 

a'x+b'y+Cz=d' 

a"x-\-b"y-\-c"z=d". 
Four equations containing x, y, z, and ii, thus, 
ax+by+cz+du^e 
a'x+b'y+c'z+d'u^e' 
a"T+b"y+c"z+d"u=e'' 
a"'x^ b'"y+c'"z-\-d"'u = e'". 

The same ItUer ia made the co-efficient of the same un- 
known quantity, in different equations, that the co-efficienta 
of the several unknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
different aocenXs, because it actually stands for different quan- 
tities. 

Thus we mayput az^4, a'='o, n"-10, a"':^20, &c. 

To find the value of x and y. 

1. In the equation, ax-^hy—c \ 

%. And a'x^b'y=dS 

S. Multiplying the 1st by fe',(Art. %'i^.')ab'x-i^bb'\j=cb' 

4. Multiplying the 2d by 6, ha'x-\-hh'y=bc' 

5. Subtracting the 4th from the 3d, ah'x - ba'x=cb' - hcf 

6. Dividingbya6'-6a', (Art. 121.) ^- ~ ' '" 



By a similar process, ^^^fi^J 

The syimnetry of these expressions is weli calculated to fix 
them in ilie memory. The denominators are the same in 
bolh ; and the numerators are like the denominators, except 
a change of one of the letters in each term. But the par- 
ticular advantage of this method is, that the expressions here 
obtained may be considered as general solutions, which give 
the values of the unknown quantities, in other equations, of 
ft similar nature. 
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Thus if I0i+ej=100) 
And 40a:-j-4j/=2O0i 
Tlien pulling a=10 J^g c=100 

o'=40 6'-4 c'=200 

We haTe i_gj^g'_ 100x4-SxaOO , 

ai-'-ta' 10x4-6x40 
And „^ac^CT'_ 10x200- 100X 40 

a6'-6a' 10x4-6x40 
The equMiom lo be resolved mny, originally, con.isl of 
more Ih.n Ihree terra,. Bnl if Ihey are of Ihc lirst degree, 
ana have only two unknown quanliUes, each may be reduced 

10 three lemis by subslllution. 

Thiuj the equation di - 4i+fa - 6v=»i+8 

I;'l"i!S«me,byArl. 180,a5(<i-4)»+(t-6)v=ml8 

Andpullrag a^d-4, Lh-S, 'L"+8 

11 becomea a.+ij^c.. 

DEMONSTRATION OF THEOREMS. 

. 340. Equations irave been applied, in this and the preced. 
iiig swjuons, 10 the solution of prcblam. They may be em- 
ployed With equal advantage, in the demonstration of Ito- 
rem«. The principal dilfercnce, in the two ca«:s, is in the 
order m which the stem are arranged. The operations them- 
selves are subslanliolly the same. It is essential to a demon- 
stration, that complete certainty be carried through every 
part of the process. (Ail. 11.) This is elTected, in the re 
duction of equations, by adhering to the general rule, lo make 
no ollerotion which shall affect the value of one of the mem- 
bers, ivitliout equally increasing or diminishing the other. 
In applyuig this principle, we are guided by the axioms laid 
down m Art. 63. These axioms are as applicable to the de- 
monalration of theorems, as lo the solution of problems. 

But the order of the steps will generally be different. In 
solving a problem, the object is to find the value of the un- 
known quantity, by disengaging it from all other quantities. 
But, in conducting a demonstration, it is necessary to bring 

• For to ,ppt«.,l,i, of Hi, „i„ „f „„„aoi. to ih. «tu.»e of ^o,no„ 
whicli contain more thun two unknown quantities, see LaCroix's Algebra, Art. 
«S i Maelaurin'. Algebra Pan. I. Cbap. le , p«„„.. Al„b,i. p.Tr ;*,nd , 
iwpcr ot Laplaco, in the Memoire of the Academy of Sciencerfor 1773. 
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the equation to that particular form which will express, in 
algebraic terms, tlie proposition to be proved, 

Ex. 1. Theorem. Four times ilie product of any two 
numbers, is equal to the square of their sum, diminished by 
the square of their difference. 

Let x:= the greater number, a= their sum, 

1/= the [ess, d— their difference. 

Demonstralion. 

1. By the notation i:-\-y = s ) 

2. And x — y=d J 

3. Adding the two, (Ax. I.) 2x=is-\-d 

4. Subtracting the 2d from the 1st, "iy—s-d 

5. Midt. 3J and 4lh, {Ax. 3.) 4a^^ {s-\-d) X (s -d) 

6. That is, (Art. 235.) 4xi/=s=-<P 

The last equation expressed in words is the proposition 
which was to be demonstrated. It will be easily seen that 
it is equally applicable to any two numbers whatever. For 
the particular values of x and y will make no difference in 
Che nature of (he proof. 

Thus 4x8x6^(8+6)=- (8-6)'=193. 

And 4x 10X6= (10+6)'- (10 -6)'=240. 

And4xl2xl0=(!2+10)''-(I2-10)'=480. 

Theorem 2, The sum of the squares of any two numbers is 
equal to the square of their difference, added to twice their 
product. 

Let x= the greater, (f= their difference, 

y= the less, p= their product. 

Denwnstratioiu 

1. By the notation x-y=d> 

2. And icy=p J 

S. Squaring the first 3:'-2ay+i/'=(P 

4. Multiplying the second by 2 23y=Sp 

5. Adding the third and fourth 3^'-}-i/'^<f+2». 

Tiius I0'+8''=(l0-8)=+2xlOx8=164. 

341. Genera! propositions are also discovered, in an expedi- 
tious manner, by means of equations. The relations of 
quantities may be presented to our view, in a great variety 
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of woya by the several changes (nroiigh wliich a given etjiia* 
tiou iTiiiy be made to pass. Eacii step in Llie process will 
contain a distinct proposition. 

Let s and d be the sum and tliffeieiicc of two qiianlities a 
and y, as before. 

1. Then s=x-\-y} 

2- And d=a:-y\ 

3. Dividing tbe first by 2, hs^i^rJ^hy 

4. Dividing the 2d by 2, id^{x-^y 

5. Adding the 3d and 4th, is-\-^d=lx-\-lx=x 

6. Sub. the 4l!i from the 3d, Js-|i^— iy+j'y=y. 
That is, 

Half the difference of two quantities, added to half tke:r sum, it 
equal to the greater ; and 

HaiJ their difference subtracted from half their sum, is equal to 



SECTION XII. 



SATIO AND PROPORTION.* 



Art. 342. THE design of mathematical investigations, is 
to arrive at the knowledge of particular quantities, by com- 
paring them with otlier quantities, either equal to, or sreater 
or less than those which are the objects of inquiry. The end 

•Euclid's Elements, Book 5, 7, 8. Eulcr'a Algebra, Part I. Sec. 3, Emerson 
onProponion. Camua'Geometrj', Booklll. LMdlam'sMalhematics. Wallis' 
Algebra, Chap. 19, SO. Ssunderson's Algebra, Book 7, Barrow'a Malhemo- 
-" 91 Lectures. Annlysl for Mardi, 1814. I'otl Royal Art of Thinking, P»rt 



*V. Ch. ii 



Ifi 
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is most commonly attained by means of a series of e<iiiatio7U 
and proporlioits. Wlien we make use of equations, we deter- 
mine tlie quantity sought., by discovering its equality with 
some other rjiiantity or C|iiaiitities aheady known, 

"We iiave frequent occasion, however, to compare the un- 
known quantity with olliers wliich are not equal lo it, but 
eitlier greater or less. Here a different mode of proceeding 
becomes necessary. We may inquire, either lioie mwk one 
of the quantities is greater llian the other ; or kow many limes 
the one contains the other. In finding tlie answer to either 
of these inquiries, we discover what is termed a ratio of the 
two quantities. One la called aritkmelicat and llie other geo- 
mtttical ratio. It should be observed, however, that both 
these terms have been adopted arbitrarily, merely for dis- 
tinction's sake. Arithmetical ratio, and geometrical ratio are 
both of litem applicable to arithmetic, and both to geometry. 

Aalhe whole oftlie extensive and important subject of pro- 
portion depends upon ratios, it is necessary that these should 
be cleaily and fully understood. 

343. Arithmetical ratio is the difference between tv>o 
quantities or sets of quantities. The quantities themselves are 
called the terms of the ratio, that is, the terms between which 
the ratio exists. Thus 2 is the arithmetical ratio of 5 to 3. 
This is sometimes expressed, by placing two points between 
the quantities thus, 5.. 3, which is the same as 5-3. Indeed 
the term arithmetical ratio, and its notation by points, are 
almost needless. For the one is only a substitute for the word 
difference, and the other for the sign -. 

S44, If both the terms of an arithmetical ratio be multiplied 
or divided by the same quantity, the ratio wUl, in effect, be 
multiplied or divided by that quantity. 

Thustf a~b=r 

Then mult, both sides by A, (Ax. 3.) ha-hb=hr 



And dividing by h, (Ax. 4.) 



h~h-h 



345. If the terms of one arithmetical ratio be added to, or 
subtracted from, the corresponding terms of another, the ratio 
of their sum or diflerence will be equal lo the siun or differ- 
ence of the two ratios. 
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AndrflJJ^''^^^'*'^^™^'^^'"^' 



Tlien (a+rf) -(b+h) = {a-b)+(d~h). For each .=a-{-d-b-h. 
And {a-d)-{b-h)^{a-b)-(d-k). For each =a~d~b+h. 
Thus the arith. ratio of 1 1 . . 4 is 7 ( 
And ihc arith. ratio of 5..2is3 J 
The ratio of the sum of the terms 16. .6 is 10, the sum of 

the ratios. 
The ratio of the difference of the terms 6. . 2 is 4, the dlfier- 
ence of the ratios. 
346. GEOMETRICAL RATIO is that relation be- 
TWERn quantities which is expressed bv the QUO- 
TIENT OF THE ONE DIVIDED BV THE OTHEK.* 

Thus the ratio of 3 to 4, is f or 2. For lins is Sie quotient 
of 8 divided by 4. hi other words, it shows how often 4 is 
contained in 8. 

In the same manner, the ratio of any quantity lo another 
may be expressed by dividing the former by tlje laller, or, 
which is the same tiling, making tlie former the i 
of a fraction, and the latter the denominator. 



Tlius the ratio of a to 6 ts r 



The ratio of d-^-h to (>+c, is 



b+c 



347. Geometrical ratio is also expressed by placing two 
points, one over the other, between tlie quantities compared- 

Thus a : b expresses the ratio of a to fc; and 12 : 4 (he ratio 
of 12 to 4. The two quantities together are called a couplet, 
of which the first term is tlie antecedent, and the last, the 
consei]uent. 

348. This notation by points, and the otlier in the form of 
a fraction, may be exchanged tlie one for the other, as con- 
venience may require ; ohsejving to make the antecedent of 
the couplet, (lie niunerator of the fraction, and the consequent 
the denominator. 

Thus 10 : 5 is the same as -•/ and b : d, the same as ^■ 

349. Of these three, the antecedent, the consequent, and 
tlie ratio, any Iido being given, the other may be found. 
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Let a= the antecedent, c= the consequent, r= the ratio. 

By definition r=- ; that is, the ratio ia equal to the antece- 
dent divided by the consequent. 

Multiplying by c, a=cr, that Is, the antecedent is equal to 
the consequent multiplied into the ratio. 

Dividing by r, c=-, ihat is, the consequent is equal to the 

antecedent divided by the ralto. 

Cor. 1. If two couplets have their antecedents eqnal, and 
their consequents equal, their ratios must be equal.* 

Cor, 3. 4f, in two couplets, the ratios are equal, and the 
antecedents etijual, the consequents are equal; and if the 
ratios are equal and the consequents equal, the antecedents 
are equal.f 

330. If the two quantities compared are eqtut}, the ratio is 
a unit, or a ratio of equality. Tlie ralio of 3x6: 18 is a 
unit, for the quotient of any quantity divided by itself is 1 . 

If the antecedent of a couplet is greater than (he conse- 
quent, the ratio is gieaier than a unit. For if a dividend is 
gieaier than its divisor, the quotient is greater than a unit. 
Thus the ratio of 18:6 is 3. (Art. 128. cor,) This ia called 
a ratio of greater inequalitij. 

On the other hand, if the antecedent is less than the con- 
sequent, the ratio is less than a unit, and is called a ratio of 
less inequality. Thus the ratio of 2:3, k less than a unit, 
because the dividend is less than the divisor. 

351. INVERSE or RECIPROCAL ratio is the ratio 

OF THE RECIPROCALS OF TWO QUANTITIES, See Art, 49, 

Thus the reciprocal ratio of 6 to 3, is J to i, IJiat is i-^i. 

The direct ratio of a to 6 is ^, I hat is, the antecedent divided 

by the consequent. 

111116 6 
The reciprocal ratio ''^a''b'^^a'^^~a-^T~a'' 
that is the consequent b divided by the antecedent a. 
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Hence a reciprocal ratio is expressed by mverfing the frac- 
(ion which expresses the direct ratio; or wlieri the notation 
is by points, by inverting the order of the terms. 

Tlius a is to b, inversely, as b (o a. 

352. COMPOUND RATIO is the kateo of the PRO- 
DUCTS, OP THE COEBESPONDING TERMS OF TWO OR MORE 

SIMPLE RATIOS.* 

Thus the ratio of 6 : 3, is 2 

And the ratio of 12 : 4, is 3 



The ratio compounded of these ia 73 : 12 — 6. 

Here the compound ratio is obtained by multiplying 
together the two antecedents, and also the two consequents, 
of the simple ratios. 

So the ratio compounded, 
Of the ratio of 
And Ihe ratio of 
And the ratio of h: y 

Is the ratio of ach : bdy=^ 

-* hdy 
Compound ratio is not different in its nature from any other 
ratio. The term is used, to denote the origin of the ratio, in 
particular cases. 

Cor. TJie compound ratio is equal to the product of the 
simple ratios. 



The ratio of 






a ; i, i. 1 


The ratio of 






'■■'■"2 


The ratio of 






of these is ?f^, which is ih. 

Ml/ 
eesing the simple ratios. (Alt 


And the ratio co 


mpoimded 


oduct of the fra 


tioiis 


exp 



155.) 

353. If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the antecedent of the following one, the 
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ratio of the first antecedent to the last consequent, is equal to that 
which is compounded of all the intervening ratios.* 
Tims, in llie series of ratios a : b 

b:c 
c: d 
d:h 
the ratio of a : h is equal to that which is coniiwimded of the 
ratios of a : b, of b : c, of c : d, of d : h. For the compound 

ratio by the List article is ^=- or a : h. (Art. 145.) 
bcdh h 

In the same manner, all the miantities which are both 
antecedents and consequents will disappear when tlie frnc- 
liona! product is reduced to its lowest terms, and will leave 
the compound ratio to be expressed by the first antecedent 
and the last consequent. 

S34. A particular class of compound ratios is produced, by 
multiplying a simple ratio into itself, or into another eqval 
ratio. These are termed duplicate, triplicate, quadruplicate, 
&c. according to the number of multiplications, 

A ratio compounded of luio equal ratios, that is, the square 
of the simple ratio, is called a duplicate ratio. 

One compounded of three, that is, the cube of the simple 
ratio, is called triplicate, &c. 

In a similar manner, the ratio of the square roofs of two 
quantities, is called a subduplicate ratio ; that of the cube 
roots a subtriplicate ratio, &c. 

Thus the simple ratio of a to 6, is a : 6 

The duplicate ratio of a to b, is a' : fc* 

The triplicate ratio of a to b, is a' : f 

The subduplicftte ratio of a to b, is ^a : \^b 

The subtriplicate of a to b, is ^a : l/b, &c. 

The terms duplicate, Iriplicale, &c. ought not to be con- 
founded wiih double, triple, &c."j' 

The ratio of 6 to 2 ia 6 : 2^3 

Double this ratio, that is, (lotce the ratio, ia 12 : 2=6 > 

Triple the ratio, i. e. three times the ratio, is 18 : 2 — 9 > 

* Tliia is the particular case of compound ratio which is treated of in tha 
SLti book of Euclid. See the editions of Simsoii and Playfair. 
i See Note K. 
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Bui tlie d'uplkale ratio.i.e.the square of the rntio,is 6' : 2'=a ) 
And Ihe triplicate ratio,i.e.(lie cube of the ratio, is 6' : 2'=27 J 

355. That (|uaiHiLiea may have a ratio to each other, it ia 
necessary iJiat tJiey sliould be so far of the same nature, as 
thai one can properly be said to be eilliereqn.il to, or greater 
or less Itian the other. A foot has a ratio to an inch, for one 
IS twelve times as great as the other. But it cannot be said 
that an hour ig either shorter or longer tliaii a rod ; or that 
an acre is greater or less than a degree. Still if tliese nuan- 
titles are expressed by numbers, there may be a ratio between 
the nuinbera. There is a ratio between the number of min- 
utes m an hour, and the number of rods in a mile. 

356. Having attended to the nature of ratios, we have next 
to consider m what manner lliey will be affected, by varying 
one or both of the terms betweea which the comparison is 
made. It must be kept in mhid that, when a direct ratio ia 
expressed by a fraction, the antecedent of the couplet is always 
the numerator, and the consequent the denominator. It will 
be easy, then, to derive from the properties of fractions, the 
changes produced in ratios by variations in the quantities 
compared. For the ratio of the two quantities is the same as 
the value of the fractions, each being the quotient of the 
numerator divided by the denominator. (Arts 135, 346) 
Now It has been shown, (Art. 137,) that muhiplying the 
numerator of a fraction by any quantity, is muhiplying the 
valiie by that quantity ; and that dividing the nmnerator is 
dividing the value. Hence, 

357. Midliplying the antecedent of a couplet by any quanlilu, 
it mutiiplying the ratio by that quantity; and dividing the ante- 
cedent is dividing the ratio. 

Thus the ratio of 6 : 2 ia 3 
And the ratio of 24 : 2 is 12. 
Here the antecedent and the ratio, in the last couplet, are 
each four limes as great as in the first. 



And the ratio of na : b is 
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Cor. With a given consequent, the greater the antecedent, 
the greater the ratio ; and on tlie other Imircl, the greater the 
ratio, llie greater the aniecetlenU* See Art, 137. cor. 

358. JHultiptying the consequent of a couplet by any quardUy 
is, in effect, dividing the ratio by that qiumliiy ; and dividing the 
cotisequcnl is multiplying Ike ratio. For multiplying the denom- 
inator of a fraction, is dividing the value ; and dividing the 
denominator ia multiplying the value. (Art. 138.) 

Tims the ratio of 1 3 : 2, is 6 
And the ratio of 12 ; 4, is 3. 
Here the consequent in the second couple!, is Imice as great, 
and the ratio only half as great, as in tiie first. 

The ratio of n : i is - 

And the ratio of a : nb, is — 
nb' 

Cor. Willi a given antecedent, the greater the consequent, 
the less the ratio ; and the greater the ratio, the less the con- 
sequent,! ^^^ ■'^'■t- 138. cor. 

359. Fiom the two last articles, it ia evident that multiply- 
ing the arUecedent of a couplet, by any quantity, will have the 
same elTect on the ratio, aa dividing the consequent by that 
quantity ; and dividing tlie antecedent, will have the same 
effect as multiplying the consequent. See Art. 139, 

Thus the ratio of 8 : 4, is 2 

Mult, the antecedent by 2, the ratio of 16 : 4, is 4 
Divid. the conaequenl by 2, the ratio of 8:2, is 4. 
Cor. Any faclor or divisor may be transferred, from the 
antecedent of a couplet to the consequent, or from the conse- 
quent to the antecedent, without altering the ratio. 

It must be observed that, when a factor is thus transferred 
ficm one term to the other, it becomes a divisor ; and when 
a divisor is transferred, it becomes a factor. 
Thus the ratio of 3x6 

Transferring ihe factor 3, 6 : f-S J 
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The ratio of — :/,=—— b—-r- 1 

y y ■ by \ 

Transferring 1/ ma:by—ma-i-by^~ > 

Transferring m, a:—^a-^~=^ 

m • m by J 

360. It 18 farther evident, from Arts. 357 and 358, that if 

THE ANTECEDE.M AND CONSEQUENT EE BOTI! MULTIFLIED, 
OR BOTH DIVIDED, BV THE SAME QUANTITY, THE RATIO WILL 

NOT BE ALTERED.* See Art, 140. 
Thus the ratio of 8 : 4=2 ) 

Mult, both terms by 2, 16 : 8^2 S the same ratio. 
Divid. both terms by 2, 4 : 2:^2 ) 

The ratio of o : b=j 1 

Multiplying both terms bym, ma:mb=^^=T > 

Dividing both terms by n, - ; -=7^=? I 

n n bn bJ 
Cor. 1. The ratio of Iwo fmclions which have a common 
denoiniiiator, is the same as the ratio of their numerators. 

Tlius the ratio of - : -, is the same as tliat of a ; 6. 

Cor. 2. The direct ratio of two fractions which have a 
common miineiator, is the same as the reciprocd ratio of 
tlieir dmotninatOTS. 

Thus tlie ratio of —'■ ~, is tlie same as — ; - or n : m. 

SGI. From the last article, it wiH be easy to determine the 
ratio of any two fractions. If each tenn be multiplied by 
the two denominatoi's, the ratio will be assigned in integral 
expressions. Thus multiplying the terms of tlie couplet 
a c (ihd bed 

r : J by bd, we have -r- : -j, whicli becomes ad ; be, by can 

celling equal quantities from the numerators and denomi 
n a tors. 
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S61. b. A ratio of greater inequality, compounded wilh 
another ratio, increases iL 

Let t}ie ratio of greater inetjualtly be that of l-|-n : I 

And any given ratio, that of a: b 



The ratio compounded of these, (Ait. 352,) is a-\-na : b 
Which is greater than that ofa-.b (Art. 336. cor.) 
But a ratio of lesser inequality, compounded witli another 
ratio, diminishes it. 

Let the ratio of lesser inequality be that of 1 — n : I 

And any given ratio, that of a: b 



The ratio comiwunded of these is a-na:b 

VVliicli is less than that ofaib. 

369. If to or from the terms of any eovplet, there be added or 
SUBTRACTED two other quantities having the same ratio, the. stans 
or remainders will also have the same ratio.* 



Let ihe ratio of 




a:b} 


Be the same as that of 




c:d\ 


Tlicn llie ratio of the sum of the : 


antecedents, to the sum 


of the couseqiients, viz. of a+. 


: to b-\-d, is also Ihe same. 


Tl-tisg^H- 






Demonstration. 




I. By supposition. 




b^d 


2. Multiplying by b and d, 




ad=be 


3. Adding cd to both sides, 




ad+cd=bc-\-cd 


4. Dividing by d, 




bc+cd 
a+c^ d 


5. Dividing by b+d, 




hrd=i=-b- 



The ratio of the difference of the antecedents, to the differ- 
ence of the consequents, is also the same. 
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DemonstrtUioTU 

1. By supposition, as before, f=:f 

b d 

2. MuUipIying by 6 and rf, ad=bc 

3. Subtracting cd from both sides, ad - e<f = 6c - cd 

4. Dividingby rf, a-c^'^SzS^ 

d 

5. Dividing by 6 - rf tzl=i='' 
_ b-d d i' 
TliHs the ratio of 15 : 5 is 3 ) 
And llie ratio of 9 : 3 is 3 ( 

Then adding and subtracting the terms of the two couplets, 
Tlie ratio of I5+9 ; 5^.3 jg 3 . 

And the ratio of 15-9:5-3 is 3| 

Here the terms of only two couplets have been added to- 
gether. But the proof nmy be extended lo any number ol 
couplets where the ratios are equal. For, by the addition o( 
the two first, a new couplet is formed, to whicli, upon the 
same principle, a third may be added, a fourth, &c. Hence, 

363. If, in several couplets, the ratios are etjual, the sum 

op ALL THE ANTECEDENTS HAS THE SAME RATIO TO THE 
BUM OF ALL THE CONSEQUENTS, WHICH ANY ONE OF THE 

ANTECEDENTS HAS TO ITS CONSEQUENT.* 

ri2:6^2 
Thus the ratio < 



Therefore tiie ratioof (12-|-10+8+6) : (6+5-|-44-3) = 2. 
363. b. A ratio of greater inequality is diminUhtd, by adding 
the same quantity to both the terms. 

Let the given ratio be that of a-|-6 : a or '^"^^ 

Adding a: to both terms, it becomes a-f6-f-(B : o-f a; or ^-H:? 

a-i-x 
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Reducing them tc a common denumjnator, 

The first becomes _i — AL.: ^ . 

And the latter d'+'ib+a^:^ 

As the latter mimerntor is mnnifestly less (hiin the other, 
the ralio must be less. (Art. 356. cor.) 

But a ralio of lesser inequatily is increased, by adding the 
same quantity to both terms. 

Let the {riven ratio be that of a-b : a,ot _Z- 

a 

Adding .t to both terms, it becomes a - b-{-x : a-{-x or — I... X ., 
Reducing (liem to a 
The first becomes 



And the latter, a'~ab+ax_ 

Aa the latter numerator is greater than the other, the ratio 
is greater. 

If the same quantity, instead of being added. Is mblraeted 
from boih terms, it is evident the elTect upon the ratio must 
be reversed. 

Examples. 

1. Which is the greatest, the ratio of 11 : 9, or that of 
44:35? 

3. Which is the greatest, the ratio of a+3 : ia, or that of 
2a+7 : J a ? 

3. If the antecedent of a couplet be 65, and the ratio 13, 
what is ihe consequent) 

4. If the consequent of a couplet be 7, and the ratio 18, 
what is the antecedent, 

6. What is the ratio compounded of the ratios of 3 : 7, and 
2fl:56, and7a:+t : 3y-21 

6. Wliat is the ratio compounded of x-^y : 6, and 
x-y : a+b, and a+6 : kl Ans. x'-y' : bh. 
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7. If the rarios t>f 5t+7 : 2.r - 3, m.d x+2 : J r+3 be cora- 
nniinil'-if, will iliey pmiliice a liilio of preator iiiec|u;ilily, orof 
lesser iiiei|ii[ilily 'f Anw. A lalio of gieaLer iiiei|tiEilLiy. 

8. Wlial i^ )heraUocni]ipotni(letIofa:+t/: (1, anil a^-.j/:6. 
ttnd b : —^ - 1 Ans. A ratio of c.iiiality. 

9. Wlinl is lite rado coinpntirifted of 7 : 5, and the dupli- 
cate ra(io of 4 : 9, and tlie iriplicate lalio of 3 : 2 1 

Aiis. 14; 15. 

10. Wliat is the ratio coiiipnuiuled of 3 : 7, and tlte tripli- , 
cate ratio of x:y, and the suhdiiphoaie ratio of 49 : 9 ? 

Ads. x' : y'. 

PROPORTION. 

303. An accHvatc and familiar acf|imiii(aiice wllh ihe doc- 
trine of ratios, is necessary lo a ready iiiiderstamling of (he 
Erinciples of proportion, one of the most iiiipoilajit of all the 
ranclies of tlie nrnttieiiiaUGR. In considering ratios, we 
coinj)are two quanlilies, for tlie pnriwwe of finding eii her their 
diflercnce, or the i]notient of llie one divided by (he oilier 
But in proportion, (lie cotnparison is between two ratios, 
And lliis coinparisoji is limiled to siidi ratios as are equal 
We do not iiu|iiire how niiich one ratio is gy-ealer or less lliaii 
O'lorher, but wlieilier they are the smne. Thus llie nninl>erg 
12, 6, 8, 4, are said lo be pmporlional, because the ratio of 
12 ; 6 is the siune aa dial of 8 : 4. 

3G4. Pnoi-ORTioN, liien, is an eqimlHy of ratios. It iyei- 
(her aril!imeUcal or geowetrical. Ariihineticul |iro|H)riioii ig 
an e(|u;diiy of iirii!inieiii.'ul lalios, itiid g-<;oniei)iciil proporiion 
is an etpialiiy of geoiiieirical raiius.* Thus ihe nninbei^ & 
4, 10, 8, are in arilhmelkal propiiriion, because the differenct 
between 6 and 4 is the same as the ditlereiu-e belween 10 and 
8. And ihe numbers 6, 2, 13, 4, ate in geometrical propor- 
lion, bei:aui?e the quotient of 6 divided by 2, is the same as 
the t|uolienl of 12 divided by 4. 

305. Care must Ire laken nol lo confoniul proporiion with 
ratio. This camion is (he more necessary, as in conunon 
discourse, the (wo lernis are used indiscriininalefy, or rather. 
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proportion is used for both. The expenses of one man are 
euid lo boar a greater proportion to Ills income, than ihose of 
another. But according' lo the definition whicli has just been 
given, one proportion is neitlier greater nor less rJian another. 
For etptaXiiy does not admit of degrees. One ratio may be 
greater or less than another. The ratio of 12 : 2 is greater 
than that of 6 : 2j and leas than llialof 20 : 2. But (liese dif- 
ferences are not applicable to proportion, when the term is 
used in its technical sense. The loose signification which is 
90 frequently attacked to tills woid, may be proper enough in 
familiar language : for it is sanctioned by a general usage. 
But for scientific purposes, the distiiiction between proportion 
and ratio should be clearly drawn, and cautiously observed. 

366. The equality between two ratios, as has been stated, 
is called proportion. The word is sometimes applied also to 
the series of terms among which this equality of ratios exists. 
Thus the two couplets 15 : 5 and 6 : 2 are, when taken lo- 
getjier, called a proportion. 

367. Pioportion may be expressed, either by the common 
eiga of equality, or by four points between the two couplets. 

~, (8--6=4--2, or8--6 : ;4--3 ) are arithmetical 

■"'"^ (a-b=c-d,oi-a-b::c-dS proportions. 

. , 5 12 : 6^8 : 4, or 12 : 6 : : 8 : 4 > are geomelrical 

^^'^ I a:bT=d:k>oT a: b::d: hi proportions. 

The lalter is read, ' the ratio of a to 6 equals the ralio of d 
to A;' or more concisely, 'a is to 6, as rf to h.' 

368. The first and last terms are called the extremes, and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequeiits. tSiuilogous terms 
are the antecedent and consequent of the same couplet, 

369. >sthe ratios arc equal, it is manifestly immaterial 
which of the two couplets is placed first. 

Ifa-b: :c:(l, thenc: d::a:b. For if "z^- then £=-. 
b d d b 

370. The number of terms must be, at least, four. For 
the equality is between the raticsof two couplets ; and each 
coui)let must have an antecedent and a consequent. There 
may be a proportion, however, among three quanlities. For 
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one of (he €|uaiitities may be repeated, so as to forj-n two 
tenng. In this case tlie quantity repeated ia called tlie nud- 
die term, or a mem proporlioml between tlie two other quan- 
aties, especially if the proportion is geometrical. 

Thus the Jiumbera 8, 4, 2, are proportional That is, 8 ; 
4:- 4:2. Here 4 is both the consequent In (he first couplet, 
and the antecedent in llie last. It is therefore a mean pro- 
portional between 8 and 2. 

The last lerm ts called a third proportional lothe two other 
quantities. Thus 3 is a third proportional to 8 and 4. 

371. Inverse or redprocal propoition is an equality between 
a direct ratio, and a redprocal ratio. 

Thus 4 : 2 ; : f : J- ; that is, 4 is to 2, reciprocally, as 3 to 6. 
Somethiies also, the order of the terms m one of the conpleta, 
is inverted, without wriliug them in the form of a fraction. 
—(Art. 351.) 

Thus 4 : 2 ; : 3 : 6 inversely. In this ca'^e, the first term 
is to the second, as the fourth to (he third ; that is, the fust 
divided by the second, is equal to the fourth divided by the 
third. 

372. Wlten there is a series of quantities, such that the 
ratios of Ihe firet to the second, of the second to the (bird, ol 
the third fo ihe fourth, &c. are n« equcd; the quantities are 
said to be in corU-inued jrroportion. The consequent of each 
preceding ratio is, then, the antecedent of the followine 
one. — Continued propoition is also called progression, as wiU 
be seen in a tbilowing section. 

Th-js the numbeis 10, &, 6, 4, 2, are in continued arithme- 
lic(d proportion Foi 10-3=8- 6=6-4=4-2. 

The numbeib 61, 32, 16, 8, 4, are in coniitnied geometrical 
proportion Foi 6-i 32 32 16 t : 16 : 8 : : 8 r 4. 

ir a, b, c, <l, h, &.I, aie m coniiniied geometrical propor- 
tion ; then a b b c c d d:k,&.c. 

One cisp of continued piojwrtion is that of three proper- 
lional quantities (Art 370 ) 

373. As an anlhmelical proportion is, generally, nothing 
more ihin ii \eiy biniple equation, it is scarcely necessary la 
give (he 'Juhjei.t a sLpirate t.onai deration. 

The pioporlion a..b::c..d 

Is the same as the equation a - b=c - d. 
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It will be proper, however, to observe llint, if four qimni:- 

ties are in ariiliinet.icai proportion, the sum of ihe txlremca ia 

equal to Ihe sum of Ihe means. 

Tims if a. .bi-.k.. m, then a-\~m=h-\^h 

For by supposition, a-i — /i-m 

And transposing - 6 and-m, a+m— 6-f ft 

So in the proportion,12.. 10:; 1 1. .0, we h:ive 12+9 = 10+11. 
Agnin if three qnnntities are in arithmetical proportion, Ihs 

sum of the extremes is eijual to double the mean. 

Ua..b::b..c, ilien, a-h:^.h~c 

And transposing -t find -c, a-irC.=.2l.i. 

GEOMETRICAL PROPOIiTION. 

374. But if four quanlities are in gemvelrkal proportion, 
iKe PRODUCT of the extremes is equal to Ike product of llic 



For by siippos,iilon, (Arts. 34C, 364.) 
Mukiplying by bd, (Ax. 3.) 



b d 

nhd rhd 



Relinking the fiaction?:, ad^bc 

Tbus 12:8:: 15: 10, ihcreforc 12x10=8x15. 
Cor. Any fitclor may lie Irniisferred from one mean lo the 
other, or from one extreme to the odier, willionl iilleciingtiie 
propKiion. U a -.mb : :x :y, iben a : biimx -.y. For (he 
nrwiniri of the nie:i]is is, in both canes ike same. And if 
na : b : : X : ij, then a:b: -.x-.ny. 

375. On Ihe olher hnud, if the prodtict of two (jnantities 
is e(|iial to ilie product of Iwo otiicrs, (lie four qnaLiliiies will 
form ii proportion, wben lliey are so arranged, llint ihose on 
one side of tlie eipiatioti shall constitute the means, aiid ihose 
on llie other side, the extremes. 



If my=:nh, then m-.ii: :h:y, that is, 
For by dividing mijzz^nh by ny, we have 
And reducing the fractions, 



n y 
ny __ nh 
mj ny 
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Cor. T!ie siiine must lie true of any JiKlors wliicli foniuhe 
two sjilea of an equation. 

If (a+b) xc= {d~ 771) xy, tlieiia-f-6 : d -m::y:c. 
376. If three quaiuiliea jiie proporlional, (liepiocUrclof the 
extremes is equal 10 ilie square of (!ie ineaii. For tliis mean 
proporiionni is, itt tlie s=nme lime, liie consequent of the firsi 
couplet, and t[ie anrecetlent of ilie last. {An. 370.) It is 
theiefoie lo be multiplied into itself, tliiil is, it k to be squared. 
If a : b::b : c, then nuiil. extremes and nieiiiis, ac=b\ 
Hence, a mean proportional between two qnaiuilies may be 
found, by exlracllng the square root of their product. 

\{ a : x::x:c, then *==oc, and x=\/ac. (Art. 297.) 
377. It follows, from Art. 374, that in a proportion, ei'.hei 
extreme is e(|ual to the product of the means, divided by iht 
otlicr extreme ; and either of the means is equal to the pro- 
duct of the extremes, divided by tlie other mean. 

1. If a : 6 : : c : (f, then ad^bc 

2. Dividing by (/, a:= — 



. Dividing the first by c, b^- 

, Dividiiig it by b. 



_ad 



5. Dividing it by a, rf=_; that is, the 

foia-lh term is e(|iial to the product of the second and third 
divided by the first. 

On this principle is founded the rule of simple proportion 
in arithmetic, cojnmonly called the Rtde of Three. Three 
numbers are given to find a fourth, which is obtained by 
multiplying togctlier liie second and third, and dividioff bv 
the first. ^ ' 

378. The propositions respecting the products of the 
means, and of the exiremes, furnish a very ainiple and con- 
venient criterion for detenuiuing wiiether any four quanliiiea 
are proportional. We have only to multiply the means 
together, and also the estreniea. If the products are equal, 
the quantities are proi»rtional. If the products are not equal, 
ihe quaatllies aia not proporllonal. .-, 
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373 III maihematical invesligctions, wlieii tlie relations 
of sev-va! quanliiies are given, lli«y aie fie-iiienily staled m 
the form of a proprtioLi. Bm it iaconiii.oi.ly necessary ihal- 
tliis first proporlLOii slioiilJ ]k\ss lliroiigli a iiiim.ier of trans 
fonnalioiis before it brings out .lisUnclly itie unknown ciiioij. 



ilion wliitli we wi^b to denionslraie, It 



titv, or ibe propoKil.„ - 

iiiav niiilers-o any change wl.ich will not afiecl tbe equality 
of itie ratios; or wl.ich will leave lite product of the ni.'ans 
equal to llie nrodiicl of the extremes. . . , 

h is evident, in ilie first place, tl.al any alierntion in the 
ananstmenl, which will not alfect the ecijialily of these two 
pi-mliicts, will not destroy the proijorlioii. 1 hus, li a: b::c: a, 
the order of these four quantities may be varied, ui any way 
which will leave ad=bc. Hence, 

3S0. If four c|nantilies are proportional, the order of 

THE MEANS, OR OF THE EXTREMES, OR OF THE TERMS OF 
BOTH COUT-I.ETS, MAY BE IfiVEETED WiTHOUT DESTROYJSa 
THE PROPORTION, 

If aib-.-.c-.d) J 

And 13:S::6:4r ■ 

1. Inverting the means,* 

a- c-:b: d) , . ■ ( The first is to the third, 
12 ■ 6 : : S : 4 J '^' t As liie second to the fourth. 

In other words, the ratio of the antecedents is equal to the 
ratio of the consequeTils. 

Tiiis inversion of the means is frequently referred to by 
geomelers, luiderlhe name of .illemaiion.^ 

2. Imerling the extremes, 

d- b--c- a } , . ■ ^ The fourth is to tlie second, 
4 ! 8 ! ! 6 : 12 ! "'"^ '^' t As ihe third to the first. 

3. Inverting the lemts of each covptet, 

h-a--d-c},,- S The second is to the first, 
8 i 12 : : 4 : 6 ( "'"'' '^' i As the fourth to the third. 

Tills is technically called Inversion. 

Each of these may also he varied, by changing Ike ordei 
of (he ticn couplets. (Art. 369.) 

Cor. The order of the ivhote p-oportion may be mvertert. 



:b::c:d,l[ic 



1 EucliJ, It 
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In each of these cases, i(, will be nt once seen Hint, by 
Inking llie prwIuclH of the menus, iiiiil of the exircines.we 
Imve ad-lic, nnd 12x4=8x6. 

If llie terms of oiily one of ihe couplets are inverlei!, llie 
piopiiiiion becomes reciprocal. (Ail 371.) 

l( a : b : : c : d, ilien a is to b, lecipiocnlly, as d to c. 

381. A iliilerence of airniigemenl is iio( llie on/i/iiheralion 
which we liave occasion to pfoihice, in fhe (eniis of a pro- 
portion. It isfreqneiilly necessary lo multiply, divide, involve, 
&.C. Ii\ ai! cases, llie art of contlucliiig the ijivci'tigniioii 
coirsisls ill so ordering the several clianges, fts lo niaimain a 
constant equality, between the ratio of ihe two first fermE; 
and that of the two last. As in resolving an eqitation, we 
must see that the sities remain equal; so in varying a pro- 
portion, the equality of the ratios must be preserved. And 
this is effected either by keeping the rntioa the sih is, while 
the terms are altered ; or by increasing or diminisliing one of 
the ratios (is viuck (w the olher. Most of the succeeding proofs 
are intended to bring this princi]>le distinctly into view, and 
to reiake it familiar. Some of the propositions niiglit he de- 
monstrated, in a more simple manner, perhaps, by miihiptying 
the extremes and means. But tliis woaid not give so clear 
a view of the nalure of tiio several cJianges in tlie proportions. 

It has been shown that, if bolh tlie terms of a coiiplet be 
multiplied or divided by llte same quantity, the ratio will re- 
main tlie same ; (Art. 3G0.) l.ltut niiiliiplyiiig the antecedent 
is, in e'recl, multiplying llie ratio, and dividing tlie niilece- 
dent, is dividing the "ratio ; (Art. 357.) and farther, (hat mul- 
tiplying the contequeni, is, in etfecl, dividing the ratio, and 
dividing the consequent is multiplying the ratio, (Art. 358.) 
As (he ratios in a proportion are equal, if they are both 
jniiStipIied, or hotli divided, by the same quantity, they will 
Btill be equal. (A\:. 3.) One will be hicicascd or lilniinished 
as much as the other. Hence, 

382. If four quantities are proportional, two akalocoi^s 

OR TWO HOMOLOGOUS TERMS fllAV BE MULTIPI.IKD OR Rl- 
VIOED JiY TUE 9ASIE QUAJ^TITT, IVITUOUT DESTROVIXG rilE 
PROPORTION. 

If amdos;Qus (ernis be multiplied or divided, ihe ratios wiU 
not be atte'rcd. (Art. SCO.) U homologous terms be iiiuUi- 
plted or divided, both ratios will be equally increased oi 
diminidied. (Arts, 357,8.) 
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U a : b::c : d, then, 

1 . Multijjlyiiig llie two first teniis, ma : mb :: c : d 

2, Miiliiplyiiig the two last terms, a : b ; : mc ■ md 
S. MuUiijIyiiig the two antecedents,* ma : b::mc : d 

4. Multiplying the two consequents, a : mb : : c : md 

5. Dividing the two first tenns, - : -^ : : c : d 

6. Dividing the two last terms, a : b : : - : ~ 

7. Dividing the two antecedcnty, _ : b : : — : d 

8. Dividing the two consetinenls, a : ~ : : c : — 

Cor. 1. ^H the terms may be muUipUed or divided by the 

same qimntity.f 

, , a b c d 

ma : mb : : mc : md, _:—::_: — 

Cor, 2. Ill any of the cases in ihis article, muitiplicalion 
of the consequent may be substituted for division of the ante- 
cedent in the saivie couplet, and division of the consequent, 
for muitiiiUcation of the antecedent. (Art. 359, cor.) 

^'■'' \1: b: : -: d\j]a:mb::f.:dl ] - : b -.-.c: md 

383. It is often necessary not only to alter the terms of a 
proportion, and to vary the arrangemeiU, but to compare one 
proportion isilk another. From this comparison will fiequently 
arise a new proportion, which may be requisite in solving a 
problem, or in carrying forward a demonstration. One of 
the most important cases is that in which two of the terms 
ill one of the proiiorlions compared, are the same Willi two in 
the oilier. The similar tenns may he made to disappear, 
and a now proportion may be formed of the four remaining 
leiins. For, 
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3S5. in Lliese inslaiicfis, llie !ennF= wliicli nro ahkc. in tlie 
two i>;c>|)oriions iire the i\vo_^rs( nnd iliR nvo /(iji. Bnt this 
urratigoiieiil is not espemiul. The onler ol i!ie n.Tin^' i»my 
be thangeil, in various ways, witliunt jillucl-iiig the eciuuliLv 
of tlie ratios. 

1. Tlie similar lovms mt)y be ihe two anUcedents, or ihf 
two consetptents, Lit eiicli priipori.ioit, TIhis, 

If m:a::n:b) ,, ^ , ( Mv alternalion, m : n : : rx : 6 

AiiJm:c::n:rfS "'^" ; AntI m:n::c-d 

Tlierofore a : b : : c : d, or a: c : : b : d, by llie last nrtxle. 

2. T!ie antecedents In one of tlie proportions, may be the 
gaiH'! as Uie consequents in the oilier. 

If m:a::n:bl . J Hy inver. an,l alicni. a : '. : : m ; n 
And e:m::d:n\ "'^'^ \ By aliernaLion, c:d::m:n 

Tlicrefore a : b, 8ic. as before, 

3. Two homologous terms, in one of tlie proportions, may 
be the same, as two analogous terms in ilie oilier. 

If a:m::b:nl . C By alteri-.alion, a:b:'.m:n 
knAc:d::m:nS i And c:d:im:n 

Therefore, a : b, &c. 

All (hese are instances of an equality, between (he ratios in 

one [Hopoilion, and those in aiioiher. In geoiueiry, llie 

* Euclid 1). 5. 1 Euclid 1J,5, 
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proposition to which ihey belon^^ is usually cited by the 
woida " ex aequo," or " ex aeqtiali."* The seconi! case in 
this article is that whicli in its foim, most obviously answers 
to the explanation in Euclid. But lliey are all upon the 
same principle, and are frequently referred to, without dis- 
crimination. 

386. Any number of proportions may be compared, in the 
same manner, if the two first or the two last terjus in each 
preceding propovtiori, are the same with the two first or the 



wo last m the following one.* 
Thus if a:b:: 

' '' \ then a 



Thusifnre: 


-.b-d- 


And c:h: 


■.fi:l. 


And k:n>: 


:l.:n 


And m:x: 


■.n:y 



And c:d::h:l \ 
And /t ; / : : n, 
And m:n: -.x-.y} 
That is, the two first terms of the first proportion have the 
eame I'atio, as the two last terms of the last proportion. For 
it is manifest that (he ratio of all the couplets is the same. 

And if the lerms do not stand in the same order as Iiere, 
yet if tjiey can be reduced to this form, the same principle is 
applicable. 

)■ then by alternation s i ! i .".',' '. „ 
J [m:n::x:y 

Therefore a:b::x:y, as before. 
In all the examples in this, and the preceding articles, the 
two terms in one propnr'ion which have e(|uals in another, 
are neillier ihe (wo riieans, nor (lie two earircmes, but one of 
the means, and one of the extremes; and the resulting pro- 
portion is uniformly direct. 

387. Bnt if the two means, or the twooKtremes, in one 
propoiiion, be (he eame with the means, or (he exiremes, in 
anotlier, the four remaining terms will be reciprocatly prupor- 
lional. 

\( a:m::n:b} ,, 11 , , 

Mn\c:r.::n:d\'-^^'''^--'----l---d''''"--'----^--''- 

Ind fdZZ \ (^■■^- ^' ■*■> Therefore ab=cd, anda: c: : d .b. 
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III this cxajtiple, (lie two means in one proportion, nre like 
those in the oilier. But tlie principle will be trie same, if tlie 
extremes are alike, or if the extrezoes in one propotlioii arc 
like tlie means in the other. 
If m:a::b:n} 



Andn 



then a : c : : d: 



The proposition in geometry wliich applies to this case, is 
usually cited by the words "ex aequo perturbale."* 

338. Another way in which the terms of a proportion may 
be varied, is by addition or subtraction. 

If to or from two analogous or two homolocous 

TERMS op A proportion, TWO OTilEB QUANTITIES HAVING 
THE SAME RATIO BE ADDED OR SUBTRACTED, THE PROPORTEOW 
WILL BE PRESERVED. f 

For a ratio is not altered, by adding to it, or siihtractuig 
from il, the terms of another equal ratio. (Art. 362.) 
If a : 6 : : c : rf > 
And a: b::m:n ) 
Then by adding to, or subtracting from a and b, (he terma 
of the equal ratio m : n, we have, 

a-\-m : b+n : : e : rf, and a~m:b-n: :c: d. 

And by adding and subtracting m and n, lo and from c and 
d we have, 

a: b : : c-\-m : d-j-w, and a: b ::c--m: d-n. 

Here the addition and subtraction are to and from anah- 
g-otts terms. But by allernalion, (Art. 380,) these ternis wiU 
become homologous, and we shall have, 

a-\-m : c : : b-\~n : d, and a-m: c:: b-~n: d. 

Cor. 1. This addition may, evidently, be extended to any 
number of equal ratio?, t 

' c: d 

Thiisifa:6::-' ''■ ^ 
Then a\b:: e+h-\-m+x : d+l-\-n-{-y. 

'EiicliiiaS, 5. tEuolida.i. 1 Euclid 2, 5. Cor. 
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Cor. 


2. Ifn: 
And M : 




lien 


a+™ 


■.l,::c+«: 


<!.• 




For by 
And 


alitniatii 


m:ni:b: 


:n 


there 
foie 


■S„,:s 


■.c+, 




3S9. 
portioii 


Fiom tl 
, the leni 


le last adit- 
IS 'ot! ttiJded 


Icit 

10, 


is evident that if, in any pro- 
or subtracted from eacli clher, 



WILL BE PltESERVED. 

Thus, ifo;6:;c:rf, and 12 :4: : 6 : 2, ihen, 

1. Adding the two htst temis, to the two jirsl. 

a-\-r.:b+d::a:h 12+6; 4+2::19:4 

b.iiAa-\-c:h-\-d::c:d 12+C: 4 + 2:: 6:2 

or n+e : n : : 6+</ : /« 12+6: 12:: 4+ 2:4 

and a+e : c : : i+(i : (/ 12+6: 6:: 4+ 2:2. 

2. Adding the two antecedents, to the two conseqv.mls. 

a-\-b:b::c-\-d:d 12+4: 4:; 6+2: 2 

«+i:o: :c+d:c, &c. 12+4 : 12 ; : 6+2 : G, &,c 
Tliis is called ComposUion-\ 

3. jSitlilruciiag- the two first tcinis, from the two last. 



c-a:a::d-b:b 
c-a: c::d~b:d,&.c. 




4 Sullracting the two /nsl terms from 


. the Iwo first. 


a-e-.b-d: : a : bt 
a-c:b~d::c:d,&c. 




5. Subtracting the consequents from the 
o-(.:6::c-</:rf 
a: a-6::c:c-</, &c. 


; antecedents. 


The alteration expressed by the last of these forms is called 
Conversion. 


G. Subtracting l!ie antecedents from the 


consequents. 


b-a:a::d-c:c 
b:b-a::d:d-c,kc. 
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?. Addiiif^ am! suljlracling, 

a+h : a-b: : c+d : c-d. 
Tliai is, (lie sum of llie two iirst Icrin?, is lo lltpir UilTer- 
ence, as Ihe smn o( llie two iasl, to llieir dilleieiife. 

Cor. Ifiiny c()iniK)iLii{i (jimnliliesjiirriingeil as in (lie [irece- 
ding examples, are i.ropoiiioiutl, Llie simple (iiuuiii Lies of which 
they are coii 430111 ideii itie pio[jorlional also. 

Tltii?, if a+b -.b-.i c~\-d : d, Lhen a: h::c : d. 
This id called Dicision.* 

390. !f the corrcsfondinq te-tjis of two or more 
ranks of fboportio.nal quantities de multiplied 
together, the product will be proportional, 

This is compounding ratios, (Art, 352,) or compounding 
proponioris. It should be disiiiignislied from what is called 
composilion, whicli is an addition of lite leniis of a. ratio. (Art, 
389. 2.) 

If a-.b-.-.c-.d) 12:4r:6: 2) 

And h:l::m:ni 10:o::8:4i 



Then ah ■.hi:: cm : dii \'>0 : 20 : : 48 : 8. 

For horn tlie natine of proportion, the two ratios in tlie 
first rank are equal, and also the ratios ui the second rank. 
And nuiltiplyiny tlie corresponding lemis is mulliplying (he 
ratios, (An. 357. cor.) that is, miilriplying equals by equals ; 
(Ax. 3.) so that the ratios will si ill be equaj, and ilierefore 
the four produci-s nnist be proportional. 

The Haiue proof is applioable to any number of proportions. 

(a:b::c:d 

U}h:l::m:n 
(p-.q::x:y 

Then ahp : blq : : cnix : dny. 

From tliia it is evident, tliat If the terms of a proportion be 
multiplied, each into itself, that is, if they be raised lo ana 
power, I hey wilt sliU be proportional. 

U a:b::c:d 2:4::C: 12 

a:b::c:d 2 :4:;6 ; 12 

Then a' : b" : : c'' : d^ 4 : 16 : : 36 : 144 
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Pi'opoitionals will also be obtained, by reversing thia pro- 
cess, ihat is, by extracting tbe roots of tbe terms. 

If a: b::c : d, then ya ; yfi : : A^/c : A/d. 

For taking the product of extr. tmd means, ad=rbc 
And extrftc'ingboth sides, ^/ad=^/bc 

That is, (Arts. 25^, S7o.) A^a i ^/b : : \^c -. \/d. 

Hence. 

391. If several <[ ii ant i ties are proper tiona!, their like 

"OWiiiS OR LIKE ROOTS ARE PROPORTIONAL.* 

l( a:b::c:d 
Then a" : t" : : c" : d", and 'iya : ^yb : : "^c : ^d,- 

And :^a'' ; ^b" : : ^c" : ^d", that is, a" : b" : : c" : if . 

392. If the terms in one rank of proportionals be divided 
by the coriespondiiig terms in another rank, the quotients 
will be proportional. 

This is sometimes called the resolution of ratios. 

If a:b::c:dl 12: 6:: 18: 9) 

AndA:/::m:ni 6:2:: 9:35 

Then «■''■. i.-^ 2^.6.. 18. 9 

This is merely revmsing the process in Art. 390, and may 
be demonstrated in a similar manner. 

Thia should be distinguished from what geometers call 
division, which is a subtraction of the terms of a ratio. (Art. 
S89. cor.) 

Wben proportioos are compounded by multiplication, it 
will often be the case, that the sbjkb factor will be found m 
two analogous or two homologous terms. 
Thus If aib-.-.c-.d) 
And m:a::n:ci 



am : ab ■.-.en : cd. 
Here a is in the two first terms, and c in tlie two last. Di- 
viding by these, (Art. 382,) the proportion becomes 
m:b::n:d. Hence, 
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S93. In compounding proportions, e^uaJ /actors or divisors 
in two analogous or homologous lernis, njay be rejecied. 

Ca:b::cid 12:4::9:3 

If {b: h.::d: I 4:8;:3:6 

>n::l:n 8:20::C;15 



Then«:ni::c:n 12 : 20::9 : 15 

Tliis rule may be applied to the cases, to which the terms 
" ex aequo" and " ex aequo perturbaie" refer. See Arts. 385 and 
387. One of the methods may serve lo verify the other. 

394. The changes which may be made in proportions, 
without disturbing the equality of the ratios, are so nume- 
rous, that ihey would become burdensome to the memory, if 
they were not reducible lo a few general principles. They 
are mostly produced, 

1. By inverting the order of the terms, Art. 380. 

2, By multiplying or dividing by (he same quantily, Art, 383. 

5. By comparing ])rojX)rtion3 which have like lermt. Art. 384, 

5, 6, 7. 
4. By adding or subtracUng the tcrnis of equal ratios, Art. 
383, 9. 

6. By multiplying or dividing one proportion by another, Art. 

390, 3, 3. 
6, By involving or extracting the roots of the terms. Art. 391. 

395. When four qiianliiies are proportional, if the first be 
grealer than the second, Ihe third will be greater than the 
fourth; if equal, equal : if less, less. 

For, the ratios of the two couplets being the same, if one is 
a ratio of equality, the other is also, and therefore the ante- 
cedent in each is equal to its coiisequejit ; {Art. 350,) if one 
IS a ratio of grerUer inequality, the other is also, and therefore 
the antecedent in each is greater than its consequent ; and 
if one is a ratio of lesser inequality, the other is also, and 
therefore the antecedent in each is less than its consequent, 
f «=6, c=d 

Let a : b : : c : d ; then if J a>6, cyd 
( a<ib, c<^d. 
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200 ALUEISKA. 

Cor. 1. If ihe first be giealcr llum die (/iiW, Hie second 

will be greater ihaLi Llie/o«i-//( ,- ifeqiuil, equal; if less, less.* 

For by nlleriinrion, a : b::c : d heroines a : c: -.b : d, willi- 

out iitiy aller[Uion of the quaiiiilies. Therefore, if a=b, 

c—d, &.C. as before. 

' = "' = ■'' = ';? ihen if a=t,e^,;,&c.t 

For, by eqiiniiiy of ratios, (Art. 385. 2.) or conipouiKliiig 
mtios, (Alts. 300, 393.) 

a: b::c: d. Therefore, if a=i, c^d, &.c. as before. 

Cor. 3. If «; "'::»: ''Ni.cn if a=;.,c^./,&c.t 
and m : b:: c : ni 

For, by coiniwuiKlIng laiios, (Arts. 390, 393,) 

n:b::c:d. Tlierefnre, if a=b, c^d, &c. 
S95. h. If four finaiiliiies are pro|ionici)ul, tlicir rcdprocah 
rtre [HOj>oriioiial ; and v. v. 

U a:b::c:d, then 1 : 1. : : 1 : 1. 

For in each of ihcae pioi'onioik-, we have, by reducligr., 
ud:^bc. 

C0NT1NUP:D PROrORTiON. 

396. W»en quaiilities are in coiilinued pi-o[Ki.lion. alt the 
ratios are equal. (Ail. 3T2.) If 

a:b::b:e::c:d: :d: e, 
the rado of a : i is ibei^-anie, as thai of 6 : c, of c : «?, or of 
d : e. The rafioof ihe /rs( of lliese qiinnlides to ihe liisl,\a 
e<|ital lo llie product of all the iiiterveiijitg ratios ; (An. 3j3,) 
liai is, the ratio of n : e is cipial lo 
a l> c d 

"x-x.x- 

b c d e 
Butaslbeinl«rveniiigraiiosrireall e^iin/, inslend of nuilti- 
plyiiig ibciii info eatli oilier, we iiiiiy nuilliiily any otie of 
llietn^'iiito tise//; observing to make the niiniher of factors 
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PUnPOllTiON. 20) 

equal ro the number of inlervening ratios. Tlii.is (he raiio 
of a : t, m die example jusl given, is e'.|iud lo 

o b h h h^ 
Wlisn several qiumlilics are in conliiiiieil proporlion, (Ite 
number of coiiiileO, and of course tl»e number of rulios, is 
OJiR ksi ihaii the number of quamil.iea. Tiius llie five jtro- 
poriionaj quantities a. b, c, d, e, form four couplets conlaiiiinjr 
four ratios; and the ratio of « : e is cqu^j lo iJie raiio of 
ii' : 6', that b, llie ratio of ijie fourlli power of the first quan- 
tity, to the fourth power of the second. Hence, 

397. If three quantities are proiwrtional, the first is lo the 
third, as the square of the first, to the square of the second; or 
as the square of the second, lo the square of the third. In 
other words, the first has to the third, a duplicate ratio of the 
first (o the second. And conversely, if the first of the three 
quantities is to the third, as the square of tlie fijst to the 
square of the second, the three quaatiijes are jjroportional. 

U a: b::b : c, tlien a : c : : a* : 6'. Universally, 

398. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one of the intervening 
ratios raised to a power whose index is one less than the num- 
ber of quantiti*^. 

If there are four proportionals a, h, c, d, then a : d : : a^ : b' 
If there are five a, b,c,d, e; a : e:: a' : b\ &c. 

399. If several quantities are In continued iiroportion, they 
will be proportional when the order of the wlioJe is imei-led. 
This has already Iseen proved with respect to four proportional 
quantities. (Art. 380. cor.) It may be extended to any num- 
ber of quantities. 

Between the numbers, 64, 32, 16, 8, 4, 

Tlje ratios are 3, 3, 2, 2, 

Between the same inverlod 4, 8, 16, 33, 64, 
The ratios are \, i, L, ^. 

So if the order of any proportional qnaiiUlies be inverted, 
the ratios in one series will be the reciprocals of those in iht 
other. For by the invei-sion, each antecedent becomes a con- 
sequent, and v. v. and the ratio of a consequent to its antecc- 
daiil is the rcciniocal of ihe ratio of the antecedent to ttia 
lb* 
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consernienl. (An. 331.) Tliiit llie reciVrficnls of equt,! quan. 
tiUes me liietiiselves equal, is eviileiiL Irom Ax. 4. 

400. Harmonical or Musical Proportion mny he con- 
fddered as a species of geniiieliicul |imiiorlion. li (.■onsiwLs in 
an equality of gconieiiical ratios; biu one or moie of llie 
terms is Uie difference beuveeii iwo <|uaiiiii.ie3. 

Three or four r|U amities are said to be in tmrmonicrcl propor- 
tion, wliRii llie liist is 11) liie last, as llie dillereiiL-e beiweeo 
Ihe lioo frsl, lo llic dilFerciice between tbe Uco laaL 

If Llie ihree qiiaiilities «, b, and c, are in lianiioiiical pro- 
puriioii, then n ■■ c:: n-b : b-c. 

If llie /our qTiaiifities a, b, c, aiidrf, are in hannonicnl pro- 
[Hirlloii, then u : d:ia-b : c-d. 

Tims the three niiiiibers 12, 8, 6, are m hannonical pro- 



proi>ortion. 

401. If, of four quantities in harmonical proportion, any 
three be given, ihe oilier may be foiiiid. For from the pro- 
portion. 

a : d:: a-b : c -d, 

by taking the product of the extremes and the means, we 
have ac - ad=ad'- bd. 

And ibis cqtiatioii maybe reduced, so as to give the value 
of eiiber of ibe four tellers. 

Thus hv transposing - ad, and dividing by a, 
Jind - bd 

Examples, in icldch ihe principles of pr-fordon are applied to the 
solution of problems. 
1, Divide tlic number 49 into two such pnitp, tlmt the 
greater incfeascd by G, may be to the le^^s diminished by 11 ; 
R9 9 to 2. 

Let T=7 Ihe greater, and A^-x= tbr Ict^s. 

By the condiLions proposed, x-\-& : 33 - k ; : 9 : 2 

Adding terms, (Art 389, 2.) x-\-\S : U : : ^ : 11 

nividii^g ihc conseqncnis, (Art. 3S2, 8.) ir+C : -1 : : 9 : 1 
Multiplying Ihc extremes and means, x-^C^^G. And :uz=30. 
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i'ROPORTIOX, 203 

2. WjirK tinnii.crisl!.al,low!ii<;h if 1,5, mill 13, he seve- 
rally ailded, liie llrai siuii sliiill be Lo ilic secojicl, as (lie sec- 
oik! [o ll]i3 iliird ' 

Let X— tlie number required. 
l^y the coiiililioiis, x-\-\ : x-\-5 : : .r-|-5 i a:+13 

SiibiriiciiJig terms, (Art. 389, C.) a;+ 1 : 4 : : a:+5 : 8 
Therefore &x+S=ix4-20. AnJ i2.3. 

3. Find Iwo iiiimbei-s, (lie gi'ealer of wliicli rihall be tc Uie 
less, us llieir smii lo 42 ; and as llieir dilierence to G 

Let 3^ and i/= the numbers. 

By the conditions, x : y:: x-^-y ; 42 



And 



:y: 



By equality of ratios, i-j-j/ : 42 : : i-i/ ; 6 

Inverting the iueans!, x-\-ij : x-y •.■.42 : 6 

Addiiig and siibtractiiig lerms,(Art. 339, 7,) 2x : 2i/ : : 4S : 36 
Dividing terms, (Act, 332,) x :y::i : 3 

Therefore 3iz.4;/. A]ida-=^ 

■' 3 

From the second proportion, Gx=yx(x-y) 

Substituting -1 for ar, y^24. And ;e=32. 

4. Divide the number IS into Iwo such pnrtp, (hat the 
squares of those parts may bo in the ratio of ^5 to 16. 

Let3:= the greater part, and IS-a;= the less. 
By thecondllions, x' : (18-ar)': : a5 

Exirauliitg, (Art. 391,) x : iS-a: : : 5 

Adding lerni.s a:: IS: :5 

Dividing terms, x: 2r:5 

Thefofore, 1=10, 

5, Divide liie number 14 info Im-o !?iKh pnrls, (Iinl Ihe quo- 
tient of lliegrealerdivid^^d by the lo.!s-^b<\ll be to ihc ijviotieiit 
of the less divided by the greater, as 16 to 9. 

Let x= the greater part, and 14-x= the less. 
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:(14 


-^) 


: 14- 




: 14: 


4: 


: 2: 


4: 



By ilrecotiiJitiona, 

Mullipiying Lbiiiis, 

Ex trading. 

Adding terms, 

Dividing term?, 

Therefore, ar^8. 

6. If (lie number 20 be divided into two pnrls, wiiich 
are lo each oilier in llie duplicate ratio of 3 to I, wliaL nmn- 
ber is a mean proportional between those parts ] 

Let x= the greater part, and 20- k= i!ie leas. 

By the conditions, !■ ; 20 - a : : 3' : I" : : 9 : 6 

Adding lei-ms, a; : 20 : : 9 : 10 

Therefore, x=l8. And 20-,r^3 

A mean pi opor. between 18 and 2 (Art. 376.) = ^2x'r8— 6. 

7. Tbere are two numbers whose product is 24, ajid (he 
difference of tiieir cubes, is lo (he tube of their dillereucc, aa 
19 to 1. What are the numbers ? 

Let X and y be equal to the two tumibers. 

1. By supposition, 3t/--^24 > 

2. And ar'-/: (x-yy-.: 19 : 1 J 

3. Or, (Art. 217.) x'-y' : si' -Sjfy+Zxy^-y' : : 19 : ] 

4. Tlierefore, (Art. 389, 5,) 3^^^- 3^' : (x-yf : : 18 . I 

5. Dividing by s-1/ (Art. 382, 5,) Zxy : {x~yy :: IS : i 

6. Or, as 3x3/^3x24=72, 72: (x-yf :: \S : I 

7. Midi iplyiitg extremes and means, (x~yy=4 

8. Exiracting, x-y~ 2) 

9. By tiie first condition, we have ot/ — 24 j 
Reducing these two equations, we liave s=6, and y=;4, 

8. It is recpiired to prove that a: x:: ^^Za-y : ^y 
w! supposition tliat (a+^y : (rt-,r)': : x-\-y : x~y.* 
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PUOPOilTION. 2Q5 

1. Expanding, a^4.2ax-\-x'' : a'-2(W+i=: -.x+y.x-y 

2. Adding and subtracting terms, 2a"-l-2a^ : 4ax t : 2a; : 2iy 

3. Dividing terms, a'-i-.t? : 2ax i: x-.ii 

4. Tiansf. tlie factor x, {Art. 374. cor.) a'+x^ : 2a : : x^ ': i^ 

5. Inverting the means, n=_|_a:' ; x^ : : -Za : y 

6. Siiljlrncting terms, a' : x' : : 2a ~ u ■ y 

7. Extracting, « : :r : ■ ^ a^HTj, : ^,^ 

9. Il ia rei]uircd to prove tlial dx=cij, if ^ i^ to j In the 
'^iplicate ratio of « : t, and a:b:: '^F^^^ : : '.Jd+ij. 

1. Involving terms, a' : b^ : : c-\-x : <l-\-y 

2. By tlie first siipposilion, a' -. t/: : ,r : ii 

3. Hy cfpialiiy of ratios, c+x : d+y ::x:y 
Inverting the means, c-{^x:x: : d+y.y 

c: x::d:y 

10. Tliere nre two mimbers whose product is 135, and the 
dilFerence of iheir Bipiares, is to ilie scjiiare of llieir diirerence, 
OS 4 to I. Wiint are llie numbei-s 'i Ana, 15 ajid 0. 

11. Wiiat two mmibers are tliose, whose dilTcrence, sum, 
and product, are as the mnnbers 2, 3, and 5, respectively? 

Alls. 10 and 2. 

12. Divide the mimber 24 into two snch parts, llial then 
product shall be to the smn of llicir sipiares, as 3 m 10. 

Alls. 1& and G. 

13. In a mixture of rum and ornndy, ihe difTi^rence be- 
tween the qnanlities ofeadi, is to the f]uanlilv of brandy, as 
100 is lo (he iiniuljer of gallons of rnni ; and' the same dif 
fercn(.e is to llie iptiiniiiy of rum, as 4 lo tlie nnniber of 
gallons of brandy. How many gallons are I here of each? 

Ans, 25 of rum, and 5 of brandy, 

14. There are two niinibcra which are to each oiher as 3 
lo 9. If 6 be added to ihe greater and sitbiracied from ihe 
lesp, the sum and remainder will be to each othef, its 3 lo I. 
What are llie nnmbersi Alls. 24 and 16. 

15. There are two mimbers whose product is 320 ; and the 
difretence of ilieir cubes, is to the culie of iheir dilli;rrnc-e, ai 
CI to 1. What are ilie numbers? Ans. ^0 and IC. 
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16. There are Iwo numbers, wliich are to each oilier, iii 
tlie (kipliciite ratio of 4 lo 3 ; and 24 is a mean projiordonal 
between tliem. Wliat are tlie numbers 1 Aiis. 32 and 13, 

402. A list of tlie articles in tliis section which contain the 
propositions in the 5th book of Euclid.* 

Trop, I. Art. 3fi5. Xlll. 3 S 4, cor. 

II. 383. XIV. 395, cor. 1 

III. 363. XV. 360. 

IV. 3S2, cor. 1. XVI. 380. 

V. SC,± XVII. 3S9, cor. 

VI. 562. XVIII. .89, 2. 

VII. 349, cor. 1. XiX. 3S9, 4. 
Vni. 357, cor. 35S, cor. XX. 395, cor. 2. 
iX. 349, cor. 2. XXI. 395, cor. 3 
X. 357, cor. 358, cor. XXII. 3S6. 

XL 384. XXIII. 387. 

XII 363. XXIV. 3SS. cor. 2. 



SECTION XIII. 



VARIATION OR GENERAL PROPORTION.f 

.,v-.T. 403. THE ([uantities which conslilnte tlie lenns of 
k. jtoporliort are, frequently, so related to eacli oilier, that, if 
oi.e of tliein be eitlier increased or diminished, anollior de- 
pending on it wilt also be iiicreneed or dimiiiished, in such a 
manner, that (he proportion will still be preserved. If the 
value of 50 yards of cloth is 100 dollars, and the qiianiity 
be reduced to 40 yards ; the value will, of couree, be reduced 
to SO dollars; if the quantity be reduced to 30 yards, the 
value will be reduced to 60 dollars, &c. 

- Scfi nole O. 

tNewton'B Priofiip. Book I. Sec. I. Leirims 10, solinl. Rmerson on Pro- 
poition, Wood's Alf:ebra, Lu.ilum's Mali Smmlerson's Algcljivi, Alt, 393 
Ptirk ill son's Mecliaiiics, p. 24. 
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VAUIATiON. 20T 

^(i. yd. dol. dot. 
That is, 50:40: : 100: 80 
50:30:: 100:60 
50:20-.: 100:40, &c. 
As the coDseqiient of the _^)-s( couplet is varied, tlie conse- 
qneiH of die secmd is varieil, in such a maimer, that the pro- 
portion is constantly preserved. 

If the two antecedents are A and B ; and if a represents a 
(piantity of the same kind with ji, but eiilicr greaiei- or less ; 
and b, a quanlily of the same kind with B, but as many times 
greater or less, as a is greater or less than A ; tlieii 

Jl:a::Ii:b; 
that is, if .■J by varying becomes «, then S becomes 6. This 
is expressed more concisely, by saying tiiat A varies as B, or 
A is 03 B. Thus llie wages of a laboring man vary as the 
time of his service. We say that the interest of money v.'liich 
is loaned for a given time, is proportioiud to (he piincipal. 
Hut a proportion contains four ternis. Here are only two, 
the interest and the pHricipal. This then is an abridged 
statement, in which two terms are mentioned instead of fom 
The proportion in form would be : 
As any given principal, is to any other principal ; 
So is tJie interest of ilie fonner, to the interest of the latter. 

404. In many mathematical and philosopliical investiga- 
tions, H'e have occasion to determine tjie general relations 
of certain classes of ([uantities to each other, without limiting 
the inquiry to any particular values of tliose quantities. In 
such cases, it is frequently sufficient to mention only two of 
the terms of a proportion. It must be kept in mind, how- 
ever, that four are always implied. When it it said, for in- 
stance, that the weight of water is proportioned to iis bulk, 
we are to tindersland, 

That one gallon, is to any number of gallons ; 

As the weight of one gallon, is to the weight of ilie given 
number of gallons. 

40.5. The character v, is used to express the proportion ol 
variable quantities. 

Thus A cr> n signifies (hat Avaries as B, that is, that 

A:a::B:b. 
Tl exprepflon A a^B niny ije called a general proportion. 
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406. One quantity ig said to vary directly .is anollier, when 
the one iiicreascs as the oilier increases, or is dim in i shed as 
the other is diminished, bo that 

^ c/i B, tiiat is, ^ : rt : : B:b. 
The ir.lerest on a lonn is increased or diniinislied, in pro- 
porlioii lo ihe principal. If the prii(ci|Kd is doubted, ilie in- 
terest is doubled ; if the piiiitipal is trebled, the iiiteiesl is 
trebled, &c. 

407. One qiianlityia said to vary inversely or reciprocally 
as auotiier, when tlic one is proportioned lo the reciprocal 
of liie otiier; llinl is, ivlieu tlie one isdjjninjslied, as tlie olliei 
is increased, so that 

A(/> — that is, .'i : a ■ ; i- : 1, or .^ : a : : 6 : ^. 
n B b' 

In liiis case, If A is greater ilian a, i? is lens than b. (Art. 
395.) The lime required for a man to raise a given sum, by 
his labor, is invei-sely as his wages. The higher his wages, 
the less the lime. 

408. One r|nan(ily is said to vary as hro others jointly, when 
the one is increased or di:nitiished, as the product of tiie olhei 
twoj so that 

.« cfi BC, (hat is,1 : a: :BC: be. 
The inloresl of money varies as the product of the princi- 
pal and lime. If the lime be donbled, and ihc principal 
doubled, the interest will be fonr ihnes aa great. 

409. One qnajiiity is said lo vary directly as a second, and 
inversely ns 0. I bird, when the Ai-st is always proportioned to 
the second divided hy the third, so ihat 

a .„^ ,1..., -.^ ft. ^.. B . b 



410, To understand Ihe methods by which the slalements 
of the relalions of variable quanlilies are changed from one 
form to another, little more is necessary, ihnii to make an 
application oi ihn principles of conimon pro|ioriion ; bearing 
conslnnily in mind, that a geneial pro{)ortion is only an 
abridged expression, in which two terms are mentioned in- 
stead of four. When tlie <leficitint terms are snpplieil, the 
reason of t'lc several operations will, in most cases, be appa- 
reiil. 
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411. It is eviilenl, in the first place, that (he order of the 
terms hi a general proportion may be inverted. (Art 36y.) 
If ^-.a-.-.B: 6, that is, if Acs>B; 
Tlien B:b::^: a, tliat is, B y. ^. 

413, If one or botli of the lerais m a general proportion, 
oe multiplied or divided by a constant quantity, the propoition 
will be preserved. 

For muhiplyhig or dividing one or botli of the terms is ihe 
same, as multiplying or dividing analogous (erms in the pro- 
portion expressed at length. (Art, 3S3, and cor. 1.) 
If ^-.a-.-.B lb, that is, \{ JloiB, 

T!ien nul: ma:: B : b, that is, m^ <j, B, 
And nui :ma:: mB : mh, (hat is, mA ui mB, &c, 

413, If both the terms be multiplied or divided even by 
a variable quanlily, llie propcfflion Avill be preserved. Poi 
this is equivalent to multiplying the two antecedents by on& 
quantity, and the two consequents by another. {Art, 3S2.) 

If A:a::B:h, that is, if ^ y, B ; 

Tiien J\M : tiia : : J\IB : mb, that is MJl cr MB, &c. 

Cor. I. If one quantity varies as another, the quotient ol 
the one divided by the other is constant. In other words, if 
Ihe numerator of a fraction varies as the denominator, the 
value remains the same. 

If ^ : a : : B : 6, that is, if A<jiB, 

Then ^ : * ; : ^ : - : : 1 : 1, (Art, 128.) 
B b B "■ 

Here the third and fourth teiTns are equal, because each ia 
equal to 1. Of conrsc the two first terms are equal ; (Art. 
395.) so that if Jl be increased or diminished as many times 
as B, the quotient will be invariably the same. 

Cor. 2, If the pr^yducl of two quantities is constant, one 
varies reciprocally as the other. 

Cor, 3. Any factor in one term of a general proportion 
may be transferred, so as to become a divisor in the other , 
andty, v. 

If ^ yiBCtlieii dividing by B, ~'-r C- (Art. 118) 
19 



.■..Google 



0-j-. (Art. 159.) 

414, If two quantiUes vary repjieciivcly as a diiid, tlien 
one of tlic two varies as the oihei. (In. 3S4.) 

If ^-.a-.-.B-.b) ., , . .. (J}(s,n 
Ami C:c::B:bi""'^'^'"lC!f>B; 
Tlien Ji:a::C:c, tliat is ^ (/> C\ 

415. If (wo qiiaiUttieg vary respectively as a ihrr^, their 
smi or differences Hi vary in tho same manner, (Art. 388.) 

If ^:a::B:b} . C .^ c« B 

And C:c::B:6r'''^^'^''f I C a^. B ; 

Then Jl+C : a+c :: B :b, tliat is, ^+C U) 7?, 

And ^--C:a-c::B:b, lliatis, ^-C<^i'. 

Cor. Tlie addition here may be exiended lo any mimber of 

quantities all varying alike. (Art. 388. cor, 1.) 

If Alt B, and C t/i B, and J> ^/> B, and E co B, then 
(.3+C+I>+£)c/.i;. 

415, 6. If the square of the sum of two qnantities, vanes 
US tlie sqitare of their difference; Ihen tlie sum of their squares 
varies as tlieir pro^iucl. 

If {A+B)^cf.{J-Bf; then ^+.5' yj .4J5. 
For by ihe supjKisiiion, 

(^+ZJ)>: (^-ii)-; :(«+!.)■ ;(«-4)-. 
Kxpandiiis;, adding', and siiblracting terms. (Arts. 217, 
mid 380, 7. r 

S^+2C= : 4JiB:: W-\-%li' : 4ab. 
Or, (Art, 382.) 

A'+B' -.JIB:: a^-\-h'' : ab, that U, A''-\-B' cnJlB. 

416. The terms of one general pro|wrlion may be multi- 
ulied or divided by the corresponding terms of aiiothcr. — 
(Art. 390.) 

If Jl'.a::B:b),, , ■ .. iA^B 
AndC:c:;/;:rfr ^ ^^' I C^D; 

Then AG lac-.iBD: bd that is, .10 s. BD. 

Cor. If two qnantilies vary respectively as a third, the pro 
duct of the two will vary as liie square of the other. 

*/ ,;^'^p!theii^Cyji?'. 
And C^ B s 
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417. If anv quantity vary as another, any power or root of 
the former will vary, as -a like power or root of the latter. 
(Art. 391.) 

If A : a::B:b, that is, iiAaiB, 

Then Jl": a" : : B^ : &' that is, Jl" cni?". 

And d" : a' : : B^ : h", that is, J]t':i> B\ 

418. In compounding' general proportions, equnl /setors or 
divisors, in the two terms, may he rejected. (Art. 393.) 

If A:a::B:h) C.f}(j>B 

And B :b:: C-.c) that is, if \Brj>G 
And C:c::D:d) (Cv,D 



Then ^ ; o : : i> : d, iliat is, .1 a. J5. 

Cor. If one quantity varies as a second, the second, as a 
third, the tliird, as a fourlli, &c. then the Jirst varies as the 

If .9 «. jG o) (7 Oi D, then Acf>D. 



redly as the second, and the second varies reciprocally as the 
tliird ; the first varies reciprocally as the third, 

419. If any quantity vary as the product of two others, 
and if one of the latter be considered constant, the first will 
vary as the otlicr. 

If rrcft LB, and If B ho constani, then IV c/> L. 

Here it musl, be observed that tliere are (too conditions : 
First, ihal W varies as tlieprorftKl of ihe two other quantities, 
Secondly, that one of tJiese quantities B is conslmit. 
Then, by ihe condiiiona, W :w. : LB : IB; B being the 

aanie in both terms, 

Divid. by the consfant quaniity B, W: w::L:l, ihat is IF en I^ 
And if L be considered coiislant, W ^B. 

Thus the weight of a board, of uniform tliickne^ and den- 
sity, varies as its length and breadih. If the /en^i/i is given, 
the weight varies as ihebrcadlli. And if the breadth is given, 
the weight varies as tjie length. 
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Cor. The same principle may be extended to any miniber 
of quantities. Tlie weight of a sliclt of timber, <»f given 
density, depends on the length, breadth, and thickneag. If 
the length is given, the weiglU varies as rlie breadth and 
thickness. If the length and breadth are given, the weight 
varies as the thickness, Se- 
lf Wct> LET; 
Then maJdng L consfant, W ca BT; 
And making L and B constant, W ix T; 

420. On the other hand, if one quantity depends on two 
others ; so that when the second is given, the first varies as 
the third, ajid when ihe third is given, the first varies as the 
second ; then the first varies as tJie product of the other two, 

If the weight of a tward varies as the length, wlieii the 
breadth is given, and as the breadili wiien the length ia giv- 
en ; llieti if the length and breadth both vary, the weight va- 
ries as their product. 

If W^L, when B is constant, ) ,, ^ ,„ „, 
, J „, ,j I T ■ . . i then vV c/i BL.. 

And W'Lfi B, when L is constant, j 

In demonstrating this, we have to consider, two variable va- 
lues of fV; one, when L only varies, and the other, when L 
and B both vary. 

Let to'= the first of these variable values. 

And w = the other ; 

So that W will be changed (o w', by ihe varying of L, 

And 11/ will be farther changed to 10, by tJie varying of B. 
Then by the supposition, fV : w' : : L : I, when B is constant. 
And w' : w : : B : b, when B varies. 



Mult, correspond, terms, Ww' : ww' : : BL : bl. (Art, 390.) 
Divid. by w' {Art. 382.) tT-.ie:: BL:bl,i.e. W v> BL. 

Tlie proof may be extended to any number of quantities. 

The weight of a piece of timber, depends on its length, 
breadth, thickness and density. If any three of the=e are 
given, tlie weigjil varies aa the other. 

Thia case must not be confounded with that in Art. 416, 
cor. In that, B is siipiwsed to vary as ^ and as C, at the 
same time. In this, B varies as ^, only when C is constant, 
and as C, only when ^ is constant. !t carmot therefoie varv 
as A and as C separatelv. at the same lime. 
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An. 420. b. If one quanlilyvariesasaiiotlier, ihe former is 
equal to the product of Uie latter into some, comtant quantity. 

If ^j-B ; : rt : i ; then, whatever he the vulue of a, its ratio 
to b must be constant, viz. that of ^i : B. Let tiiis ratio be 
that of m: 1. 

Then A:B: :a:b::m:l. Therefore.^^niB; And a=mb 
Hence, if the ratio between the two quantities be found 
for any given value, it will he known for any other period of 
their increase or decrease. If the interest of !00 dollars be 
to the principal as I : 20 ; the interest of 1000 or 10,000 will 
have the same ratio to the principal. 

421. Many writers, in expressing a general proportion, do 
not use the term vary, or the character which has here been 
put for it. Instead of ^ en .B, they say simply that A is as B. 
See Enfield's Philosophy. Ii may be pi'oper to observe, al- 
so, that the word given is frequently used to distinguish cim- 
stant quantities, from those which are variable ; as well as 
to distinguish knoirni quantities from those which are un- 
known. (Art. 17.) 



SECTION XIV. 
ARITHMETICAL AND GEOMETItlCAL PROGRESSICN. 

Art. 423. QUANTITIES which decrease by a common 
difference, as the munbers 10, 8, 6, 4, 2, are in conlmiied 
arithmetical proportion. (Art, 372.) Such a scries is also 
called a progression, which is only another name for continued 
proportion. 

It is evident that tJic proportion will not be destroyed, rf 
(lie order of the quantities ha inverted. Thus the numben 
2, 4, 6, 8, 10, are in arithmetical proportion. 
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QiiiaUilies, then, are in arilhmelieal progression, when they 
inn-ease or decrease by u common difference. 

When they increase, lliey form what is called an ascending 
series, as 3, 5, 7, 9, ll,&c. 

When tliey decrease, they form a descending series, as 11, 
9, 7, 6, &c. 

The natural numbers, 1, 2, 3, 4, 5. 6, &c. are in ariihmet- 
ical progression ascending. 

423. From the definition il is evident that, in an ascending 
series, eacli succeeding term is found, by adding the common 
difference lo the preceding term. 

If tlie first term is 3, and the common dilTerence 2 ; 
The series is 3, 5, 7, 9, 11, 13, &c. 
If the first term is a, and the common difference d ; 
Tlieri a+d is tlie second term, a-{-2d-\-d—a-\-Sd, the fourth, 
a+d-\-d=a+^d !he 3d, a+^d+d^a^4d the 5lh, &c. 

And the series is «, a+d, a\-H «-i-3rf, a+4d, &c. 
If the first term and the common difference are the same, 
file series becomes more simple. Thus if a is the first term, 
and the common difl'erence, and n the nmnber of terms. 
Then a-\-a=2ah (he second term, 
2«+o=Sa the third, &c. 
And the series is a, 2rt, 3a, 4a, na. 

424. In a descending series, each succeeding term is found, 
by sublracting ihe common difference from the preceding term. 

If a is the first term, and d the common difTerence, the 
series la a, a-d, a-2d, a- Sd, a- 4d, &c. 

Or the common difference in tliis case may he considered 
as - (/, a negative tjuantity, by the addition of which to any 
preceding term, we obtain the following term. 

In this manner, we may obtain any term, by continued 
addition or subirnction. But in a long series, ibis process 
would become tedious. There is a method much more ex- 
peditious. By attending to the series 

a, a+d, a+2d, a+2d, a+4d, &c. 
Il will be seen, tjiat the number of times d is added to a is one 
less ihan ihe number of the term. 



.■..Google 



ARITHMETICAL PUOGUESSION. 2|5 

Tlie second tcnn is n-j-rf, i. e. a added to once d; 

The third ia u-\.%d, a added to twice d; 

The fourlk is a^3d, a fidded Lo llmce d, &c. 

So if llie series be contiimcd, 

Tlie 50th term will be a4-4M 

The lOOth term a+S9d 

If the series be descending, the 100th term will be a S9d. 

In rhe lasl tsrm, the number of times d is added to a, 'a 
WW less than the number of all tlie terms. If then 
o=t]ie first term, i=the lasi, ii=tlie mmiber of terms, we 
shall have, in all cases, z—a+{n-l)xd; that is, 

425. In an arithmetical progression, the last term is equal 
lo the jirst,~\- the prodjul of the common differetice into the number 
of terms less one. 

Any other term may be found in the same way. For the 
series may be made lo stop at any term, and tliat may be 
considered, for llie time, is the last. 

Thus the fflth term=^«-|-(ni-l)X''. 

If the first term and the common difference are (he same, 

z—a+(n-\)a=a-^na-a, that is, z—na. 

In an ascendit^ series, the first term ia, evidently, tlie least, 
and the last, the greatest. But in a descending seiies, tlie 
first tenn is the greatest, and the last, the least. 

426. The equation s=a+{n-l)d not only shows the value 
of the last term, but, by a few simple reductions, will enable 
us to find other parts of the series. It contains four different 
quantities, 

a, the/rsi term, n, the nuviber of terms, and 

2, the last term, d, ihe common difference. 

If any three of these be given, the other may be found. 

1. By the equation already found, 

z=a-\-{n-l)d=the last term. 

2. Transposing (n-\)d, (Art. 173.) 

z~{n-l)d—a=the first term. 

3. Transposing a in the 1st, and dividing by n-1. 



= d:^the 
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4. Tiansp, a in tlie 1st, dividing by d, and Lransp. -1, 

—j-~\~l=n=lke number of terms . 

By the (hii'd eqnalion, may be found any number of aHth- 
meiical means, between Iwo given numbers. For the wlwle 
number of terms consists of the two extremes, and all the 
intermediate terms. If then m= the number of means, m-\- 
2=n, tlie wliole number of lenna. Substituting m-\-2 for n, 
in llie third equation, we have 

I . =d, the common difference. 

Piob, 1. If tlie firet term of an increasing progression is 7, 
the connnon difference 3, and the number of terms 9, what ia 
the last termi Ans. z=a+{n-l)d=l+(9~l)x3=3l. 

And the series is 7, 10, 13, 16, 19, 22, 25, 28, 31. 

Prob, 2. If the hist term of an increasing progression is 60, 
the number of terms 12, and the common difference 5, what 
is the first term? Ans. a=r-(n-l)((=60-{12 -1) x5=5. 

Prob. 3. Find 6 arithmetical means, between 1 and 43. 
Ans. Tiic connnoii difference is 6. 
And the series, 1, 7, 13, 19, 25, 31, 37, 43. 

427. There is one other in([iiiry to be made concerning a 
series in aritJimetical progression, it is often necessary to 
find the sum of all Ike lenns. This is called the summation ol 
the series. TJie most obvious mode of obtaining the amount 
of the terms, is to add them together. But the nature of 
progression will furnish us with a method more expeditious. 

It is manifest that the sum of the terms will be the same, 
in whatever order ihey are written. The sum of the ascend- 
ing series, 3, 5, 7, 9, 11, is the same, as tliat of the descend- 
■ng series, 11, 9, 7, 5, 3. The sum of boih the series is, 
therefore, Iteice as great, as the sum of the teims in one of 
tliem. There is an easy method of finding this double mm, 
and of course, the sum itself which is the object of inquiry. 
Let a given series be written, both in the direct, and in the in- 
verted ordei', and then add the corresponding terms together 
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Take, for instance, tlie si 
And the same inverted 



The sums of the terms will be 14, 14, 14, 14, II. 
Titke also the series a, a-\-il, a-\-2d, a+Sd, a-\-4d. 

And tjie same inver. a+4d, a-\-3d, a+2d, a+d, a. 



The sums will be 2a+4ii,2n+4(;,2«-U4rf,2rt-f 4(/,2(!+4.? 
Here we discover the ijtipoilajit piojjeily, ijiat, 
438. In an aritlimetical prog-rcsMioii, the sl'm of tife e\. 

TREMES IS EQUAL TO THE SUM OP ANY OTHER TWO TJ-.RMa 
EQUALLY DISTANT FBOM THE EXTRKMES. 

In the series of numbers above, the sum of tJie first and 
the last term, of the first but one and the laal but one, &c. is 
14. And in the olher series, the sum of eacli pair of corres- 
ponding teniia is 2a-\-4d. 

To find the sum of all the terms in tlie double series, we 
have only to observe, that it is equal to the sum of tlie ex- 
tremes repeated as many times as there are terms. 
The sum of 14, 14, 14, 14, 14:^14x5. 

And the sum of the terms in the other double series ia 
{2a+4d) x5. 

But this is tieice the sum of the terms in the sino-Ie series. 
If than we put ° 

a=the tirst term, n:=lhe nuniher of terms, 

i=the last, s^the sum of the terms, 

we shall have this equation, 

s^~Xn. That is, 
429. In an arithmetical progression, the sum of all the 

TERMS IS EQUAL to half THE SUM OP THE EXTIIE.MES MUL- 
TIPLIED INTO THE NUMBER OP TERMS. 

Prob. 'What is ihe sum of tlie natural series of numbera 
I, 2, 3, 4, 5, &e. up to 1000? 

a-\-z 1+1000 

Ans. s:=^- xn= -~ — -xIOOO^SOOjOO. 

its value 



Hii 


1 the [ireceding equation, 


we substitute for 


givi 


;n 111 Art. 426, we Itave 
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In this, there are four different quantities, the first term of 
the series, the cirmmon difference, the number of teriiis, and 
the sum of the terms; any three of wliich being given, the 
fourth may be found. For, by reducing the equation, we 
have, 

Qs-dn^+dn 
z. a= 5 ' the first term. 



J-^(2a -Wj^+iids -^a -\-d 



the number of terms. 



Ex. 1. If the first term of an increasing arithmetical series 
is 3, the common diffeience 2, and the number of terms 20 ; 
what is the sum of the series 1 ' Ans. 440. 

2. If 100 stones be placed in a straiglit line, at the dis- 
tance of a yard from each oliier; how far miiat a person tra- 
vel, to bring (hem one by one to a box placed at the disiance 
of a yard from the first stoiiet Ans. 3 miSes and 1300 yards. 

3. What Is the sum of 150 lerras of the series 

12 4 5 7 

3'3'1.3'3.2,3.&c.? Ans. 3775. 

4. If the sum of an arilhmetical series is 1455, the least 
term 5, and the number of terms 30 ; what is the common 
ditferencel Ans. 3. 

5. If the sum of an arithmetical series is SC7, the first 
tenn 7, and the common difference 2; what is ijie munber 
of terms ^ Ans. 21. 

6. What is the sum of 32 terms of the series 

1, IJ, 2, 2J, 3, Sic.1 Ans. 280. 

7. A gentleman bought 47 books, and gave 10 cenls for 
llie first, 30 cents for the second, 50 cents for the third, &.c. 
What did he give for the whole? Ans. 220 dollars, 90 cents 

8. A person put into a charity box, a cent the first day of 
the year, two cents ihe second day, tbree cents the third day, 
&c. to the end of the year. What was llie whole sum for 
365 days 1 Ans. 667 dollars, 93 cenla. 
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_ 430. In the series of odd numbers 1, 3, 5,-7, 9, &c. con- 
tinued to any given extent, i,lie last term is always one les^ 
than twice the number of terms. 

For !=.a+{n-]}d. (Art. 425.) But in the pioposed 
series «=], and d=2. 

The equation, then, becomes .:==! + (n-l ) x2 — 2n -1. 

431. In the series of odd numbers, 1, 3, 5, 7, 9, &!.r,. 'he. 
sum of the terms is alti>cey>i equal to the square of the number of 
terms. 

For s=i (a-^z)n. (Art. 429.) 
But here a=l, and by the last article, z=2m-1. 
The equation, then, becomes 3=^ {l-^-2n--\)n=n''. 
Thus l-f-3^4 1 

1+3+5=9 > the square of the number of terms. 
1+3+5+7^16) 

432. If there be two ranks of quantities in arithmetical 
progression, (he sums or differences will also be in arithmetical 
progi'cssion. 

For by the addition or subtraction of the corresponding 
terms, the ratios are added or subtracted, (Art. 345.) And 
by the nature of progression, all the ratios in the series are 
equal. Therefore equal ratios being added to, or subt meted 
from, etjual ratios, the new lafios thence arisiiig wili also be 
equal. 

To and from 3, 6, 9, 12, 15, 18, 21 

Add and sub. 2, 4, 6, 8, 10, 12, 14 

Sums 5;iorr5,"20,~2"5730735 i 

Diff. 1, 2, 3, 4, 5, 6, 7 ' t 1 

433. If all (lie terms of an anthmetical pi-ogiession be mul 
liplied or divided by the same quantity, the products or quo 
tients will be in arithmetical progression. 

For by the multiplication or division of the tenus, the ratioi 
are nuiltiplied or divided ; (Art. 344,) tliat is, equal quunilticB 
are multiplied or divided by the given quantity. They will 
therefore remain equal. 

If the series 3, 5, 7, 9, 11, &c. be multiplied by 4; 

Tlie prods, will be 1 2, 20, 28, 36, 44, &c. and if this be div. by 2. 
The(|Uots.wiilbe 6, 10, 14, 18, 22. &c. 
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Problems of various kinds, in arithmetical progression, in^y 
be solved, by stadiig ibe condilions algebraically, and then 
reducing the equations. 

Piob. 1. Find four numbers in arithmetical progression, 
whose sum shall be 56, and the sum of their squares 864. 
If ir=the second of the four numbers, 
A.nd j/=their common difierence: 
The series will bex-y, x, x-\-y, x+^. 
By the conditions, (i-v)+x-|-(x+j/)4-(a:+2y)==56 > 
Aiid {.x-yY+x^^-{x+yT+{x^^r^^Q'i. i 

That is 4.r+2iy=56 ) 

Reducing these eqiiat ions, we have x=:12, andi/=4. 

The numbers retiuired, therefoie, are 8, 12, 16, and 20. 

Prob. 2, The sum of three numbers in arithmetical pro- 
gression is 9, and ihe sum of their cubes is 153. What are 
the numbers \ Ans. 1, 3, and 5. 

Prob. 3. The sum of three numbers in arithmetical pTO- 
gi-ession is 15; and the sum of the squares of the two ex- 
tremes is 58. What are the numbers? 

Prob. 4- There are four numbeis in arithmetical progres- 
sion : the sum of the sqnares of the two first is 34 ; and the 
simi of the squares of the two last is 130. What are the 
numbers? Ans. 3, 5, 7, and 9. 

Prob. 5. A ceitain number consists of three digits, which 
.»r« m arithmetical progression ; and the number divided by 
<3^Xm of its digits is equal to 26; but if 198 be added to 
it, the digits will be inverted. What is the number? 

Let the digits be equal to x-y, x, and x-^y, respectively. 
Then the number =\m{x-y)+\Ox-\'{x-\-y) = \nx-^^y. 

llla:-99y ) 

By the conditions, 3^ =26 f 

And Hlx-99y+198=100{K+y)+10a;+(i--!/) > 

Therefore a;=3, y=\, and the number is 234. 

Prob. 6. The sum of the squares of the extremes of four 
numbers in arithmetical progression is 200 ; and the sum of 
the squares of the means is 136. What are the numbers^ 
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Prob, 7. Tlicre me four iiniiilicra in aridimclicnl progres- 
sion, wiiose BUiri is 28, and tlieir continual product 585. 
What are tjie numbers? 



GEOMETRICAL PROGRESSION. 

434. As aritlimelical proportion continued is arilliinelical 
progression, ao geometrical proportion continued is geonietri- 
cal progression, 

Tlie numbers 64, 32, 16, 8, 4, are in continued geometri- 
cal proportion. (An. 372.) 

In (his series, if each preceding term be divided by the 
common ratio, tlie quotient will be the following teim, 
V=32, and "=16, and 'i = S, and -§=4. 

If the order of the series be inverted, the proportion will 
Etill be preserved ; (Art. 399,) and the common divisor will 
become a multiplier. In the series 

4,8,16,32,64, &c. 4x2^8, and 8x3 = 16, and 16 x2=32,&c 

435. Quantities then are in geometrical progression, 

WHEN THEV INCREASE BY A COMMON MULTIPLIER, OR DE- 
CREASE BV A COMMON DIVISOR. 

The common mullipHer or divisoi- is called the rauo. For 
most purposes, however, it will be more simple to consider 
the ratio as always a muUiptUr, either integral or fractional. 

In the series 64, 33, 16, 8, 4, tiie ratio is either 2 a divisor, 
or i a multiplier. 

To investigate the properties of geometrical progression, 
we may take nearly the same couree, as in arithmetical pro- 
gression, observing to substitute continual multiplication and 
divisioTi, instead of addition and subtraction. It is evident, 
in the first place, that, 

436. In an ascending geometrical series, each succeedinj? 
^rm is found, by muUiplying the ratio into the preceding term 

If llie first term is a, and the ratio r, 

Then axr=ar, the second leira, ar'xf—^r', the fourth, 
arxr=ar% the third, ar'xr—ar^ the fifth, &,c. 

And the series is a, ar, ar% ar', or*, ar\ Sic. 

437. If the first term and the ratio are the same, the pro- 
' : simply a series of powers. 
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If (he firet lein) and the ratio arc each ef|iinl to r. 
Then rXr:=r', 'lie second term, r''x>'=r', (he fointh, 
r'xr=r\ llie tlihcl, r'x»"=r^, the fifth. 

And (he series is r, t", r\ r*, r', r*, &o, 
43S. Ill n, descending series, eacli aiiccecding tenn is found 
by dividing ihe |ireceding term !.y tlie ratio, or moltiplying 
by the fracticnEii ratio. 

If the first term is ai", and (he ratio r, 
ar" 
the second term is — , or ar'X'ii 

And the series is ar", Br', ar', oH, or', ar, a, &c. 
If the first (erm is a, and the ratio r, 

Tlie series is aj-j—s'-^i &c. or «, ar~', fir"^, Sic. 

Ey atlendiiig to the series a, ar, ar", ar\ ar', or*, &c. it will 
be seen thai, in each temi, the exponent of the power of the 
ratio, is one less, (iian the nmnher of the term. 

If then a=lhe first tenn, r~the ratio, 

_^viie lasl, i(~tlie number of (enns , 

we have (he eqnalion z=«r"~', that is, 

439. In geometrical progression, Ike last term is equal to the 
product of the first, into that poieer of the ratio whose index is one 
less than the number of terms. 

When the leapt term and (he ra(io are the same, (he equa- 
tion becoiYies e— r/-""'^*^. See An. 437, 

440. Of thn four quantities a, z, r, and n, any three being 
given, (he oiher may be foiim!.*' 

1. By the last arn'cle, 

z^rar"' — the last term. 

2. Dividing by f'~', 

-:^,=a=the first term. 
S. Dividing the 1st by a, and extracting (he root. 
Is \i^zEr=the ratio. 
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By the last equation inny bt. foiintl any number of n-eonie- 
Iricalmeans, Itetwceii Iwo given numbers. If m= the ruim- 
ber of means, m4-2=% ilie mhole nmiiljer of terms. Substi- 
tuting m-\-2 for n, in liie equation, we liave 



When the ratio is found, tlie means are obtained by con 
tinned muiliplii^ation. 

Picb. 1. Fnid two geomehical means between 4 and 236 
Ans. Tiie ratio ia 4, and the series is 4, 16, 64, 256. 

Prob. 2. Find three g-eom^tiical means between i and 9 
Ans, S, 1, and 3. 

441. Tlie next tiling to he attended to, is the rule for find 
ing the sum of all tlie lemts. 

If any tenn, in a geometri'^al series, be multiplied by the 
ratio, the product will be the succeeding term. (Art. 436.) 
Of course, if each of the lerins be multiplied by the ratio, a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
eeriea. To make this plain, let the new series be written 
under the other, in snch a manner, that each term shall be 
removed one step to tlie right of that from wliich it is pro- 
duced in tlie line above. 

Take, for instance, the aeries 2, 4, 8, IG, 32 

Multiplying each term by the ratio, we liave 4, 8, 1(!, 32, C4 

Here it will be seen at once, that the four last terms in the 
upper line are the same, as the four first in tlie lower line. 
The only terms which arc not in. both, are the first of the one 
series, and the last of the otlier. So that when we suhtracl 
the one series, from tlie other, all the terms except these two 
will disappear, by balancuig each other. 

If the given series is a, or, an-'', ar^, ar""'. 

Then mult, by r, we have ar, ar", ar\ .... a,'-', ar". 
Now iet s= the sura of the terms. 

Then s^a^ar+ar'+ar', . . . .-{-a<^-\ 

Aud mult, by r, rs= fir+ar'+«r^ . . . .J^af-'+a^- 

Subt'g the first equation fiom the second, rs-s=«j^-o 
And dividing by (r~l,) (An. 121.) s^""!!:!^. 
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In this e<jiiation, ar" is the last tern 
IB theiefote the product of the ratio i 
gifen series. 

Therefore s^""!::^, that is. 


1 in the ^w^ 
into the liis 



-1 

412. The snm of a series in geomeltifnl progression is 
found, by miilliplying the hiat term into tlie tatio, aiitttract- 
ing tlie fii-st teiiii, aiid dividing liis reimiiiider by the ratio 
less one. 

Piob, 1, If in a series of numbers in geometrical pro- 
gression, the first term is 6, the last tenn 1458, and ilie ralio 
3, whal is ttie sum of all (be terms'? 

r-l a-1 

Prob. 2. If ihe firs! tenn of a decreasing geomclrical se- 
ries b ^, the ralio 3, and the number of terms 5 ; wliat is the 
sum of the series 1 



The last term — «r"~'=ix{ii)'- 
And the sum of the tern 



sX,-!^- 



Prob. 3. What is the smn of the series, 1, 3, 9, 27, &,c. to 
12 terms? Ans. 2C3720. 

Prob. 4. What is the sum of ten terms of liie series 1, f, 
. > •. * 174075 

443. QxiantUits m geometrkal progression are proportional 
to their differ'.nces. 

Let the aeries be a, ni-, ai--, ar', ccr', kc. 

By the nature of geometrical progression, 

tt : (W : : or : (M^ : : or' : or* : : or* : ar*, &c. 

In each couplet let the antecedent be subtracted from the 
consequent, according to Art. 389, 6. 

That is, the firet tenn is to the second, as (he difference 
between ilie fii^t and second, to the difference between the 
second and third ; and as ihe difference between the second 
andihirilito the diflercnce between the third and foiirlli,&o 
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Cor. If qiiiiniiiies are in geomelricd progression, iheir dif- 
ferences uie also ill geoiuetiicai progression. 

Tims (he numbers 3, 9, 27, 81, 243, &c. 

Aiid llieir dillercKceg C, 18, 54, 1C2, &i:, are in geo 
metrical progiession, 

444. Several (luaiitilies are said lo be in Juirmoukal progreS' 
sitm, when, of any iliree which are coiifigiious in ihe series. 
the firel is to Ihe last, as the difference between Ihe two firal, 
to the difference between the two last. See Art. 400. 

Tims Ihe (Huvibers 60, 30, 20, 15, 13, 10, are in harmoni- 
oal progression. 

For 60: 20 ::60-30: 30- 20, And 20: 13:: 20- 15: 15-13 
And 30: 15;: 30-20: 20-15,And 15 : 10;; 15-12: 12-10 

Problems in geometrical progression, may be solved, as in 
other parts of algebra, by the reduction of equalioiis. 

Prob. 1. Find three numbers in geometrical progression, 
such Ibiit their sum ehall be 14, and the sum of their 
s(|uares 84. 

Let the three numbeis be x, y, and z. 

By the conditions, x -.y: ly : z, or xz=y' ) 

And cc+y+z=Ul 

And 3^J^y^J^z'^84 ) 

Reducing these equations, we find the numbers required 
to be 2, 4 ajid 8. 

Prob. 2. There are three numbers in geometrical progrea- 
aion whose product is 64, and tlie sum of their cubes is 584. 
What are the nuir.bers 1 

If a: be the first term, and y the common ratio ; the series 
will be X, xy, xy\ 

By the conditions, xX^X^/i or a^y'=64, ) 

And x''-\-x^y'-{-x''y'=534. J 

These equations reduced give a:~2, and j/=9. 
The numbers required, therefore are, 2, 4 and 8 
Prob. 3. There are three numbers in geometrical progi'es- 
Bion : The sum of the first and last is 52, and ihe ajuare of 
ihe mean is 100. WhatareiUe nimibersl Aas. 2, 10,antl50. 

20* 
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Prob, 4. Of four numbers in geometrical progression, the 
siiiii of the two first is 15, and the sum of ilic two last is 60, 
WImt are the munbers ? 

Let the series be x, snj, ay^, xy^ ; and the numbers will be 
found to be 5, 10, 20, and 40. 

Prob. 5. A gentleman divided 210 dollars among three 
servants, in such a manner, that their portions were in geo- 
metrical progression ; ajid the first had 90 dollars more than 
ihe last. How much had each % 

Prob. 6. There are three numbers in geometrical progres- 
sion, the greatest of which exceeds the least by 15 ; and the 
dilFcreuce of ihe sqiuires of the greatest and the least, is to 
the sum of the s<|iiares of ai! lite three numbers as 5 to 7. 
What are the numbers 7 Ans. 5, 10, and 20. 

Prob. 7. There are four numbers in geometrical progres- 
sion, the second of which is less than the fourth by 24 ; and 
the sum of the extremes is to the smii of the means, as 7 to 3. 
Wbat are the numbers ? Ans. 1, 3, 9, 27. 



SECTION XV. 

INFINITES AND IKf INITESIMALS.* 



Art. 44,'3. THE word injlmie is used in different si-nsRs. 
The ambiguity of the term has been the occasion of nmch 
pei-plexity. It has even led to tlie absurd supposition thnt 
pro|>ositions directly contradictory to each other, niny be 
mathematically demonstrated. Tiicse apparent contradic- 
tious are owing to the fact, that what is proved of intinily 

• I.orlte'3 Essays, Book 2, Chsn. I r Berkeley's Analyst Piefkco to Man. 
Inmm's Pliiiiims. Newton's Pnncip. Saim'lerson's AlMLra, Ail. S'i3. 
Majiifitld'a Lssays, EIil(^reoll's AlgBbra, I'rf-b. 73. BuIliBi-. 
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wlien understood in one particular manner, ia often lliought 
10 be true also, wlien the term lias n very difreren! significa- 
tion. Tlie two meanings are insensibly sliifled, llie one for 
the other, so (hat liie proposition which la really deiiioiisii-a- 
teJ, is exchanged for another which is false and ahsnrd. To 
prevent mistakes of tJiis nature, it is iniporiant that the dif- 
ferem Jiieanings be carefully distinguished from each other, 
446. I>-FmiTE, in the highest, and perhaps Ihe most proper 
hcnse of the word, is tliat which is so greut, that nothing can be 
added to it, or supposed to be added. 

Ill this sense, il is frequently tised iji speaking of moral and 
metaphysical subjects. Thus, by infinite wisdom is meant 
that which will hoI admit of the least addition. Infinite power 
is tiiat which cannot possibly be increased, even iii supposi- 
tion. This meaning of infinity is not applicable to the ma- 
thematics. That which is the subject of the mathematics ia 
quantity; (Ait. 1.) such quantity as niay be conceived of by the 
human mind. But no idea can be formed of a qnanlity so 
great that nothing can be supposed to be added to it. In this 
sense, an infinile number is inconceivable. We may increase 
a number by continual addition, till we obtain one tliat shall 
exceed any limits which we please to assign. By this, how- 
ever, we do not arrive at a number to which noiiiiug clui be 
ivdded ; but only at one that is beyond any limits \\liich we 
have hitherto set. Farther additions may be made to it with 
the same ease, as those by which it has already been in- 
creased so far. It is therefore not infinite, in the sense iu 
which the term has now been explained. It is absuid to 
speak of the greatest possible number. No number can be 
imagined so great as not to admit of being made greater. 
We must llierefore look for another meaning of iufiuilv, be- 
fore we can apply it, with projsriety, to the mathematics, 

447, A MATHEMATICAL Ql'ANTITV IS SAID TO BE mi'INITE, 
WHEN IT 19 SUPPOSED TO EE INCREASED BEVOKD ANY DETKR- 
HIMATE LIMITS, 

By determinate limits are meant sucii as can be di-iihclly 
slated,* Iri (his sense, the imturaS series of iiunibeiB, 1,2,3, 4, 
5, &c, may be said to be infinite. For, if any number be men- 
tioned ever so great, another may be i^u))!Joaed still greater. 

Tiie two significations of the word in/iiiile are liable lo be 



confounded, becau; 



1 po 



c Koie Ci. 
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same. The higher mcniiiiig uichides the lower. Thai. whLh 
is" so grertl as lo iicluiil, of no aildilion, miial. be beyoiitl any 
defenniiiiile Uiiiils. But liie lower does not iiecesHnrily iniply 
the higher. Thongh niiniher is capable of being increased 
beyond aiiy specified liimo ; it will not follow, that a nnmher 
ran lje fmind tw which no farther additions can be made. 
The two infiniiea agree in this, that according to each, the 
things spoken of are great beyond calculation. But they 
dilfer w idely in anotber respect. To the one, nothing can be 
added. To the other, additions can be made al pleasure. 

448. In the mathematical sense of the term, there is liu 
absurdity in siipposiiig one infinite greater than anollier. 

We may conceive llic numbers 2 2 2 2 2 3 2, &c. 

4 4 4 4 4 4 4, &c. 

to be each extended so far as to icach roimd the globe, or to 
the most distant visible stav, or beyond any greater boimdary 
which can be mentioned. But if the two series be equally 
extended, the amount of the one will be iwicE as great as ihe 
other, though both he infinite. 

So if the series a+ «'+ a'-\- «'+ «'. &c. 
and 9a-t-9«'-|-9a'-l-9"'+9«'' ^'^^ 

be extended together beyond any specified limils, one will be 
nine times as great as the other. But it would be absurd lo 
siipjMjae one quantity greater than another, if the iatler were 
uheady eo gi'eat that nothing could be added to it. 

449. An infinite number of terms must not be mistaken for 
an infinite quantity. The terms may be extended beyond 
any given limits, when the amount of the whole is a finite 
quantity, and even a small one. If we lake half of a unit ; 
then half of the remainder ; half of the remaining half, &c. 
We shall have the series 

ii: Avhicli each succeeding term is half of Ihe preceding one. 
Let the progression be continued ever so far, the sum of all 
the tcnns can never exceed a unit. For, by tlie supposition, 
there is still a remainder equal to the last term. And this 
remainder must be adilcd, before the amount of the whole 
can be eqtial to a unit. 

So -l^-tf |.f -,-=s-I-^1+bV &.C. can never exceed a 
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450. Whek a quantity is DiMiNisrtEo till it becomes 

LESS THAN APJV tlETERMINATE QDANTITy, IT IS CALLED AN 

INFINITESIMAL. 

Tims in a series of fmcti ;ns j'^, -r^j, jj-Va- uibob- &c. a 
unit IS first, divided into ten parts, ihen into a hiimlrcd, a 
tlioitsand, &,c. One of these parts in each succeeding term 
IS ten times less than in the preceding'. If then tlie progres- 
sion be coniiniied, a portion of a unit may be obtained less 
than any specified quantity. This is an hifinitesimal, and in 
matliema.tical language, is said to be infinitely small. By tliis, 
however, we are not to undersland that it cannot be made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di- 
mmish it still moi-e. And however far the pi'ogressioii may 
be carried, we shall never arrive at a jK>int where we must 
necessarily stop. 

45L lu the sense now explained, niallieinatical qnantiij 
may be said to be inJimteJy divinble ; tliat is, it may be sup 
posed to be so divided, that the parts shall be less than an? 
detei-minate quantity, and the number of parts greater than 
any given numljer, 

^ In the series ,\ ^, ^^^ .,„i^ &_c. a nnil is divided 
mto a greater and greater numlwr of parts, till they become 
infinitesimals, and the number of them infinite, that is, snch 
a number as exceeds any given number. But this does not 
prove that we can ever arrive at a division in which the iwis 
shall be the hast possible or the number of parts the greatest 
possible. ° 

432. One infinitesimal may be less than another. 

The series, f'j, tbit, tAb, tsJiti. &.c. ) 

And _ A, tL, xf .. nrl™ &c. \ 
may be cari'ied on together, till the last term in each becomes 
infinitely small ; and yet one of these terms will be only half 
as gi-eat as the otiier. For the denominators being the same, 
fhe fractions will be as their numeratoi-s, (Art. 360, cor 2 1 
Ihal is, as 6:3, or 2: L ' 

Two quantities may also be divided, each into an infinite 
miinber of parts, using the term infinite in the niatheinaiical 
seiise, and yet the parts of one be more numerous than those 
of Ihe other. 

The seiies A, tI,, ttW, xTrimr, &c. > 

■And A, rU, ^^^, iirUi. &^- > 
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may both be infinifely exleiuled ; and yet a imil in llie las! 
series, is divided imo four titnes as niany parts as iji I lie lirat 
But if; by an infijiiie number of pans were meuni such a 
number as could noi be ineie; sed, il would be al)siird ro sup- 
pose LJie divisions of any tiiiaiility to be sUll more numerous.* 

453. For all praclkal purposes, au infinitedmaj may be 
considered as absolutely noibiiig. As it is less ilian any ile- 
lenninate quantity, it is lost, even in numerieai calculations. 
In algebraic procesaeR, a term is often rejected as of no value, 
beciuiae it is infiiiilely small. 

It is freijuently expedient to adiiiit info a calciiUuIon, a 
small error, or wliat is sUKpeded (o be au error. Il niny be 
difficult eitlier to avoid the objectionable pnrt, or (« ascertain 
its exftcl, value, or even to determine, willioul a long- and 
(edious process, whether it is really aji error or not. But if it 
can be sliowji to be infinitely small, it is of no account in 
practice, and may be reiaineii or iciecfpd ni pleEisiue. 

Il is impossible !o find a decimal wbicli s-ball be exactly 
equal to the vulgar fraciion ^. Dividiiig (he nimiernror by 
the denouiiimlor, we obtain in l!ie firei place i'\. Tins is 
nearly equal to }. But M is nearer, fVA, still nearer, Sic. 

The error, in the first instance, is it,. 

For A,+A=-A+A=n=a\ 

In the same manner it may be shown, that 



( i and .33, is 
i i and .333, i 



liie difference between 

!f the decimal be supposed lo he extended beyond any as- 
signable limii, l!ie dilVeionce slill remaining will be infinitely 
Binall. As this error is less than any given quantity, it is of 
no account, and may be considered li. calcuiaiiou as uoihiiig, 

454. From the preceding example it will be seen, that a 
quantity may be coiitimially coming nearer to anoiher, and 
ye' ne^er reach it. The decimal 0.3333333, &c. by rcjieated 
additions on the ri^ht, may be made lo approximate contimi- 
ally to J, but :;an never exactly equal it. A diirerence will 
ulways remain, though it may become infinitely small. 
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\V!;cii one qii^intity is tints m^cle to appro.Tch contiiiiiiilly 
to iiiiulhcf, wiliidiit ever p:issjn<j it; Llie liitier is culled a 
limit of tile former. The fraotion | isa limit of the decimal 
0.666 &c. iiidefiiiitelyconiimied. 

455. Though an infiiiilesiinnl is of no account of iUrlf, 
yet ita effect oil otiier quantilies is not always to be di^re- 
g'arded. 

When it is a fnclor or divif^or, it jnny have an important 
influence. It is necessary, therefore, to attend to the rela- 
tions wliich infmifes, ii:ilnilesima!s, and finite quantities have 
to each other. As an infinitesimal is iess than any assigna- 
ble quantity, as it is next to nothing, and, in practice, may he 
considered as nothing, it ia frequently represented by 0. 

An inlinite quantity is expressed by the character GO 

456. As an infinite quantity is incomparably greater than 
a finite one, the alteration of the former, by an addition or 
subiraction of the latter, may be disregarded in calculation. 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in comparison with one 
which is infinite. If therefore infinite and finite quanti- 
ties are connected by the sign + or -, (he latter may be re- 
jected as of no comparative value. For the same reason, if 
finite quantities and infinitesimals are comiected by -[- or - » 
the latter may be expunged. 

457. But if an infinite quantity be mulliplied by one which 
is finite, it will be as many times increased as any other quan- 
tity would, by ihe same multiplier. 

If the infinite series 2 2 2 2 2 2 &c. be muUiplied by 4 ; 
The product will be 8 8 8 8 8 8 &c. four times as great as 
the midtiplicand. See Ar(, 448. 

458. And if an infinite quantify be (Koiied by a finite quan- 
tity, it will be altered in the same manner as any other quan- 
tity. 

If the infinite series 6 6 6 6 6 6 6 6 &c. be divided by 2 ; 
The quotient will be 3 3 3 3 3 3 3 3 &c. half as great as 
-he dividend. 

459. If a finite quanlity lie multiplied by an mfirulesimalt 
the product will be an infinitesiinal ; that is, putting z for a 
finile quantity, :\nd for an infinitesimal, (Art. 455. 

rXO-0. 
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If tliemuUipiier were a vnil, tiie product would be equa 
10 the uiulliplicfLiid. (An. 90.) If tiie mulliplier is less tliaii 
a uiiir, tlie producf. is proporiicriaily less. If liien the nnihi- 
plier is inJinUely less iIieiii a unil, ihe product must be infi- 
nitely less ihau the multiplicanf!, lliat is, it must be an infi- 
nitesimal. Or, if an infinitesimal be considered as abso- 
lutely nothing-, thea the product of z into uotliinff is noihinff. 
(Art. 112.) t, b 

460. On tlie other hand, if a finite (juantity be divided by 
an iiifuiitesiinal, the quotient will be infinite, 

1=,. 

For, the less the divisor, (he greater the quotient. If then 
the divisor be infinitely small, the quotient will be infinitely 
great. In other words, an ififiniledmal is contained an infi- 
nite number of limes in a finite quantity. This may, at firef, 
appear paradoxical. But it is evident, ijint the quotient must 
increase as the divisor is diminished. 

Thus 6-h3=2, 6-r-0.03 = 200, 

6-J-0.3i=20, 6-^0.003=2000, &c. 

If then the divisoi- be reduced, so as to become less (han 
finy assignable quantity, the quotient must be greater than 
any assignable quantity. 

461. If a finilc quantify be divided by an infinite quantity, 
the quotient will be an infinitesimal. 

•X 

For the gveale^ the divisor, the less the quotient. If then, 
while the dividend is finite, the divisor be infinitely great, the 
qnotienl will be infinitely small. 

It mnsl not be forgotten, that the expressions mJinUel-ji greal 
and infinildy small, are, all along, to he understood in the 
mathematical sense according to the definitions in Arts. 447, 
and 450. 
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SECTION XVI 

DIVISIOiN BY COMPOUND DIVISORS, GREATEST 
COMMON MEASURE. 

Art. 462, IN llie section on diviaion, the case in wliich 
the divisor is a compound quantity was omitted, because the 
operation in most instances, requires some knowledge of llie 
nature of jjowers; a subject which had not been previously 
explained. 

Division ^y a compound divisor ia performed by the fol- 
lowing^ rule, which is substantially the same, as the rule foi 
division in arithmetic ; 

To obtain the first term of the quotient, divide the first 
terra of the dividend, by the firet term of the divisor ;* 

Multiply the whole divisor, by the term placed in the quo- 
tient ; subtract the pioduct from a part of tlie dividend ; and 
to the remainder bring down as many of the following tenns, 
as shall be necessary to continue the operation : 

Divide again by the fust term of the divisor, and proceed 
as before, till all tbe terms of the dividend aie brought down 
Ex. 1. Divide ac-i-bc~\-ad+bd, by a-\-b. 
a+b)ac+bc+adJ!-bd(c-}'d 

ac-^bc, the first subtrahend. 



Here ac, the first term of t!ie dividend, is divided by a, 
the first term of the divisor, (Art. 116.) which gives c for the 
first term of the quotient. Multiplying the whole divisor by 
this, we have ac-|-6c to be subtracted from the two firr^l 
terms of the dividend. The two remaining terms are then 
brought down, and the first of them is divided by the first 



.■..Google 



234 ALGEBRA. 

tenn oT the divisor as before. Tliis gives d for the second 
tenii of the quotient. Then iniiliiplyiiig rlie divisor by rf, 
we liave ad-\-bd to he subiractetl, wiiich exiiaiists the wliole 
dividend wiliioiit leaving any reiiiiiinder. 

The rule ia founded on this priiici))!e, ilial the piodiictof 
the divisor into ihe several parts of (lie (piotienl, is equal to 
the dividend. (Ail. 115.) Now by (he operation, tiie pro- 
duct of the divisor into the Jirsl term of the quotient is sub- 
tracted from the dividend ; tlien the product of the divisor 
into the second lerm of the quotient ; and so on, till llie pro- 
duct of the divisor into each term of the quotient, that is, 
the product of the divisor in(^ the whole quotient, (Art. 100.) 
is taken from the dividend. If there is no remainder, it is 
evident that this product is equal to the dividend. If there 
isa remainder, the product of tlie divisor and quotient is equal 
to the whole of the dividend except the remainder. And this 
remainder is not included in the parts subtracted from the 
dividend, by oi>eiating according to the rule. 

463. Before beginning to divide, it wilt generally he ex- 
pedient to make some preparalion in the arrangement of the 
terms. 

Tlie letter which is in the first term of the divisor, should 
be in the first term of the dividend' also. And the powers of 
this letter shoidd be arranged in order, both in the divisor 
and in the dividend ; the highest power standing first, the 
next highest next, and so on. 

Ex. 2. Divide 2«-6+6'-f 2ai*'+«', hy a^+b^+ab. 

Here, if we take a' for the first lerm of the divisor, the 
other terms should be arranged according to the powers of <(, 
thus, 

a=-f a6+ 1') rt'+ 2«^6+ 2a5'+t- (a-f 6 



a'b+ab''-\-b'' 



In tliese operations, particular care will be necessary in the 
management of Jiegative quantities. Constant attention must 
be paid to the rules for the signs in subtraction, muliiplica- 
tion and division. (Arts. 83, 105, 123.) 
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Ex. 3. Divide 2ax--2a^x-3a^3y+Ga^x+ar!i-xyhy2a-!f. 
If the terms be arranged according to tlie {lowers of a, 
they will stand thus ; 

3a - y) Ga'x - 3d^xy ~ •2a^x-['a}y-\-2m - xii{Wx - ax-\-x. 
Ga'x^Sa'xy 



-Sn'x+axy 
-2^''x+axy 



+2ax~xy 



464. In miiUiplicat.ion, some of Uie terms, by balancing 
each oilier, may be losi in ilie product, (ArL 1 10.) These 
may re-appear in division, so aa to pi'esetil tenns, in llis 
course of llie process, dillerent from any wliicli are in thfl 
dividend. 

Ex. 4. 



a+x)<^+T'{a,^-ax+x* 
a'+a'x 



rf-2a'x+2aV 



*4.2a'a:-2«V4-4K' 
-\-^a'x-4aV+4ax^ 



-|-2«V - 4nr'4-^** 
+2oV-4ax'4-4z*. 



If the learner will take the trouble to multiply the quo- 
tient into the divisor, in the two last examples, he will find 
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in the partial prochicls,l!ie several terms which appear in the 
process of dividing. But most of them, by balancing each 
other, are lost in the general product. 

Ex. 6. Divide a'+a'^+n't+ni-l-Srtc+Sc, by a-)-l. 

Quotient. a'-]-ab-{-Sc. 
Ex. 7. Divide a-{-b-c-ax-bx-\-ca:, by a-\-b-f:. 

Quotient. \ -X. 
Ex 8. Divide 2rt'- \3a'x-{-\\a''x'-8ax''-\-2x\hy ^a"- ax 
fa^*. Qiiolient. a'-Gax+^x.' 

465. Wlien there is a remainder after all the terms of the 
dividend !iave been brought down, tills may be placed over 
the divisor and added to the quotient, as in arithmetic. 
Ex. 9. 
a+b)ac+bc+ad+bd+xic+d+ ^ 
ac-\-bc 



'■ ad^bd 
ad-\-bd 



ad- 


-oft 








* 




bd- 
bd- 


-6* 
-bh 






# 


» 


y 



li 13 evident that a-\~b is the quotient belonging to the 
vhole of the dividend, excepting the remainder y. (Art. 562.) 

And -^L- is tlie quotient belonging to this remainder. (Art. 

124.) 
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DIVISION. 237 

Ex. 1 1 . Divide Gax-}-2xy - ^ab - by-\-3ac+cy-\-h, by 3a-{-y. 

Ex. 12. Uiv[dea'b-$d'+2ab-Ga-4b+2i>,by b-3. 
QuoueiU. a'+2a-4-f 



' 6-3 



Ex. 13. Sec Art. 283. 



a+^^b)ar+c^/b+<t\/d-\-^/bd{c+^/d. 
ac-i-cx/b 



* * a^<l+^/bd 

a\/d+\fbd 

Ex. 14. Divide a+Vi/4-«)-Vy+n/' ^y+Vy- 

Quotient. l-[-r\/y. 

15. TtWidie 3?-3ax'-{-Sax-a',hyx~-a. 

16. Divide 2y'- 19)/''+26i/- 17, hy y -Q. 

17. Divide a:=-l, by 3:-l. 

18. Divide 4/-9j:'4.G,t-3, by Sx^+Sa:- I. 

19. Divide a'4-4,i''6+36', by a+2b. 

20. Divide a;*-aV+2a'a:-aS by x'-ax-!^a\ 

466. A regular series of quoiienls is obtained, by dividing 
the difference of tlie powers ol two (quantities, by the differ- 
ence of the quantities. Tints, 

(^y>^a')-^(y-a)=y''+ay+a.-', 
{y'-a')-~{y-a)=f+ay'+a^y+a\ 

{y'-a')~r{y - «) -3/'+«y'+«y +«'!/+«'» 

&c. 

Here it will be seen, that the index of y, in the first term 
of the quotient, is less by 1, than in the dividend ; and that 
it decreases by 1, from the first lenn to the last but one ; 

While the index of a, increases by 1, from the second term 
to the last, where it is less by 1, than in the dividend. 
31* 
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This may be expressed in a general formula, thus, 

To demonstrate this, we have only to multiply the quo- 
tient into the divisor. (Art, (15.) 

All the terms except two, in the partial products, will be 
balanced by each other ; and will leave the general product 
the 



Mull, 
Into 


le as the dividend. 
y -« 

»■+«!/'+«¥+«■»'+" 

-«j"-""9"-«¥-" 


t^ 


,-'y+a 

■y+,- 

¥-0-- 




rodiicl 


■f * 


# * * 


-•= 




Mult 
Into 


■ 'j—'+'y 

y-a 
-„y— 


+a'S-'. . . 
- «'9""'- ■ ■ 


. . .+< 


?-.. 


Prod, 


y- * 


» 


• 


• 


-.-. 



466. b. Ill the same manner it may be proved, that the dif- 
ference of the powers of two quantities, if the index ia an 
even number, is divisible by the sum of the quantities. That 
is, as tbe double of every number is even ; 
(j»_«-)^(j+<,)=,-.~'-„5»— . . . .+^-j-„--.. 

An8 the stwii of the potnas of two quantities, if the index 
is an odd numbei', is divisible by the sum of the quantities. 
That is, as 2iJt-)-l is an odd number ; 

For in each of these cases, the product of the quotient and 
divisor, is equal to the dividend. 

Thus, 
{y''~a')-i-(y+a)=y-a, 

{y'-a')-i-(y-\-a)=y'~ay*-\-(^''-aY-\-a'y~a\ &c 
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And, 
(!/'+«') -T-(j/+n)=r-«y+"> 
iy'+a-)~(y+a) =y' - aif+d'y' - ahj-^a\ 
(/+«') -^(!/+«) =y° - «r+«'y' - ay+ay - a'y-\-a\ &c. 

GREATEST COMMON MEASURE. 

466. c. Tlie Greatest Common Measure of two qiiaiiiities, 
may be fomiii by the following rule ; 

divins one of the qu.^ntities by the other, 4x1> the 
preceding divisor by the l^st uemaindf.r, till kothinfl 
remains; the last divisor will be the greatest common 

MEASURE. 

The algebraic letters are here supposed to stand for whole 
Bumbers. In the demonstration of the rule, the following 
principles must be admitted. 

1. Any quantity measures iUelf, the quotient being 1. 

3. If two quantities are respectively measured by a third, 
their sum or difference is measured by that third quantity. — 
If b and c are eacli measured by d, it is evident that b~\-c, 
aiid 6 - c are measured by d. Connecting them by the sign-|- 
ir -, does not aiFect their capacity of being measnred by d. 

Hence, if b is measured by rf, then by the preceding pro- 
position, b-\-d is measured by d. 

3. If one quantity Is measured by anotlier, any mulUph 
of the former is measured by the latter. If b is measured 
by d, it is evident that b-{-b, Sb, 46, nh, &c. are measured 
hyd. 

Now let i>— the greater, and (/=the less of two algebraic 
quantities, whether simple or compound. And let the jiro- 
cess of dividing, according to the nde be as follows : 
d)D{q 

-Wi' 
"I' 
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In which a, q' q", aie tlie quotif.nts, Unm ihe successive 
divisions ; nnd r, t', ami o tiie remainders. And as llie divi- 
dcTiil ii ef]ual lo llie product of llie divisor ;ind quotient added 
to llie rettiaiiidei', 

i}=dq-{-r, and d— rg'-f-r'. 

Tlieii, as tlie last divisor r" measures r the rtniaiiidcr being o, 
it measures (2, and 3,) rq'+r'=:d, 
and measures t/(;-|-r— Z), 

Tliat is, llie last divisor r' is a common measure of the two 
given qtiniitiiies D and d. 

It is also llieir greatest common measure. For cveiy com- 
mon measure of D and d, is also (3, and 2) a measure of 
D-dq—r; and every common measure of d and r, is also a 
mensure of d-rq'=r'. But ilie greatest measure of r' is 
ilself. Thii, then, is the greatest common measure of I) 
and d. 

The demonstration will he subslnntiallv the same, what- 
ever be the numiier of succes-ive dniaioti--, if the operation 
be continued till the remainder is uothmg 

To find the greatest common n,ei&nre of tlu-ee quantities ; 
first (hid the greatest common mi asuie of iw o of liiem, and 
(hen, the greatest coiumou me nuie of (hi-, and itic ihird 
quantity. If the grealeai tommon uie.i^uie of 1> nnd d be 
r', the greatest conunon measme of / and c, is the greatest 
common measure of the three quantities D, d, nnd c. For 
every measure of /, is a. measure of D and d; therefore the 
greatisl common measure of r' and c, is also the grealosl 
common measure of D, d, and c. 

The rule may be extended to any number of quaniilies. 

46C. d. There is nol nuidi occasion for the preceding 
operations, in finding the grealest common measure of sim- 
ple algebraic quantities. For this purymse, a glance of the 
eye will generally be sufficient. In the application of the 
rule to compound quantities, it will fre<]uently be expedient 
to reduce Ihe divisor, or enlarge the dividend, in coiiformitj 
with the following principle ; 

Tlie greatest common measure of (ico quantities is not altered, 
by multiphjmg or dividing eillier of lliem hy any quantity tehick 
is7iol a divisor of tlie other, and xcluch contains no factor wAicA 
is It divisor of ike other. 

The common measure of ab and ac is a. If eilher he 
mtUtiplicd by d, the common measure of ubd, and ac, or of 
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ab and acd, is sdll a. On the other hand, if ab and acd are 
the given quantities, the common measure is a; and if acd 
be divided by d, the common measure of ab and nc is a. 

Hence in finding the common measure by division, the 
divisor may often be rendered more simple, by dividiuft it by 
some quantity, which does not coniain a divisor of the divi- 
dend. Or the dividend may be mulliplisd by a fiictor, whudi 
does not contain a measure of the divisor. 

Ex. 1. Find the greatest conmioii measure of 
i}a^+llax+3x', and 6«'+7aa: -3a:«. 
6n'+7flK - Sx') 6fl''+ 1 1 ax+3x'{ I 



Dividing by 2x)4ax-{-Gx'' 

Za+3;:)Sa''+7ax-Sx\3a. 



After the first division here, the remainder is divided by 
2i, which reduces it to 2a-}-3ar. The division of the pre- 
ceding divisor by this, leaves no remainder. Tlierefore 2a-{- 
3x is tlie common measure required. 



2. What is the greatest common measure of li' - b'x, and 
x'-\-2bx+b-'t Ans. x+b. 

3. Wliat is the greatest common measure of cx-^3^, and 
a=c+«*x1 Ans. c+ar. 

4. What is the greatest common measure of 3a^ - 24w - 9, 
and 2a:'- 16:r-6? Ans. a^'-Sa;- 3. 

5. Wliat is the grealest common measure of re* -6', and 
0° - tV 1 Alls. «' - b". 

G. What is the greatest common measure of a:'- 1, and 
xij+yf Ans. ar+l. 

7. What IS the greatest common measure of x'-a", and 
s'-a't 
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8, Wlint Is the greatest common measure of a'-ab~2b\ 
and a'- Sab -\-2b^1 

9, Wliat is llie greatest common measure of o^-a:', and 
a' - a'x - air-\-3^ 1 

10, Wliat is ihe greatest common meivsiiie of a' -at", and 



SECTION XVII. 
INVOLUTION AND EXPANSION OF BINOMIALS.* 

Art. 4G?. THE manner in wliich a binomial, as well aa 
any other compound qnantiiy, may be involved by repeated 
niulriplicatioits, has been shown in the seciion on powers, 
(Art, 213.) But when a. Iiigli power is required, the opera- 
tion becomes long and tedions. 

Tliis has led malheniaticians lo seek for some general prin- 
ciple, by which the involuf.ion may be more easily and expe- 
ditiously performed. We are chielly indebied to Sir Isaac 
Newion for l!ie meiliod which is now in common use. It is 
founded on what is called the Binomial Theorem, the inven- 
tion of which was deemed of such importance to mathemati- 
cal investigation, that it is engraved on his monument in 
Westminster Abbey 

468, If the binomial root be a-{-b, we may obtain, by mul- 
tiplication, the following powers. (Art. 213.) 



* Simpson's Algebra, Sec 15. Simpson's Fluxions, Art. 99. Euler's Alge- 
ora, Sec 2. Ciiap. 10. Mmining's Algobrg. Snunderson's Algebra, Art. 
38a Vinre's Fluxions, Art. 33. Waniig's McU. Anal.p.415. Lnrjoii'a 
Algebra, An. 135. Do. Ctimp. ArL TO. Lend. Phil. Trans. 1795, 1816, and 
1817, Woodliousc's Analyneal Calculalion. 



.■..Google 



INVOLUTION OF CINOHIIALS. 243 

By nUeiiding to this series of powers, we Mtiall find, Ihat 
the eiponenls preserve an iiivnriable order througti die wlioie. 
Tliis will be very obvious, if we lake (lie exponents by iliem- 
selyes, uiicomiecied with the Icttere to wliich they belong. 

In the square, tlie exponents J ^, ^"^ "t' -' „ 

In the cube, tJie exponents i°^,^ '"^'.'^ ^' ^' '' ^ 

Iq the 4tli power, ihe exponents \ ft "'."^ r,' f' a' I' ? 



Here it will be seen at once, that the exponents! of a in the 
first lemi, and of b in the last, are each equal to the index of 
the power ; and (hat the sum of the exponents of tlie two let- 
ters is in every term the same. Thna in the fonrlii power, 

( in the first term, is 4-|-0^4 
The sum of the exponents < in llie second, 3-|-l=4 

( in Ihe tliird, 2-\-t=4,kc. 

It is farther to be observed, tliat the exponents of a regu- 
larly decrease to 0, and that Ihe exponents cf b increase from 
0. Tiiat tliis will nniveraaliy be the case, to whatever ex- 
tent the involution may he carried, will be evident, if we con- 
sider, that in raising from any power to the next, each term 
is multiplied both by a and by b. 

Thus (a-f &)'=n=-f2a64-(»= 
Mult, by a-\-b 

[of a in each term 

a'-f-2(t'6-|-ii/i'. Here 1 is added to the exp. 
d'b+2ab^+b\ Here 1 is added (o the 

[exp. oft hi each term. 

(a+by= a^+Zd'b+SaW-^bK 

If the exponents, before the multiplication, increase and 
decrease by 1, and if the multiplication adds 1 to each, it is 
evident they must still increase and decrease in the same 
maimer as before. 
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469. ir then d+b be raised lo a power whose exponent is ». 

The ex|)'s of a will he n, n - 1, n - 2, 2, 1, ; 

And liie esp's of b will be 0, 1, 2, .... n - 2, n - 1, n. 

The terms in which a power is expressed, consist of the 
letters with their exponents, and the co-e§icienls. Settijig aside 
the co-efficients for the present, we can determine, from ilie 
preceding observations, the letters and exponents of any 
power whatever. 

Tims the eighth power of a-|-&, when written without the 
co-efficients, is 

tf + n'6 + a?b^ + 0=6' -I- a'b' + a'b' + a'i-^+ ab' + bK 

And the nth power of a-{-b ia, 

a'-\-a'-'b-\-a"-^b''. . . , a'fc"-'^ +«&""' -ft". 

470. The number of terms is greater by 1, than the index 
of tlie power. For if tlie index of the power is n, a has, in 
diffeient terms, every index from n down to I ; and tliere is 
one additional term which contains only b. Thus, 

The sqnare has 3 teniis, The 4ih power, 5, 
The cube 4, The 5th power, C, &c. 

471. The next step is to find the co-efficients. This part 
ot the subject is more complicaied. 

In the series of powers at the l>eginning of Ait. 468, Ihe 
co-efficients, taken separate from the letters are as follows ; 
In the square, 1, 2, 1, whose sum is 4=2' 

In the cube, !, 3, 3, 1, 8^2" 

In the4th power, 1, 4, 6, 4, 1, 16 = 2^ 

In Ihe 5th power, 1, 5, 10, 10, 5, 1, 32^2'. 

The order which these co-efficienl^ observe is not obvious, 
like that of the exponents, upon a baie inspection. But they 
will be found on examination to be all subject to the follow- 
ing law ; 

472. The co-efficient of the fust term is 1 ; that of the 
Bccond is equal lo tlie index of the power ; and universally, 
if the co-efficient of any term, be multiplied by ihe index of 
theleadingtiuantity in that term, and divided by the index of 
the following quantity increased by 1, it will give the co- 
efficient of the succeeding term.* 

+ Sec Note T. 



.■..Google 



INVOLUTION OF BINOMIALS. 24A 

Of the two lellers in a term, the firet is called the leading 
quarHity, ntid llie oilier fhe folloioing qiianliiy. In the ex 
amplea wliich have been given in this section, a is the 
leading quantity, and 6 the following quanlily. 

_ It may frequently be convenient lo represent the co-efB- 
cients in the several terms, by the capital letters, A, B, C, &C, 
The nth power of a-f 6, wilhoi.it the co-efficienla, is 
a-_|-„~-'i_^a'-V+fl— '6^+a''-^6S iic. (Art. 469.) 
And the co-efficients are, 
t3 =n, the co-efficient of the second term ; 

B =:nx -■:—, of the third term ; 

C=nX^^ X^^ of the fourth term ; 
i>^JtX^X^X^, of theji/i/tterm; &c. 

The regular manner in which these co-efficients are de 
rived one from another, will be readily perceived. 

473. By recurring to the numbers in Art. 471, it will be 
seen, that the co-efficients first iticrease, and tiien decrease, at 
the same rate ; so tlial they are equal, in ihe first term and 
the last, in the second and last but one, in the third and last 
but two ; and universally, in any two terms equally distant 
from the extremes. The reason of tliis is, that (n-(-6)' is the 
same as (b-^a)" ; and if the order of the terms in the bino- 
mial root be changed, tlie whole series of ttiriws in the oower 
will be inverted. 

It is sufficient, then, to find the co-efficienta of kalf the 
terms. These repealed will serve for the whole. 

474. In any power of (rt+i,) the sum of the co-efficients 
is equal lo the number 2 raised to that power. See the list 
of co-efficients in Art. 471- The reason of this is, thai, ac 
cording to the rules of multiplication, when any quantity is 
involved, the tellers are multiplied into each other, and the 
eo-efficienls into each other. Now the co-efficients of a-j-6 
being l-(-l = 2, if these be involved, a series of the power* 
of 2 will be pioduced. 

476. The principles which have now been explained may 
mostly be comprised in the following general theorem, called 
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The index of the leading quantity of the power 
of a bikosiial, begins ik the first term with the in- 
dex of the power, and decreases regularly by 1. 
The inuex of the following quaiSTITY begins with 1 
in the second term and intlieases regularly by 1. 
(Art. 468.) 

The CO-EFFICIENT of the first term is 1 ; that 

OF THE SECOND IS EQUAL TO THE INDEX OF THE POWER; 
AND UNlvr.RSALLY, IF THE CO-EFFICIENT OF ANY TERM BE 
MULTIPLIED BY THE INDEX OF THE LEADING QUANTITY IN 



PICIENT OF THE SUCCEEDING TERM. (Art, 472.) 

In algebraic chaiacters, tlie theorem is 

{a+b)"=(r+nxa"'' b+nX~ ar-'b', &c. 

It is here siipposeil, that the terms of ihc binomial have no 
other co-efilcieiUs or exponents than 1. Other binomials may 
be reduced (o tliis form by substitution. 
Ex. 1. Wlmt is the 6th power of x-i^y 1 

Tlte terms without the co-etScients, are 
3^, ^y, x''y\ xy, xY, a^f, y\ 
And the co-eflicients, are 

1 C 1212 'A>li ^"X3 6 1 

' ' 2 ' 3 ' 4 ' ' ' 

that IS 1, C, 15, 20, 15, fi, 1. 

Prefixing ihei^e to the several terms, we have tlie power 
required ; 

a;'-\.fix^yJ^\5xY-\-^0!ty+\5xY-\-6xf+y'. 

3. Wliat is the nth power of b-^-y 1 
Ans. b-+M—'y+Bb''-Y+Cb"-y+m"-y, &c. 
That is, sJiipplyinff the co-efRcients wliich are here repre- 
sented by .% B, C, kc. (An. 472.) 

Ir+nxb-'-'y+nx^-^Xh'-y, &c. 



.■..Google 



rNVOLUTlON OF BINOMIALS. 345 

4. Wiat is tlie Sth power of i»-4-Si/'? 
SiibsU tilting n for si', and b for %'f, we have 

(o+6)'^o'+5a'&4-I0a'6'+10a'Ji''+5ay+6', 
And restoring the vahies of a and 6, 
(ar'+3i/*)*=a:"' + 15i'i;'+90.ty+?70.EV+405a^(/"+243y" 

5. What is the sixth power of {^x-\--2ij) ? 
Ans. 

729/+2916a:'i/+4860a:y+432O^'(/=+?I6OKY+576ir3/' 
+64;,'. 

476. A residval quantity may be involved in the sanw 
manner, without any varialion, except in t!ie fngns. By ra 
peated muliiplicalions, as in Art. 213, we oblain the follow 
iug powers of (rt-6.) 

(((-frV-a'-4a'6+6a'i=-4rt6=4-6^ &c. 

By comparing tliese with the like powers of {a-\-h) in Art, 
468, it wilt be seen, that there is no difference excspt in the 
signs. Tliere, all the terms are positive. Here, the terms 
wnich contain the odd powers of b are negative. See Art. 
318. 

The sixth power of {x - y) is 

The jith power of (a - b) is 

a'-Aa'-'b+Ba'"'b'-Ca—^b\ &c. 

477, When one of the terms of a binomial is a unit, it is 
generally omitted in the power, except in ihe first or last 
term; because every power of 1 is 1, (Art, 209.) and this 
when it is a factor, has no efiect upon the quantity with 
■which it is connected. (Art. 90.) 

Thusthecnbeof (:c+l) is a^-i-3j:'xl+3arxl'+l', 
Which is the same as :c'-f 3a.-=+3r+l. 

The insertion of the powers of I is of no use, tmless it 
he to preserve the e^onenls of both the leading and the fol- 
lowing quantity in eacli term, for (he purpose of finding the 
co-efficients. Hut this will be nmietesiisiiry, if we bear in 
mind, that the sum of the two e.xponents. in each term, is 
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equal to the index of the power, (Art. 46S.) So that, if we 
have the ex]>onent of the Isadini^ qiiniitiiy, we may know 
that cf iha following quantity, and v. v. 
Ex. 1. Tlie sixth jwwer of (1 -y) is 

1 - Gy+\5f-iO-/+l5y' -6,/+yK 

478. Frotn the comparatively simple manner in which the 
power is expressed, when tlie first term of the root is a unit, 
is suggested the expediency of reducing other binomials to 
this form. 

The quotient of («-|-3^) divided hy a is /l+i!']. Thismul 
tiplied into the divisor, is equal to the dividend ; that isj 
{a+x)^0X (l+^)therefore {a+i)'^a"X (l+^y= 
By expanding the factor ( 1-] — i , we have 

479. When the index of the power to M'hich any (.'nomial 
ia to be raised is a positive iokole number, the series will lermU 
nale. T!ie number of terms will be limited, as in all the 
preceding examples. 

For, as the index of the leading quantity continually de- 
creases by one, it must, in the end, become 0, and then the 
Beries will break off. 

Tims the 5th term of the fourth power of a-\-x is a;', or 
a'a;', tf being coinmoiily omitted, because it is e<|ual to I. 
(Art. 207.) If we attempt to continue the series farther, the 
co-efficient of the next term, according to the rule, will be 



ixo_ 



0. (Art, 112.) And os the co-efficients of all suc- 



ceeding teims must depend on this, iViey will also be 0. 

480. If the index of (he proposed power is negative, thie 
can never become 0, by the successive subtractions of a unit. 
The series will, therefore, never lenninaU; but like many de- 
cimal fractions, may be continued to any extent that is de- 
sired. 
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Ex. Expand into a series ~^=(a4-y)~^ 

The terms witliont tlie co-efficients, !iie 
a-\ a-% a-y, a-y, a-y, &;c. 

The co-efficient of the 2(1 term is - 2, of tiie 4l!ii 



Of tlie cliii-j, ~^^~^==+^,ol the 5ih ^l2<^^ = +5. 
2 ^ 4 

The series^ then is 
a-'-2a-'j/+3rt-y- 4a-y-|-5a-y, &c. 

Here the law of tlie progression is apparent ; the co-effi- 
cients increase regiihirly by 1, and tiieir signs are ahemately 
positive and negative. 

481, The Binomial Theorem is of gieat utility, not only 
in raising powers, but particularly in finding the roo(s of bino- 
mials, A root may be expressed in the same manner as a 
power, except that the exponent is, in the one case an inte- 
ger, in the other a fraction. (Art. 245.) Thus (fl+^)° '"''y 
be either a power or a root. It is a power if n— 3, but a root 
if n=k. 

482. If a root be expanded by Ihe binomial theorem, tlie 
series will never lemiinate. A series produced in this way 
terminates, only when tiie index of the leading quantity be- 
oomes equal to 0, so as to destroy the co-efficients of the suc- 
ceeding terms. (Art. 479.) But according to the theorem, 
the difference in the index, between one term and the next, 
is always a unit ; and a fraction, though it may change from 
positive to negative, cannot become exactly ecjual to 0, bv 
successive subtractions of units. Thus, if the index in the 
first term be J, it will be, 

Inthe2d, \-\=~{, In the 4th - J_l^_ j, 
In the 3d, -^-1=-^, In the 5th -?-l=-^, &c 

Ex. What is the square root of {a-\-b) 1 

The terms, without the co-efficients, are. 
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Tlie on-eflicieiit of the second term ii 
-I, of llie 4lli, Zi^_ 



ix-J_ 



And Ihe series is «"+!« 'b-ia ''b-+ ,\(r^l>\ &c. 

■\VlLcn a qunniiiy is cx|'uiided by llie Binoinid Tlieorem, 
the law of llie series will fre.iiieiilly be more iijiparenl, if Uie 
factors, by which (lie co-ellicieiiis ace formed, are kept dU- 
litict. 



Siibsiiiulitig 6 for a', we have 



iJ^' (Art. 472.) 



aXc 4 2.4,6 8 2.4.6.8 

Restoring, then, the value ofb, and writing -for a~', we have 

^ ' - -Tg^ 3.4«' 2.4.6a' 2.4.6.8o' 

2. Expand into a series (l+a;)''. 

^3 2.4^2.4.6 2.4.6.8 

3. Expand V^-or (1+1)^. 
2.4.6 

4. Expand (a+x)^ or a^X (l+^)^. Sec Art. 478. 
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5. Expand {a+i)% or aix[l4--)^. 



A 


™.«*x( 


•+!.- 


26- 
"3.60 


, 2.54' 
■"'"S.e.Ka- 


. 8-5.86' ji 
3.6.9.12a'' 


6. 


Ex^jand 


into a s 


eries 


(«-'.)♦. 




A, 


lis. a'xf 


1-1- 

4a 


Si" 
4.8o' 


3.74' 
■"jXlJa- 


3.7.1 li' 

4.8.l2.l6a'' 


7. 


Expand 


{'+') 


-1 


8. Expanil (l-i)'. 


9. 


Expand (l+ar) 


-i. 


10. Expand (a"+i)~*. 



483. The binomial theorem may also be applied to quan- 
tities consisting of ntore than two terms. By substitution, sev- 
eral terms may be reduced to two, ami when the compound 
expressions are restored, such of them as have exponents 
may be separately expanded, 

Ex. What is the cube of a+b+cl 
Substituting k for {b-\-c,) we liavea+(6-{-c)=:a+ft. 
And by the theorem, (a+hy=a?-\-Sa^h-^Sah'-{-kK 
That is, restoring the value of k, 

The two last lerms contain powers of (64*^) > ^^^ these 
may be separately involved. 



Examples. 

1. "Wliat is the 8th power of (a+b) t 

Ans. o"4-8ft'(.-f 28rtV+56«=t^+70a'6'+5Cn'^ (■ 

2. What is the 7th power of {a-h)1 

3. Expand into a series ___, or (1 -a)"' 
Ans. l+a+a'+a'+o^+oV &c. 
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4. Expand - 
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Ans. hxl-+~A-~+^ &c. or-+ 4- + , 
\a a" a? a' I a o' a' a' 

5. Expand into a series (a'+fi')*. 
Ans.a+*'-^,+ -|l, &c 

6. Expand into a series (a+y)"'- 

a* a" a' a' a* 

7. Expand into a series {c'-^-x') . 



8. Expand J_ _ or rf(c'+s') 



Ans. ^[1-^-+- 



i.4c' 2.4.6c^ 2.4.6.S6''' 



9. Find the 5th power of (a'^+y'.) 

10. Find the 4th power of (a-fD+ar.) 

11. Expand (a'- r)*. 12. Expand (1 -y')*. 



13. Expand {a-xy. 



14. Expand /i{a'-^')* 
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SECTION XVIII. 
EVOLUTION" OF COMPOUND QUANTITIES. 

Art. •134. THE roots of coniiwinnl rjiiaii lilies maj' be ex- 
tracted by the following geiieiat rule: 

Afrcr arrangiiifT (lie terms according (o (lie powers of one 
of the letters, so tlial the highest power shall stand first, the 
next highest next, &c. 

Take the rool of the jirst lerm,Jor the first term of the requir- 
ed Tonl : 

Subtract ihe poucr from the. given quavXitu, ami divide the 
first term of Ihe remainder, hy the first term of the rool invoked 
to lite next inferior poioer, and multiplied by the index of llis 
given power ;^ the tjuotienl will be tlic next term of the root. 

Subtract the power of tlie terms already fotind from the given 
quantity, and using the same divisor, proceed as before. 

This rule verifies itself. For the rool, whenever a new- 
term is added lo it, is involved, for ihe pnr|K)Be of siiblmcl- 
ing its |To\ver from (he given qiianltty : and when !.!ie [wwer 
is eqxial lo litis quaiUiiy, it is evident the Inie root is found. 

Ex. \. Extract the ciihe root of 

a"_[_3<i' - 3o' - 1 1 a'4-6«'-f- 1 la ~ 8{a=+a - 2. 
a', the first subtrahend. 

3a')* 3a% &c. the first remainder. 



a'+.Sa'+3a'+a^ the 2d subtrahend. 




So*)* * -Ca', &c. the 2d remainder. 
a»+3a*-Sfl'-ll«H('(i^+l2n-8. 








IBythc ?^»npowcrismran'ap-»vcrofthesamcnamc 
square tool, dii; cube of its dibe tool, ic, ' 


■■ wiih the rcqjired 
i Uie Equare of iU 
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Here a\ (lie ciibR root, of a", is taken for the first term of 
ihc letjuired loot. The power n* is subtracted from the given 
c|naniity. For a divisor, the first term of tlie root is squared, 
thai is, raised to tlie next inferior power, and multiplied by 
3, the index of the given power. 

liy tliis, the first term of the remainder 3a', &c. is divided, 
and the quotient o is added to llie root. Tlien re'-f-n, tlie 
part of the root now found, Is involved to the cube, for the 
second subtrahend, w]iich is subtracted from tlie whole of 
the given quuntity. The first term of the remainder - G«', 
&c. is divided by the divisor used above, and the quotient -2 
ia added to (he root. Lastly the whole root is involved to 
the cube, and the power is found to be exactly eoual to the 
given quantity. 

It is not necessary to write the remainder at length, as, in 
iHviding, the first term only is wanted. 

2. Extract llie fourth root of 

n<4.8a'4-24«=+32a4- 1 G (a+2 



3. Wliat is the 5th root of 

4. What is the cube root of 

a? - 6a'6+ 2a(»* - 86M Ana. a- 26. 

fi. IVliat is the square root of 

4a''-12a6+9t'4-16aA-24bA+16ft'(2a-3&+4A 
4a'' 



■ia)*~l2ab, &c. 



4a)* * *+ 16 ah, Sic. 

4a'- I3n6+96--]-I6aA-24(j/t-|-I6;i». 
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In finding tlie divisor here, the term 2a in the root is not 
involvetl, because the power next below the square is the 
first power. 

485. But tlie square root is more commonly extracted by 
the following rule, whicli is of the same nature as that which 
is used ill Arithmetic. 

After arranging the terms according to the powers of one 
of the letters, lake the root of the first term, for the first tern- 
of the required root, and subtract the power from the givei' 
quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found,^nd add the quotient, both to 
the root, and to the divisor. Multiply the divisor thus in- 
creased, into the term ksi, placed in the root, and subtract 
the product from the dividend. 

Bring down two or three additional tenns and proceed as 
before. 

Es. 1. What is the square root of 

a'4-2rt6_|_6=-(_2«c+26e+e'(a4-64-c. 
a', the first subtrahend. 

2a+6)* 2ab-\-l>^ 

Into b= 2ab-\-l/, the second subtrahend. 



Inio c— Zac-\-'Zbc-\-c^, the third subtrahend. 

Here it will be seen, that the several subtrahends are suc- 
cessively taken from the given quantity, till it is exhausted. 
If then, these subtrahends are together equal t.o the square 
of the terms placed in the root, the root is truly assigned by 
the rule, 

Tlie first subtrahend is the square of the first term of the 
root. 

Tiie second subtrahend is the product of the second term 
of the root, into itself, and into twice the preceding tenn. 

The Iklrd subtrahend is the product of the third term 
of the root, into itself, and into twice the sum of the two pre- 
ceding terms, &c. 

That is, the subtrahends are equal to 

a'+(2a+6)x6+C3a+26+c)xc, &c. 
and this expression is equal to the square of the root. 
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For (a+b)''=a'+Zab+b'=a^+(2a+b)xb. (Art. 120.) 
And puU'ntg h=n-\-b, the square li'=a'-\-{2a-{-b)xb. 

that is, restoring the valiics of k and h'. 

In the same inanner, it may be proved, that., if anotlter 
term be adilcd to the root, the power will be increased, by 
the product of that term mto itself, and into twice llie sum 
of the preceding lenna, 

Tiie deiiiLmstration will be substantially ihe same, if some 
of the terms be negative. 

2. WImt is the sriuare root of 

1 - 4b-\-ii'-Jr2y - Aby+y\\ - 2b+y 

2 -2i)*- 46+46= 
Into -26= -4b-\-4b^ 



2-46+y)* * 2y-4by+y^ 
Into y= ^y-iby+y'. 



3. Wiiat is the square root of 

a' - 2«'+3a' - 2a^+n^ 1 Ans. a' - n'-f-a. 

4. What is the square root of 

a'^4a<ii-[-46' - 4a' - 86-1-4 1 Ans. a'+gft - 2. 

486. It will frequently facililalc the extraction of roots, 
to consider the index as composed of two or more /aeiors. 

Thusa^=/X^. (Art. 258.) And a*=o*Xt That is, 
The fourth root is equal to the square root of the square 

TJie sixll 1 root is efjual to the squa)'e root of the cube root ; 

The eighth root is equal to the square root of the fourth 
root, &c. 

To liiid the sixth root, therefore, we may first extract the 
cube root, and then the square root of this. 
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1 Find Uie square root of 3:'-'la-*+63:'-4:E-)-l. 

2 Find the cube root of i^-Gj;'+15:r'-20i^+15:E*-6x+l. 

3 Find the square root of ix* -4x'~\-l3x''-Gx-~{-9. 

4. Find the fourth root of 

5. Find the 5th root of a-'+5r'+10*'+10a;=+u:c+l. 

6. Find the sixlli root of 

a«-Ga'<>4-!5a'i»=-20a'6'+I5(W .6a6'+(»'. 



ROOTS OF BINOMIAL SURDS. 

486. b. it is sometimes e.vpcdicnt to express the square 
root of a quantity of the form «tV^> called a binomial or re- 
sidual surd, by the sum or difference of two other surds. A 
formula for this purpose may be derived from the following 
propositions ; 

1. The square root of a whole number cannot consist of 
two parts, one of which is ralional, and the otJier a surd. 

If It be possible, let ^«— aj+Vj/i in which the part x is 
rational. 

Squaring both sides, a=x''-{-2x\fy-[-y 

And reducing, ^y^ ""^ ~y , a rational quantity, 

which is contrary to the supposition. 

2. In every equation of the form x-\-\fij—a-\-\/b, the ra- 
tional parts on each side are equal, and also the remaining 

If X be not equal to a, let x=atz. 
Then a±:+^y^a+V'>- J^"^ V^='+yy ' 
That is, V'' consists of two parts, one of which is ralional, 
and the other not ; which, according to the preceding proi)o- 
sition, is impossible. 

In the same manner it may be shewn, that in the equa- 
tion, at- \/y=a-V&, the rational piuls on each side nra 
equal, and also the remaining parts. 

3. 1( \/a+\fb^x-{-\/y, then V«-V''=*-V!/- 
For, by squaring the first equation, we have 

as 



.■..Google 



258 ALGEBRA. 

And by the last proposition, 



By Bubtraction, a-^^b —x'^ '^xAs/y-\-y 
By evotution, Vd-v*^— a: - \fy. 

486. e. To find, now, an expression for the square root of 
R binomial or residual surd, 

Let v«+yl=^+vy 

Then \/a - A^/b=x - \Jy 
Squaring both sides of each, we have 

Adding the two last, and dividing, a=ar'-j-t/ 

Multiplying the two first, i^<^ ~h=^^ -y 

Adding and subtracting. 



/a+V"'- 

a-\-j^(^ -h=1x^ Or a:^V 2 



Therefore, as \/a-\-/sJh=x-\-\/y, and \/a-\fh=tc~f^'^. 

Or, substituting d for A^i? - It, 

1. va+Vt =vi(»+<i)+VJ(°-'') 

2. V - V' = VK«+'') - Vi (" - <i)- 
Ex. 1. Find the atiuare root of S+SV^- 

Herea=3, fl==9, V^^^V^' 6^8, a=- 6=0 -8-1. 
Therefore vS+Vi = .^/yJ+ V^^ = V2+I- 
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2. Find ihe square root of 11+6^/2. Ana. 34-^2. 

3. Find the square root of 6-2^5. Ans. •^5- 1. 

4. Find the square root of l-\-4>>yZ. Ans. 24-^3, 
fi. Find l!ie square root of 7 - 2.^^/10. Ans. y/5 - y/%. 
These results may be verified, in each instance, by miiUi 

plying the root into itself, and ihiis re-producing the binomial 
from which it is derived. 



SECTION XIX. 



INFINITE SEPJES. 



Art. 487. IT is freqnently the case, that, in attempting to 
extract the root of a qiiant.iiy, or to divide one quantity by 
another, we find it impossible to assign the quotient or root 
with exactness. But, by continuing the operation, one terra 
after another may be added, so as to bring the result nearer 
and nearer to the value required. When the number of 
terms is supposed to be extended beyond any determinate 
limits the expression is called an irtjinile series. The quantity, 
however, may be finite, though the number of terms be un- 
limited. 

An infinite senes may appear, at first view, much less sim- 
ple than the expression fiom which it is derived. But tlie 
former is, frequently, more within the power of calculation 
than the latter. Much of the labor and ingenuity of mathe- 
maticians has, accordingly, been employed on the subject ol 
series. If it were necessary to find each of tbe terms by ac- 
tual calculation, the undertaking would be hopeless. But a 
few of the leading terms will, generally, be sufficient to de- 
termine the law of the progression. 
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488. A fraction may oflen i>e expanded iiUo an infmite 
Reries, by dividing Ike numerator by the denominutor. For ihe 
value of a fr.icUon is ctjual to the qiiotient of t!ie numerator 
divideO by iJie denominator. (Art. 135.) When this quotienl 
cannot be expressed, in a limited number of terras, il may be 
represented IJy an infinite series. 

Ex. To reduce the fraction _— to an infinile series, 

div'de 1 by 1 - a, according to the rule in Art. 4C3. 
1_„)| (I +„J.a'+a^ &c. 

1-n 



* a', &c. 

By continuing the operation, we obtain tlie terms 

l_]_«-}.a°+a^+a'+a'+«S &c. which are suflicicnl to 
show that the series, after the first term, consists of the 
powers of a, I'ising regularly one above another. 

TJiat the series may converge, that is, come nearer and 
nearer to the exact value of the fraction, it is necessary that 
the first term of the div '*oi be gieater than the second. In 
the example just given, 1 mu t be grciter than a. For at 
each step of the divibion, theie is a remainder; and the quo- 
tient is not complete, till this is placed o\er the divisor and 
annexed. Now the hi t leinamdet lo a, the second a\ the 
third a", &.c. If a tlien is ^le-vler ihan 1, the remainder con- 
tinually increases ; which shows, that the faither the division 
is carried, the greater is the f|uan(ily, either [x-sitive or nega- 
tive, which ought to be added to the quotient. The series 
IB, therefore, diverging instead of converging. 

B'.i. if a be less than i, the remainders, n, a", d', &,c. will 
continually decrease. For powers are raised hy multiplica- 
tion; and if the multiplier be less than a unit, the product 
will be less than the nmllipliwn<i. (Art. 90.) If a be taken 
equal to ^, then by Ail. 223, 
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Here the two first terms =1+i, wbicli is less than 2, by \ 
the three first -1+3, 'ess than % by J 

the /oiw first - l-Lf , less than 2, by i 

So that the farther the series is carried, the nearer it ap- 
proaches to the value of the given fraction, vfhich is equal 
to 2. 

2 If ^ be expanded, the series will be the same as that 

1+n 
from ^ , except that the terms which consist of the odi 

1-a 
powei-s of a will be negative. 

So that J-- 1 - a+a- «'+«' - «"+«'. &c. 

3 Reduce — — to an infinite series. 

a~b 

/ Vo a a' 



' '±,SiC. 
a 

Here 1 divided by « gives - for tlie fir.t teim of llie quo- 
tient. (Art. 124.) This is multiplied into o - b, and the product 
is fc-^; (Arts. 159,153.) which subtracted from h leaves 
5i. This divided by a gives '* (Art. 163.) for the second 
l^rm of the quotient. It the operation be continued in the 
same manner, we shall obtain the series, 

in wliich the exponents oi b and of <■ increase regularly by 1. 



Ho,fdb> Google 



262 ALGEBRA, 

4. Reduce -JI^ to an infinite series. 
l-a 

Ans. i-[-2a+2a^~^-%tf~^2a*. Sic. 

489. Another nictiiod of forminjr an infinite series is, by 
extracting the root of a compound surd. 

Ex. 1. Reduce \^a'-\-b'' lo an infinite series, by extracting 
tne square root according to llie rule in Art, 485. 



^a 8aV 4a^ 

Here a the root of the first term, is taken for the first term 
of the series ; and ilie power a^ is subtiact«d from the given 
quantity. Tiie remainder b^ is divided by 2a, which gives 

— , for tlie second term of the root. (Art, 124.) The divi- 
sor, with this term added to it, is then multiplied into the 
term, and the product is 6^4--^^, (Arts, 155, 159.) This 

subtracted from 6^ leaves - — ,, which dlvid.'d by 2a gives 
- —, for the third term of the root. (Art. 163.) &c, 

2a 8ti' IGa' 

3, V2=VM-i = l+2-i+TV, &c. 
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490. A binominl which has a negative or fraclional expo- 
nent, may be espandeci into an infinite series by the bmotnial 
tluorem. See Aits. 480, 482, and ilie examples at ihe end 
of Sec. xvii. 



INDETERMINATE CO-EFFICIENTS. 

400. b. A fourth method of expanding an algebraic ex- 
pression, is by assuviing a series, with indeiermmate co-effi- 
cients ; and afterwards finding tlie value of these co-efficienta. 

If the seiitia, to wliich any algebraic expression is assumetl 
to be equal, be 

lei the equation be reduced to the form in which one of llie 
membersisO. (Art. 178.) Then if such va'ues be assigned 
lo»?, B, C, Sic. iliiUtbe co-efficients of the several powers 
of X, as well as the aggregate of the terms into which x does 
no( enter, slia!! be each equal to ; it is evident thai the wlwlt 
Will be emial to 0, and that, upon this condition, the equation 
IS correctly staled. 

The values of ^, B, C, &c. are determined, by reducing 
the equations in which they are lespeclively contained. 

Ex. 1. Expand into a series " 
c-\-bx 

-Assume -^^=A+Bx-\-Cx^-\.D:t^.^Ex\ &c. 

Then muiliplying by the denominator c-^bx, and trans- 
posing a, we have 

0={'^c-a)+{Ab+Bc)x+{Bb+Cc)x^-i.(Cb+Vc)AS.c. 

Here it is evident, that if (Jle - a), (M+Bc), (Bb-\-Cc), 
&c. be made each itjual to 0, the several parts of the second 
member of t!ie equation will vanish, (Art. 113,) and Ihe 
tekoh will be ecjniil (o 0, as it ought to be, according to the 
assumption which has been made. 
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Reducing the following equations, 
^c-a=0, we 


Iiav. 


c 


ffi+Bc=0, 






B^-Ll. 


Bb+Ce=0, 






C= - '-B, 


Cb+Dc=0, 






D=-ic. 



That is, each of the co-efficien!s, C, D, aiitl E, is equal to 
tlie preceding one muUiplied into -- -. We liave therefore 

c+hx c c' ^ e c' e 

S. Expand into a spii''-= i — 



d-\~hx-\--cx' 



a-^hx 



Assume °+''^ =^+£g+Ca^+J:c'. &c. 

Then raultipljing by the denominator of the fraction, and 
transposing a+6^, we have (}^{Ad-tt)-\-{Bd-^,ik-h)x 
j^{Cd-\-Bh^-Jlc)x'^{Dd-{-Ch-\-Bc)x\ S;c. 

Therefore Ji=% C=-^fi-^3, 

d d d 

d d d d 

\d dj \d ^d I 



Expand into a si 



1 + 33^ 



Ans. \-\-3x+ix^-\-73^+Ux'+\8x'+^9x\ &c. 
In which, the co-efficient of each of the powers of x, is equal 
to the sum of the co-efficients of the Iko preceding terms. 
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. Expand into a series - -. ... 



5. Expand into a series ^ . 

6. Espand into a scries 

Ans. l~[-xJ^2x'-\-2x'+3x'+3x'^+4x'-{-4x', &.c. 
8. Expand - 



9. Expand -5+^. 10. Expand _L±5-. 

SUMMATION OF SERIES. 

491. Thongli an infinite series consists of an nnlimited 
number of teriny, yet, in many cases, it is not difflcuU to find 
what is called (lie swrn of the terms; thai is, a quanliiy which 
differs less, than by any assignable qnantily, from the value 
of the whole. This is also called the Ihnil of the series. — 
Thus tlie decimal 0,33333, &c. may come infinitely near to 
the vulgar fraction i, but never can exceed il, nor, indeed, 
exactly equal it. See Arts. 453, 4. Therefore i is the limit 
of 0.33333, &c. that is, of the series 

Tir-f'T ii ii I mir e I t ooi i o 'W a " m nrtr> oi,C. 
If the number of terms be supposed iniinitely great, the 
difTerence between their sum and f, will he infinitely small. 

492. The sum of an infinite series whose terms decrease 
by a common divisor, may be found, by the rule for the sum 
of a series in geometrical progression. (Art. 442.) Accord- 
ing to this, S= " ~% that .is, the sum of the series is found 

by multip!)-ing iVie greatest term into the ratio, subtracting 
tiie least term, and dividing ty the ratio less 1, Bui, in an 
infinite series decreasing, the least term is infinitely small. — 
It may be neglected tjierefore as of no comparative value. 
(Art. 456.) The formida will then become, 

S=lll^or S^J:^. 
r-l r-1 



.■..Google 



Ex. 1. What is the sum of tlie inliiiito series 
Here the fiist term is A, finrf 'lie ratio is 10 



a. VVliat is tjie sum of (he infinite series 

1--I 3-1 

3. What is tiie sum of tlie infinite series 

l+3'-+i4-s^ + /i, &c. ? Ans. f^l+i 

493. Tliere are ceriain classes of infinite series, whose 
sujiis may he found by subtraction. 

By the rules for tlie reduction and subtraction of fractions, 
1 l_3-2_ 1 
2'*3^2x3~2x3' 
1 l_4-3_ 1 
3^4 3x4^3x4' 
l_l_5-^__l_ g.^ 
4 6~4x5~4x5' 
If then the fractions on the right be formed iiilo a series, 
they will be equal to tbe difference of iwo scries formed from 
the fractions on the left. Tliis difference is easily found ; 
for if the first term be taken away from one of these two 
series, it will be'efiiial to IJie other. 

Suppose we have to find the sum of the infinite series 

L+ JL+-L+ J_, &c. 

2-3 3-4^4-5 56 
From this, let another be derived, by removing the last 
factor from each of the denominators ; and let the sum of 
the new series be represented by S, 

That is, let S^l+l+l+l, &c. 



Then 



, 1 



And jy subtraction _z^_-+_-H_-+— , &c. 
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Here the new aeries is made one side of an equation, and 
directly under it, is written the same seiies, after the first 
term J is taken away, if the upper one is equal to S, it ie 
evident that the lower one must be equal to S- |. Then 
subtracting the terms of one equation from those of the 
other, (Ax. 2,) we have the sum of the proposed series 
equalto^. For S -{S-k) = S-S-\-^=i. 

S. What is the sum of the infinite series 

Here a new series may be formed, as before, by omrlling 
Uie last factor in each denonrinator. 

Let S=l+l+!+!+l, Sic. 

Then S- ?=l+l+l+i+l, Sc. 

g 9 2 2 & 2 
And by subtraction _= JrL-l- — J j 4— — > &c. 

Or ^=J_4-J-+J_+_L+i_, &c. 
4 l-3^2-4^3-3 4G 5-7 
In repealing the new series, in this case, it is necessary to 
omit the two first terms, which are l-j-J=|. 
3. What is the sum of the infinite series 



-J_+_f_4._!_+ ' . i 
2-4-6 M-6-8 6'8-10 8-10-12 



Here a new series may be formed by omitting the last fac- 
tor, and retaining the two first, in each denominator. And 
we shall find 



32 2-4-C ' 4-6-8 6 
4. What is the sum of the infinite s- 
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493. b. Series whose suras can be determined, may also 
be found by Uie following nieihod. Assume a decreasing 
series, coniaining ilie powers of a variable quantity x, whose 
Bum=.S. Multiply both sides of the etiuation, by a com- 
pound factoi-, in which x and some constant quantity are con- 
tained ; and give to x such a value, that the compound fac- 
tor shall be equal to 0. If one or more of the first terms be 
then transposed, these will be equal to the sum of (he re- 
maining series. 



Multiplying both sides by a: - 1, we have 

S-i((x-l')=~l-\-—-\- — ~\-—-\-—+— . &^c. 
c,X[x i)~ '-t-p2^2-3^3-4^4-5^5-6' 

If we make x—\, the first member of the equation becomes 
Sx(t-1)=0. (Art. U2.) Then transposing - 1 from the 
other side, we have 

i=-L+i, ■ ■ ' 

2. Let 5=14-5-1-^%^+?^ kc. as before. 

Multiplying by a:' - 1, we have, 

ii>.ji o_a 2^4 
S\:(x'-l)= -1-^-1-— 4--?-4-:ri-, &.c. 

Making x=l, and transposing the two first terms of the 
eeries, we have 



S. Multiplying S=l+|+|+1, &c.by2a:'-3x-fl 
we have 

And if a: be put equal to 1, 
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Prom the two last examples it will be seen, thai different 
teriea may have liie same sum. 

RECURRING SERIES. 

493. c. When a series is so consiil.uted, that a certain 
number of comignous terms, uken in any pari of the series, 
have a given relation to the term ijnineiiiately succeeding, 
it is called a recurring series ; as any one of the following 
terms may be found, by recurring to those which precede. 
Thus ill the series \-\.2,x-\-43?-{-7:^-\-Ux*-\-\Q3?, &c. 
the sum of the co-efficients of any two contiguous terms, ia 
equal to the co-effictent of the foUowing term. If tlie serieB 
be expressed by 

.3+B+C+U+je, &c. 
Then ^=1, the first term. B-Sa,', the second, 
C^Bx-\^Jlx'='ix\ the third, 
D=Cx-\-B^=lx', the fourth, &c. 

That is, each of the term?, after [lie second, is equal to the 
one immediately preceding multiplied by x, 4- the one next 
preceding multiplied by x'. 

In the series \-{-2x-{-Z'^-\-4.x^-\-5x''-{~Gx^, Sic, 
each term, after the second, is equal to 2x multiplied by the 
term immediately preceding, -ar* multiplied by the tenn 
next preceding. The co-eiBcients of x and ar", that is +2 - 1 , 
constitute what is called the scale of relation. 

In the series l-\-4x-\.Qx'-{,\lx^+28x*-\~6Sx\ &c., 
any three contiguous terms have a constant relation to tha 
succeeding term. The scale of relation is 2- l-|-3 ; so that 
each term, after the third, is equal to 2x into the term imme- 
diately preceding, ~x' into the term next precedmg, -f 3?? 
into the third preceding term 

Let any recurring series be e 



^+B+C+D^E-\-F, &c. 

If the law of progression depends upon Iteo contiguous 
terms and the scale of relation consists of two parts, m 
and n, oi 
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Then C=Bmx-\-^inx\ liie thiid term, 
JD.= Cmx+Biix^, the foiiiLh, 
E=Dmx-\-Cnx\ Lhe fifUi, 
&.C. Sic. 

If tlie law of progression depends on lliree contiguoui 
terms, and the scale of relaLion is iii+n+r, 

Then D=Cmx-\-Bnx^-{-^r3^, tlie fourlh term, 

E=Dt!'x+*^^x'+Brx\ tlie fifth, 

F-Ei>ij4-Dnx'-\-Crx\ tlie sixth, 

8:c. &c. 

If the law of progression depends on more than three terms, 

the eticceeding terms are derived from them in a similar 



493. d. In any recurring series, the scale of relation, if it 
consists of tieo parts, may be found, by reducing the equa- 
tions expressing the values of two of the terms ; if it con- 
sists of lliree parts, it may be found by reducing the equations 
expressing the values of three terms, &c. As the scale of 
relation is the aajne, whatever be the value of x in the series, 
the reduction may be rendered more simple, by making ^=t 

Taking then the fourth and fifth terras, in the first exam 
pie above, and making x— 1, we have 

-^= J;"'t?" \ to find the values of m and n. 

These reduced, (Art. 339,) give 

'" CC-BD cc-Bjy 

, ,. . iJl B C D E F 

mine seiies j \j^Z3:-[-bx'+lx^-{-^x'Jr'^W, &.c. 

Making x—l, we have 
^,„ 7X5-3X9 _0 „=.5x_9^r^ _ >_ 

y-3x7 b'-Zxl 

Therefore, the scale of relation is 2 - 1. 
To know whether the law of progression depends on ftoo, 
three, or more terms ; we may first make iria! of two terms ; 
and if the scale of relation thus found, does not correspond 
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with tlie given series, we may try three or more terms. Or 
if ive begin with a miinber of terms gieater thtm is neces- 
sary, one or more of tlie values found will be 0, and the 
Others will constitute the true scale of relation. 

493. e. \^nien the scale of relation of a decreasing rccur- 
riog series is known, the sum of the temts may be found. 
j^, iJl B C D E F 
^^ I a+bx-{-cx''+dx'+ex'+fA &c. 
be a recurring series, of which the scale of relation is m-\-n. 
Tlien .3= the first term, B-~ the second, 
C=Bxm3:-{-JXft-A the third, 
D=:Cxnix+Bxnx\ the fourtli, 
E=Dxmx4-Cxnx', the fifth, 
&c. &c. 

Here mx is multiplied into every term, except the first and 
the last; and ni* into every term except the two last. If 
the series be infinitely exleniled, the last terms may be neg- 
lected, as of no comparative value, (Ait. 456,) and if iS'= 
the sum of the terms, we have 

S=A+B+mxx{B+C+D, Sic.)+m''xi-S+B-{-C. &c.) 
But S-wS^B+C+P, &c. And S=^+B4-C, &c. 
Therefore S=^+B+iiixxi!^~ 'i)+ruc'xS. 
Reducing this equaiion, we have 
^^_ ^+B-^m x 
i-mx^nx':' 
Ex, 1. What is the sum of the infinite series 

l+Gx+Ux'+iSx^+nOx', &c. 1 
The scale of relation will be found to be !-j-C, 
Then^=l, B=6x, m^l, n=C. 

The series therefore =_ — ^. — ._. 

2. What is the sum of the infinite series 

l_j_3j:4.4ar'+7i=+lU'4-18ar'+20jr', &c. 1 
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3. \VIiat is ihe sum of the infinile series 
l+x-\-53;'-\-\3-^+'Hx'+\2lx-+3G5ii', Sic. 1 

1 ~2i-3j;' 

4. What is the sum of Llie infinite series 

Ans 1+2^- 2^_ ' 

I-Si+s" (I -a>' 

5. Wliatis the suitiof i!ie iiifiiiiie series 

Ans '+^ 

6. Wiat is the sum of the infinite series 

l+2x+83:*+2S:r»+100i', &c. 1 

Aits. 

If m tlie series j „_^j^_,^„._|_jj._^,i.4./,., Btc. 

the settle of relation consists of tliree pans, m-j-tt-f r. 

Then ^= the first term, 11= the seeonil, C= the ihirti, 

n=Cx>iii+BX"i'+-fX"', ilie fonrili, 

B=Oxnii+Cx«»M-BXfJt", the fiflh, 

F^KxmT-\-l)X^^^+CX>-A the sixlh. 

Sic. 8ic. 

Tlierefoie 
*=.<!+ K+C+»iix(C+;j+E &c.)+«.'x 

(«+C+W8tc.)+rx'x(.*fB+C8tc.) TImi is, 
S=JI+B+C+ni..x(S-J-«)+»»'X{«— 'J+f'xS 
Ueducing tliis ei]otilion, we hiive 

^_ .il+B+C- (A +«)m, -Ani' 
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Ex. I. Wlial. is (he sum of l.lie imlnite seiJea 
in whioii llie scale of lelaiioii is 2-l-f-3] 

1 - 2^+a;* - 3a'' (I -a:)^-3a;'' 
2. Wliiit, is tlie siini of (lie infmiie series 

in wliicli die sciUe of relauoii 13 l-f-l - 1 l 
. I 

Ana. . - . — 

METHOD OF DIFFERENCES. 

493. e. In the PiimnmMon of Series, the nbjccf. of inquiry 
IS not, always, to delerinine (he va.\\ie of the whole when in- 
finitely extended ; but freijiiently, lo find the sum of a cev 
tain number of terms. If the seiieaia asi increasing one, the 
suiTi of all the terms is inlinite. J^iil (he vahie of a Umiteil 
number of terms may be accurately deteriniiied. And it in 
frequently the case, that a part of a decreasing series, may 
bo more easily snmmed than the whole. A moderate num- 
ber of terms at the conrniencenieiil of the series, if it conver- 
ges rapidly, may be a near approximation to the amount of 
the whole, when iiulefiuiteiy exiended. 

One of the melhods of de(erminiii{>; (he value of a limited 
numlTcr of terms, dfipeiids on (indiiifr the .several orders of dif- 
ferences belonging to the series, Tiie dillerences between 
(he terms themselves, are called thcjirsl order of difierencef ; 
the differences of these difltjreiices, the seconrf order, &c. !n 
the series, 

1,8, 37,64, 125, &c. 
by subtracting each term f.cin the next, \vv, obtain lbs titst 
order of diirercnces 

7, 19, 37, ei, &c. 
and taking each of '.'ncic from the next, wo have the second 
order, 

12, IS, 34, &c. 

Proceeding in thia manner with the series 
a,h,c,d,c,f &c. 
we obtain the following r.inks of differences, 
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Isi. DifT. b-a,c-b,d~c,e-d,f-e,SLc. 
2(1. Diff. c-U-^a, d-2c+b, e~2d+c,f~2e-!rd, &c. 
3cl. D\itd-Sc+2b-a,e-SdJrSc-bJ-3e+3d-c,&ic. 
4(h. Dilf. e.-4d+Gc-4b+ct,f- 4e-\-6d-4c+b &c. 
5ih. Diff./-5e+10<;-10c+56-a, &c. 

In these expressions, each diiTerence, here pointed off by 
commas, though a compound (jiiantiiy, is called a term. Thus 
the first term in the first rank is 6 - a ; in the second, c - 26+0 ; 
in the tliird, d-3c+36-re; &c. The firel terms, in the 
several orders, are those which are principaliy emploj'ed, in 
inveetignling and applj'ingthe method of differences. It will 
be seen, that in the preceding scheme of the successive dif- 
ferences, the co-efficients of the first term, 

In tlie second rank, are 1, 2, 1 ; 

In the third, I, 3, 3, 1; 

In the fourth, 1, 4, 6, 4, I ; 

111 the fifth, 1, 5, 10, 10, 5, 1; 

Which are the same, as the co-eilicienis in the ^jowers o/6i- 
nomials. (Art. 471.) Tlierefore, the co-efficicnts of the first 
term in (he nth oider of dilferences, (Art. 472,) are 



493. / For the purixise of obtaining a general expression 
for any term of the series a, b, c, d, &c. let D', D", D'", D"'\ 
fcc. represent the first terms, in t!ie first, second, third, fourth, 
&c. orders of dilferences. 

Then D'=b- a, 

i>"=c- 2^4-0, 
D"'=d-3c+3b-a, 
J)'"'=e-4d-\-6c-4b-\-a, 
&.C. &c. 

Transposing and reducing these, we obtain the following 
expressions for the terms of the original series, a, b, c, d, &C. 
The second term 6 — a+/->', 
The third, c=a+2JyJrD", 

The fourth d^a-j-3D'+3/J"+-D'", 

The fifth, «=a+4I>'+6D"-l-4D '-f U"", 
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Here tlie co-ellicienis observe ilie same law, as in the pow- 
ers of a binomial; with this diileience, that llie co-efficienta 
of liie nlh term of the series, are tlie co-efficieiits of llie 
{n- l)ili power of a biamiiiiU. 

Tims tlie co-elficients of llie fifih term rtre 1, 4, 6, 4, 1 ; 
wJitcli are the same as the co-efficieiUs of llie fourth [wwer 
of a biiioinial. Siil)sti;iitiiig, tlieii, n - I for n, in tlie formula 
for l!ie co-efficients of an involved binoinial, (Art, 472,) and 
applying liie co-cffieients thus obtiuiied to D', D", D"\ D"", 
&c. as ill the preceding eqnations, we have the following gen- 
eral exp-essioii, for the wlh term of the series, a, b, c, d, &c. 

Tiienih term 

When tlie differences, after a few of the first orders, becoir/e 
Oj any term of the series is easily found. 

Ex. 1. What is the nth term of the series 1,3, 6,10, 15,311 
Proposed series 1, 3, 6, 10, 15, 21, &c. 
First order of diff. 3, 3, 4, 5, G, &c. 
Second do 1, 1, 1, 1, Slc. 

Third do. 0, 0, 0, 

Herea=l, D'-'i, D'^l, D'"^.0. 
Therefore the nth term ^l-(-(?i-l)3+n-l1l^. 

The20th term -1+38+171^210. Thc5mh^l275. 

2. What k the 20!h terra of the series 1', 3', 3', 4\ 5\ &c. 1 

Proposed series I, 8, 27, 64, 125, &c. 

First order of diff. 7, 19, 37, 61, &c. 
Second do. 13, 18, 24, &c. 

Third do. 6, 6, &c. 

}IereZ)'=7, D"=12, D"' = <i. 
Therefore the 20th term =8000. 

3. What is the 13th term of the series 3, 6, 13, 20, 30, &c.l 

Ans. 156. 

4 What is the ISth lermof the series 1*,3', 3',4', 6% 6\ &c.? 
Ans. 235. 
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493. g Tooblain ivri expression for Iheswm of any number 
of leiLus of a series a, h, c, d, Sic. lei one, two, (liree, &c. terms 
be suecessively added togmliei', so as to fonii a new series, 
0, a, a+b, a-i-b+c, a+b+c-{-d, &c. 
Taking the dilfcieiices hi this, we have 
1st Difr. a, b, c, d, e, f, Sic. 
2d Diir. b-(i,c-b,d-c,e-d,f~e,&c. 
3d Diir. c - 26+n, d - 2c+6, e - 2d-\-c, f- 5e-|-,/, &c. 
4th DiH". d-Sc+Hb-a, e-Bd-\-Sc-b,f-Se+M-c, &c. 

&c. &c. 

Here it will be observed that the second rank of dilTerences 
in (lie new series, is the same as lhe_^rs( rank in the original 
series a, b, c, d, e, &c. and generally, thiil. the (n-j-ljth rank 
in the new series is the same as the nth rank in the original 
aeries. If, as beforej D'= ihe first term of the first differen- 
ces in the original series, and d'= the first term of the first 
differences i» the new series ; 

Then d'=a, d^'^jy, d'"^ D", d""^ D"\ &c. 
Taking now the formula (Art. 493./.) 

wliieh is a general expression for Ihe nth teini of a series in 
whicli the first lenn is a; applying it to the new series, in 
which the first term is 0, and substitulhig h-[- 1 for n, we liave 

l&c 

Oi„«+»'L--l»-+«1zix'±:iz)"+^ix»jix"j?-'J"'+ 

[&c. 
Whieli is a general expression for th« (n-|-l)th term of the 
series 

0, a, a-\-b, o-f-t-^c, a-U-fc |-c+rf, &:c. 
or the nth tcmi of the series 

„, aJrb, fl+6-f-c, a+fe+c+rf, &c. 
But the nth term of the laUer series, is evidently the sum 
of n terms of iJie serie?, a, b, c, d, &c. Therefore the 
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general expression for Ike sum of n terms of a scries of \ehich a 
is the first term, is 



,a^ra^B'+n% 



-X~- 



[+&C. 

Ex. 1. Wltat !3 the sum of n terms of the seiiea of odd 
nwnbers, I, 3, 5, 7, 9, &c,] 

Series proposed I, 3, 5, 7, 9, &c. 
First Older of dilT 2, 2, 2, 2, &c. 
Second do. 0, 0, 0, 

Here a=\, D'^2, D"^0. 

riierefore the sum of n terms =n-\-n!lzlx^~n\ 

That is, the sum of the terms is etuia! to tl'e square of the 
tmmber cf terms. See Art. 431. 

2. Wliat is the sum of n teiiiis of tlie serifs 

P, 2\ 3\ 4\ 5>, &c. 1 
Here a^l, D'=3, D"^2, D'-^O. 

Therefore n terms =i(2n^4-3n'+n)^in{n+l)x(2n+l). 
Thus the sum of 20 terms =2370. 

3. What is tJie sum of n terms of the scries 

J, 2', 3\ 4', &icA 
Herea^l, iy=1, D"^U, D"'^G, D"'^0. 

Therefore n terms - J(n'+2ji^+n»} - (Jnx»+I)'. 
Thus the sum of 50 terms =1625625. 

4. Wliat is the sum of n terms of the scries 

2,6, 12, 20,30, &.C.1 

Ans. in(n+l;x(n+2.) 

5. What is the sum of 20 terms of tlie series 

1,3, 6, 10, 15, &c.? 

6 What is the sum of 12 terms of the series 
r, 2', 3', 4', 5', kcA* 
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Art. 494. EQUATIONS of any degree may be produced 
from simple equations, by multiplication. Tlie manner in 
wliicti iliey are compouiuled will be best unJeralood, by 
lakiiig iliein in lliat state in wliit-li (licy are all brought on 
one side by transposition. (Art. 178.) It will also be neces- 
sary to as.sigii, to the same letter, diflerenl values, in the 
different simple etjualions. 



Suppi.se, that in oi 
And, ihatinanolb 
By transposition. 
And 


le equal Lo 
flgethcr. 




Multiplying tiiem i 
Ne.v", siLi>]>ose 


1-4 = 


And multiplying, 
Aga.'ii suppose, 


1-5=0 



And mull us before, ^- 14i^+?l^'~ 154r+120 = 0, &c 
Collecting tojrether the products, we have 
(x-2){x~S) -x'-5^:-]-G=0 

{x-^){x-&){x-4) =:i^-^x'+2Gx -2-1=0 
{x-Z){x-S)(x-4){x-5)=x'-lix'+'^lx''~\54x+\2Q=0&.c 
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Tlifil is, llie j)io<!ucl 

of (too HLiii[>ie eqiiatioriB, is a quadratic eijimLion ; 
of three simple equations, is a cubic equaiion ; 
of four simple equations, is a biquadratic, or an eqiia 
lion of the fourth degree, &c, (Art. 300.) 

Or a cubic equation may be considered as tlie proiUict of & 
quadratic and a simple equation ; a bifjtiadral.ic, as ilio 
product of two fjuadratic ; or of a cubic and a simple equa- 
tion, &c 

495. Ill each case, Ihe exponent ol the unknown quantity, 
in the first term, is equal to the degree of the eqiialicm ; and, 
in Ihe succeeding terin.s, it decreases regularly by 1, like the 
exponent of the leadinjf quantity in the power of a binomial 
{Art. 46S.) 

In a quadratic equation, (he exponents are 2, 1. 

in a cubic equation, 3, 2, 1. 

In a biquadratic, 4, 3, 2, 1, &c 

496. Tlie number of terms, is greater by 1, than the dcgreo 
of the equation, or tlie niunber of simple equations from 
whicJi it is produced. For besides the terms which contain 
the different powers of the unknown quaniity, there is one 
which consists of known quantities only. The equation ia 
here supposed to be complete. But if there are in the pnrlial 
products, terms whicii balance each other, these may disap- 
pear in the result. (Art. i 10.) 

497. Each of the values of the unknown quantity is cal- 
led a root of Ike equation. 

Thus, in the example above, 

The roots of the quadratic equation are 3, 2, 

of the cubic equation 4, 3, 2, 

of the biquadratic 5, 4, 3, 2. 

The term rooi is not to be luiderstood in the same sense 
here, as in the preceding sections. The root of an equation 
is not a quantity which multiplied into itself will produce the 
equation. _ It is one of the values of the unknown quantity; 
and when its sigu is changed by transposition, it is a term in 
one of the binoiuia! factors which enter into the composition 
of the equaiion of wliich it is a root. 
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The value of llie unknown letter x, m the equation, ia a 
quantity which may be substituted for x, without alTecling 
the equality of the members. In the equations which we 
are now considering, each member is equal to 0; and the 
first ia the product of several factors. This product will con- 
tinue to be equal to 0, as long aa any one of lis factors is 0, 
(Art. 113.) If then in the equation 

(i-2)X(i-3)x(i-4)-(i-5)=0, 
we substiiuie 2 for x, in the fiist factor, we have 
0X{^-3)x(^-4)-(x-5)=0. 

So, if we substitute 3 for x, in the second factor, or 4 in 
the third, or 5 in (he fourih, the whole product will siill be 0. 
This will also be the case, when the product is formed by an 
actual inuUi plication of the several factors into each other. 
Thufi,asa:'-9i''+26x-24=0; (Art. 494. 
So 2' - 9 x2'+26 x2 - 24=0, 
And3^-9x3=+26x3-24=0, &c. 
Either of these values of x, therefore, will satisfy the con- 
ditions of the equation. 

498. The number of r^ols, then, which belong to an equa- 
tion, is equal to the degree of the equation. 

Thus, a quadiatic equation has tmo roots ; 
a cubic equation, three; 
a biquadratic, ^OMr, &c. 
Some of these roots, however, may be imaginary. For an 
imaginary expression may be one of the factors from which 
Ihe equation is derived. 

499. The resolution of equations, which consists in finding 
their roofs, cannot be well understood, without bringing into 
view a number of principles, derived from tlie manner in 
which the equations are compounded. The laws by which 
the co-efficients are governed, may be seen, from the following 
view of the multiplication of the factors 

x-a, x-b, x~c,x-d, 
each of which is supposed equal to 0. 

The sevenii co-efficients of the same power of x, are pla- 
ced unrfcc each oilier. 
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Thus, -ax - bx is written ~ t ( ^; and the other co-effi 
cients hi (he same iiiiinner. 

The product, then 
Of (^-«)=0 



^^ ^'_ ij I ^+ab-0, a. quadratic equation. 
This into 3:- c=0 



re6c— 0, a cuhic equation. 





-a) +ab 


) 


hx'- 




['-' 


This Inlo X ~ d=0. 






-fafi' 




"] 


+«c 


-abc 


'•-''l 


.•+?'' l»- 


-aid 


~-'A 




-aal 

-id 



■c-^abcd—H, a biquadratic. 



500. By attending to these erntations, it will be seen that. 

In the^rsi (erin of eac!i, tJie co-ellicieni of a; is I : 

III t!ie second term, ihe coefficient in the sum of all ihe 

roots of (he efjuation, witii copiirary signs. Thug the roots 

of tlie qnadrrili". equation are a niid 6, and the co -el R cients, 

in the second (erm, are-aand -b. 

In the ihird term, tlie co-efficient of x, is llie sum of all 
the products which can be made, by multiplying logellier 
any two of Uie roots. Thu?, hi tlie cubic equation, as llie 
roots aie a, b, and c, the co-eliicienls, in llie tliird term, are 
ab, ac, he. 

In the fourth (erra llie co-efficient of x is Ihe sum of all 
the produclB which can be made, by multiplying togelher 
any tia-ee of the roots after their signs are changed. Thusi 
the roots of the biquadratic equation are a, b, c, and d, and 
the co-efficients in the fourth term are ~ abc, ~ abd -acd 
- bed. ' ' 

Tlie last term is the product foi'med fiom all the roots ol 
Uie equation after the signs are changed. 
25 
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[n the cubic equation, it is - re X - 'f X - c= - (the. 

Ill the biquadratic, -nx-&X-cx -d--\-abcd,kc. 

601. Ill the preceding examples, the roots ivre all positive. 
The signs aie changed by transposition, and wlien llie seve- 
ral factois aie multiplied together, the terms in the producU 
aa in the power of a residual quantity, (Art. 476,) are aller- 
iiately positive and negative. But if the roots are all nega- 
tive, they become positive by transposition, and all the terms 
in the product must be positive. Thus if tlie several values 
of 3: are -a,~b,-c,-d, then 

x-\-a=0, x-\-b=0,x+c=0, x+d^Q; 
and by multiplying these together, we shall obtain the same 
equations as before, except that the signs of all the lerma 
will be positive. In other cases, some of the roots may be 
positive, and some of them negative. 

503. As equations are raised, from a lower degree to a 
higher, by multiplication, so they may be d^ressed, from a 
higher degree to a lower, by dimwn. The product of (x ~ a) 
iiilo (x -b)\s a quadratic equation ; this into {x - e) is a 
cubic equation ; and this into {x - rf) is a biquadratic. (Art. 
494.) If we reverse this process, and divide the biquadratic 
by (x~d), t!ie quotient, it is evident, will be a cubic equa- 
lion; and if we divide this by (x-c) the quotient will be 
quadratic, &-c. The divisor is one of the factors from which 
the equation is produced; that is, it is a binomial consisting 
of X and one of the roots with its sign changed. WJien, 
therefore, we have found either of the roots, we may divide 
by this, connected with the unknown quantity, which will 
reduce the equation to the next inferior degree. 

RESOLUTION OF EQUATIONS. 

503. Various methods ha,ve been devised for the resolutixin 
of the higher equations ; but many of them are intricate and 
tedious, and others are applicable to particular cases only. 
The roots of numerical equations may be found, ho*ever, 
with sufficient exactness by successive approdmatims. From 
the laws of the co-efficients, as stated in Art. 500, a general 
estimate may he formed of the values of the roots. They 
must be such, that, when their signs are clianged, their 
vroducl shall be equal to the last term of ihe equation, and 
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tlieir sum equal to the co-efRcient of ihe second term. A trial 
may llieii be made, by siibalitiiting, in the place of the un- 
known letter, its supposed value. If this proves to be too 
small or (oo gie.tt, it may be increased or diminished, and 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered or 
assumed two approximate values, and calculated the errors 
which result from thorn, we may obtain a more exact cor- 
rection of the root, by the following proportion. 

Jls the diJfereTice of llie errors, to the difference of the assumed 
numbers ; ^ 

So is the leas! error, to the correction required, in the corres- 
vonding assumed<nuntbei'. 

This is founded on the supposition, that the errors in the 
esults are proportioned to the errors in the assumed numbers. 
Let A* and n be the assumed numbers ; 

S and s, the errors of these numbers ; 
R and r, the errors in the results. 

Then by tJie supposition R:r::S:s 

And subt, the consequents (Art. 3S9.) R-r:S-s::r:i. 

Bill the dilTerence of the assumed numbers is the same, 
as the difleience of their errors. If for instance, the true 
number is 10, and the assumed numbers 13 and 15, the er- 
rors are 3 and 5 ; and the dilference between 2 and 5 is the 
same as between 12 and 15. Substituting, then, JV-n for 
S-s, we have R-r : A*- n: ir-.s, which is the proportion 
stated above. 

The term difference is to be understood here, as it is com- 
monly used in algebra, to express the result of subtraction 
according to the general rule. (Art. 82.) In this sense, the 
difference of two numbers, one of which is positive and the 
other negative, is the same as their sum would be, if theii 
signs were alike. (Art. 85.) 

The supposition which is made the foundation of the rule 
for finding the true value of the root of an equation, is not 
striclly correct. The errors in the results are not exactlii 
proportioaed to the errors in the assmned numbers. But 
as a greater error in the assumed number, will generally lead 
lo a greater error in the result, than a less one, the rule will 
answer the purpose of approximation. If the value which is 
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first fouinl, is not sufficiently correct, this may be Inketi as one 
of the niinibers for a second trial ; and the process may be 
repeated till the error is diminialicd as much as is rer|uired. 
There will generally he au advantage in assuming two num- 
bers whose diiference is .1, or .01, or .00!, &c. 

Ex, 1. Find the value of a:, in the cubic equation, 
a;'_8af+l7a:-IO^O. 

Here as ihe signs of the terms are alternately positive and 
negative, the rools must be all positive; (Art, 501.) their 
product must be 10 and their sum 8. 

Let it be supposed that one of them is 5-t or 5-2. Then, 
siibstitiHing these numbers for x, in the given equation, we 
have, 

Bythelstauppos'n,(5-l)'-8x(5-ir+17X(5-l)-10=l 371, 
By the second (5-3)^-8x{5'2)=+17x(5-2) - 10.^2-688, 
That is, By the first supposition, By the second supposition, 
Thelstierm, x^= 132-651 140 COB 

The 2d -8r'=-20S-08 -216-32 

The 3d 17^;^ 86.7 88-4 

The 4th -10:=- 10. - 10- 



Sums or errors, +1-271 +2-688 

Subtracting one from the other, 1 -27 1 

Their difference is 1-417 

Then stating the proportion 
1-4 : O-l : : 1-27 : 0-09, the correclion to be sub- 
Lfocted from the first assumed number 5-1 : The remainder 
s 6-01, which is a near value of a:. 

To correct this farther, assume t=5-0I, or 5-02. 
By the first supposition- By the second supposition 

The 1st term a^- 125-751 126-506 

The 2d -Sz'^- 200-8 -201-6 

TheSa 17:r = 8517 85-34 

The 4th -10 = - 10- -10. 

Errors + 0121 + 0-246 

0121 
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Tlien 0-125 : 001 : : 0-121 : 0-01, the correction. This 
subtracted from 5'01, leaves 5 for the value of x; which will 
be found, on trial, to satisfy the conditions of the equation. 
For S^-Sx^'+lTxS-lOr^O. 

We have thus obtained one of the three roots. To find 
the other two, let the equation be divided by x~5, .iccording 
to Art 462, and it wiil be depressed lo the next iiifetlor de- 
gree. (Art. 502.) 

X - 5)x^ - Qx'J^ 1 7k - 1 0(i= - 3j:+2 = 0. 
Here, tlic equation becomes quadratic. 
By transposition, a;' - Zx— - 2, 

Completing the square, (Art. 305.) 3:''-3a:+-|^-f-S^i. 
Extract, and transp. (Art. 303,} x = ^t\/k — i^\- 
The first of these vahiesof x, is 2, and the other 1. 

We have now fcund the three roots of the proposed equa- 
tion. When their signs are changed, their sum is -8, the 
co-efficient of the second term, and their product — 10, ilia 
last term. 

2. What are the roots of the equation 

a;' -81=4-43:4-48-01 Ans. -2,4-4,+6. 

3. What are the roots of the equation 

a:»_16»''-f65x-50^01 Ans. 1,5,10. 

4. What are the roots of (he equation 

^-\-2x^ ^Z^x=^0 1 Ans. 6,-5,-3 

5. What is a near value of one of the roots of the equation 

a;'4-9a:^4-4a:=80'? 

6. What is a near value of one of tlie roots of the equation 

x^~{.x^-\-x=\m% 

603. h. Another method of approximating to the roots of 
numerical equations, is that of Newton, by successivt suhsii- 
tutions. 

Let r be put for a number found by trial to be nearly equal 

to the root required, and let 2 denote the difference between r 

and the true root x. Then in the given equation, substitute 

r+j for at, and reject the terms which contain the powers of j. 

•;i5 
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This will reduce the equotinn to a simple one. And if 2 
be !e99 ihnn a imii, its powera will be sdl! less, and therefore 
the error occasioned by Uie rejeclion of the leriiis in which 
they are conl.ained, will be coin|Wirntively small. If ihe 
vnliie of r, as found by ihe reduction of the new equation, 
be added to or gubtracled from r, according as tlie latter ia 
fonnd by trial be too great or too small, the assumed roolwUI 
be once corrected. 

By repeating the process, and substituting the corrected 
value of r, for its asamned value, we may come nearer and 
nearer to i!ie root required. 

Ex. 1. Find one of the values of x, in the equation 

Let r-r^x. 

Then J -^Gx'=-^G{r-^y= -}Gf+fi2rs-\Gz'' \ =50. 
( 65i- 6o(r-2) = 65c -65i ) 

Rejecting the terms which contain z' and z\ we have 
r3 _ 1 6r'-f 65r - 3r^z+32rz - 65z=50. 

This reduced gives 

_ 50-r'+ltir'-C5 r 
' -3f +33r-65' 

if r be assumed =11, then r = — ^0-8 nearly. 
16 

and x=r~z nearly =11 -0-8=10-2. 

To obtain a nearer approximation to the root, let the cor- 
rected valne of 10-2 be now substituted for r, in the preceding 
equation, instead of the assumed value 1 1 , and we shall have 
z^-l88 x^r-z=\0-0\2. 

For a (fcVrf approximation, let r-10012, and we have 
j=-013 x=r-z=\0. 

2 What is a near value of one of the roots of the equation 
a/>^\0x''-\-5x=26Q0t Ans. 11-0067. 

S. What are the roots of the equatioit 
a^-j-2a:''- Ila;=12'I 
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4 Wiai are ilie roots of ilie equation 

x'+4x^-7x^ -'34x^241 

503.C. All eiiuitiioii of the nttli degree consists of a", the 
several iiiferioi powers of a; with their eo-eiTicieiits, aiiiJ one 

term in whicli a; ia not contained. U A, B, C, 7', be 

put for tlie scvcra! co-etlicieiits, and U for tlie last term, 

then x"'+Jlx'"~'-\-Bx'^-''J^Cx-^-^ 4-Ta;+[/=0, 

will be a general expression for an equation of any degree. 

If a, b, c, &c, be roots of any equation, thai is, such qnan- 
tities as may be snbbiiliU.ed for a:; (Art. 497.) it may be 
eiiown, without releience to ihe method of prodiicng the 
e([u«tioii by multiplication, that Ike first member is exactly 
divisible by x-a, x-b, x~c, &c. 

For by substituthig « for x, we have 

a-°-\-^ar-'-\-Ba'"-^-l-Ca'"-^ +Ta+C/=0. 

Ana transposing terms, 

V= - a'" -Jla''-' - Ba"--^- Ca"-' - Ta. 

Substituting this value for U, in the original equation, 
af"-\-Jx""'~{-Bx'-'^Cx''"^ ... . -|-7> ) __„ 
-a'-^a'^-'-BoT-^-Ca'^-' - 7"oJ """ 

Or, uniting' the corresponding terms, 
(Cx—'~ Ca—') .... -\-nx-a)=0. 

In this expreT^sion, each of the (jurmtities (i"-fl"), 
{,1x'"'-'~Aa'-'),&.c. is divisible by a;- n; (Art. 4C«.) there- 
fore the whole is divisible by a; - a. 

!n the same manner it may be shown, that the equation is 
divisible by x — 6, x~e, &c. 

503. (^. The guolienl produced by dividing Ihe original 
equation by a; - a, is evidently equal to the aggregate of the 
particular quotients arising from the division of the several 
quantities (T~-a"), {x"-' -a""'), &c. 

The quotient of {x"" - a")~{x - a), (Art. 466) is 

x-'-t-aa^-'+«'^-=+a V"' ... +«"-'. 
The quotient of ^ (x""' -a"~')'i-(x-a) is 
^x^-^-j-Jax'—'^-^a'^r-* ... +-30"-* 
&c. &c. 
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Colleciing these particular qnoiienla together, and placing 
under each other the co-efficieiits of the same power of x, we 
have the following expression for the quuticnt of 



i-+^jf-'+Bi— +Ci— ... 


, +Tx+U 


divided by x - o. 




+B S +L'<. ( 

+c ) 





+r. 

Tlie quotient of the same equation dividctl by x-li, . 

+11 i +1H ( ' +M- 

II. +C ) +Cft- 

+ T- ' 
The quotient from dividing by i - c, is 

+J 



.+<? 


) +=■ ) 


. . . + e- 


+J.-- 


I i—+A,- 1 


-t-.'Jc"- 


+-B 


) +B'{' 


+Cc- 




+c ) 


+ Cc- 



+ 7'. 

In the same niiinner may be found the quotients pi'oduced 
by introducing successively into the divisor the several toots 
of the equation ; which are equal in number to m. 

603,e. From the known relations between the roots and 
the co-efficienta of equations, as stated in Art. 500, Newton 
has derived a method of determining the co-eilicienls, from 
the mm of the roots, the sum of tlieir squares, the sum of 
the:r cubes, &c., though the roots themselves are unknown; 
and 311 the other hand of determining from the co-efficients, 
the Bum -f the roots, the sum of their squares, the sum of 
iheii cubes, &c. For this purpose, tlie following plan of no- 
tation is adopled. S, is put for the sum of the roots, S^ for 
the sum of their squares, S^ for the sura of tlieir cwbes, ^e. 
If the roots are a, b, c.d, . . I, tlien 
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S,=a+h+c+d...+l 

S„^a'"+0-'+c--\-d" . .. +/" 

Bymeansof lliia nolation, we obtain tlie following evpics 
sion for ilie sum of all llie qnoiieiils itiailced 1, II, III, &c 
(All. 503.d.) ami coiir.iimed lill ilieir luiiiilter is etnial lo iii. 



■'+«. U.-,+ •',) 


+ s. ' 


) 


...+ K 


+.».«! "^ +j?s,u 


— +.1.* 1 


.,. 


+ J1S. 


+mi; > 


+B.V, 1 


+ «.'. 




-\-mC 


) 


+ CS. 



+»,T. 
In llie original eqnalion, 

tlie co-efficieiUs, i^, B, C, Sic. liave delerininale relalinns to 
the giim and prodiii:ls of llie rooiP, a, b, c, Sio. (Ai-i. 500.) 
But llie qiiolient marked I, (An. 503. d.) |tmiliicod by diviil- 
ing by a; -a, is ibe fii-st nienilier of an e(|imMon of ilie next 
mferioT degree, (Ail. 502.) from wlii<:li (lie root a is exduded. 
So b is excluded from Mier|iiol.ienl II, c from llieqiiriiienl IH, 
&c. In llie expression alxive marked ¥, wliicb is ilie sum 
of m qtiolients, llie co-eilicicnl of x in tlie second term is 
iS, +111^. But .% wliicb is llie co-ellii;ienl of x in ibe second 
term of llie original equation, is e(|iial lo tbe sum of tlie 
roots a, b, c, &c. with contrary signs; (Art, 300.) tlial is 
S^^-Ji. Tlierefoie, 

&',-)-m^=(m-1).'?. 

In llie third lerni of tbe original equation, B the co-efTi- 
cienl of X, is equal to ibe sum of all the [jrodncls wliicb can 
be made by multiplying togetlier any txBO of llie rools. (Art. 
500.) Bill each of ibe.se prodiicLs" will be excluded from 
too of tlie qnotienis, I, If, III, &c. For inslnnce, ab will not 
be found in tlie first, from which a is excliideil, nor in the 
second, from wbicli b is excluded. Therefore in the exprea- 
eion K, the co-efliciciii of a: in the third lerm ia ei{tial to 



.■..Google 



mC - 2ab -2ac- 2ail, &c. But - iab, - 2ac, - 2ad, &c. = - 
21i. So thai 

In tlie fourth (erm of the original eiyintioi*, C the co-effi- 
cient of X, is equal to the sum of all the products which can 
be mode hy multiplying together nny three of the roots, afler 
their signs are changed. But each of these products will be 
excluded from three of the rjuolienis, I, 11, 111, &c. So l.hot, 
in the expiession Y, the co-eflicient. of x in the fourth term, 
is equal to mO-Sabc -Sabd, &c. That is, 

Sr}-^S^BS,+mC=(,m - 3) C. 

Ill the same manner, the vaines of the co-cHicieiUs of x in 
aricceeding terms may he found ; the iinmher of the co-efB- 
cients being one less than the niimhet of roots ii; the equation. 

Collecting these results, we have 

S-,+JlS,+mB= (m - 2)B, 

S,+.iS..+BS,+mC= (m - 3) C, 

S,-\-^S,+B.%+ CS,-^mD^ (m - ^ ) D, 



&c. 



T' and uniting teri 



S^+^S^+^B^O, 
&c. &c. 



Subslitutin 


ff foi- S,, S„ S^, &c. tltcii- vdues, ajxl reducing. 


II. 


,%=-.% 




S,= J'-IB, 




S,= -jr+SAB-SC, 




S,= A'-iA'B+iAC+aiy-iD, 



We have here obtained syniinedical expressions for the 
sum of the roois of an equation, the sum of their sijuares, 
tlie sum of their cubes, Stc. in terms of the co-eflicienta. 
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By transposing the terma in the expressioiig marked 1, we 
have the following values of A, B, C, &c. 
III. A= - S, 

&o. &c. 

By which the co-effidents of an eqiiation may be found, 
from the sum of ita roots, the sum of their squares, the sum 
of tlieir cubes, &c, 

Ex. 1. Required the sum of the roots, the sura of theii 
squares, and the sum of their cubes, in the equation 
x'- 10i'-}-35a:'-50i-2'I^0. 
Here A= - 10. B=35. C= - 50. 

Therefore 5, = 10 

Ss-:10'- (2x35)^30. 
5'3=IO'4-{3X-10X35)~(3X-50) = 100. 

2. Required the terms of the biqtiadratic equation in which 
St=l, Sa=39, 8^= ~ 89, and the product of ail the root* 
after their eigns are changed is - SO. 

Aiis.a^'-a:'-193;'-J-49ar-30=0.* 
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APPLICATION OF ALGEBRA TO GEOWETKY.* 

Art. 504. It is often expedient to make use of the nlge- 
Draic notalion, for e.vpressinfj l.lie relations of geometrical 
quantities, and to tlirow tlie several sle[>a in a riemonMliution 
into the form of equations, FyUiis,(he nntiire of (lie reason- 
ing is not altered. It is only translaied into a dilfereiil lan- 
guage. Signs are snbstituied for xcords, bnl ilicy are iniend- 
ed to convey the same meaning;, A great part of the de- 
monstrations in Euclid, really consist of a serie--^ of equa- 
tions, though they may not be presented to us under the al- 
gebraic fonns. Thns the proposition, lliat the sum of the 
tkree angles of a triangle is equal lo Iwo right angles, (Eue. 32, 
1.) may be demonstraied, eii.her in common language, or by 
means of the signs used in Algebra. 

Let (he side JB, of the triangle JiBC, (Fig. L) be con- 
tinued toZ); let the line BE be parallel to ^3C; and lei 
GHl be a right angle. 

The demonstration, in words, is as follows : 

1. The angle E^Z) is eg^aito the angle B.3C, (Euc. 23. 1.) 

2. The angle C'BE is equal to the angle ^CB. 

3. Therefore, the angle EBD added lo CBE, that, is, the 

angle CBD, is equal to B^C added to ^CB. 
i. Ifto theseeqiia!s,we add the angle.4BC, the angle CBD 
added to ^BC, is equal lo B.1C added to ACB and 
£BC. 

on ore to be read after the Elements ot 
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6, But CBD added to JBC, is ct/ml lo twice GJII, lliat is, 
to iwo light angles. {Eiic. 13. I.) 

6. Tlierefoce, the angles BJIC, and JiCB, and ABC, are to- 
gether ecjual to twice GUI, or two right angles. 

Now by substituting ilie sign +, for the word added, or 
and, ajid ilie character =, for the word equal, we shall liave 
the same deniunsti-atloii in (he followino- form. 

1. By Euclid 29. t. EBD=BJC 

2. And CBK^JCB 

3. Add ihe two eriuaiions EBD-\-CBE=BAC-\-JlCB 

4. Add .4J5C to both sides CBD4-J1BC=BAC-\-J1CB-+ 

6. But by Euchd 13. 1. CBD-\-ABC^2GHI 

6. Make the 4th &. 5th equal BAC-]-ACB-\-JIBC^%Gm. 

By comparing, one by one, Ihe steps of these two denion- 
Btrations, it will be seen, that they are precisely the same, ex- 
cept that Ihey are dllferenlly exitiessed. The algebraic mode 
has often Uie advantage, not only in being more concise than 
ibe other, but in exhibiting the order of the qiiaiiiiliea more 
dislinctly to the eye. Thus, in the fourth and fifth steps o( 
the preceding example, as the parU lo be compared are 
placed one nnder the other, it is seen, al once, what must be 
the new equation derived from Ihese two. This regular ar- 
rangement is very important, when the demonslralion of a 
theorem, or the resolution of a problem, is unusually compli- 
cated. In ordinary language, the numerous relations of (lie 
quantities, require a seiies of explanations to make ihem ui:- 
derslood ; while by the algebraic notauon, the whole may '•! 
placed distinctly before us, at a single view. The disno-i- 
lion of the men on a cheos-board, or the situation of llie o( - 
jects in a landscape, may be better comprehended, by it 
glance of the eye, than by the most laboured description in 

WOrHa 

505. It will be observed, that ihe notation m ine examptf 
just given, dilTers, in one respect, from that which is general- 
ly used in algebra. Eacii quantity ia represented, not by ^i 
single letter, but by severaL In common algebra when uae 
letter stands immediately before another, as ab, without any 
character between them, they are to be considered as tnuitf- 
plied together. 
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liiil in geomelrv, JiB is .in exjimswion Tor a single Vne, nnd 
not f»v llie pioiliicL ol Jl into li. MiLlii|.li(iili.)ii is dcnoie.l, 
eillier iiy « ixiim. or liy ilie cli.ain nor x- 'I'iie I'iolIiuM. o/ 
AB iiiio C/;, is ABCD, or ABxCD. 



506. There ia no im|.ro])rielj', however, in leprepeii 
geometrical ([iiinir.iry liy n sinjj;le letter. We innyn 
stand for a !iiie or an angle, as weli as for a intnibcr. 


lina: a 
lake* 


If, ill (lie example above, we piil. i 


.he angle 




BJlC=b, CBD^g, 
CBE=c, 






llic deinonsi ration will stand ihiis ; 






1. By Eiiclia, 29. 1. 

2. And 






3. Adding the two eqnafious, 

4. Adtling h lo bciii sides, 

5. By Euclid 13. 1. 


a-Yc=g^hJrd 
g-lh-h-\-d-\-h 
g+b=2l 





6. Making tlie4lh and 5lh equal, b-\-d-\~h=^l. 

Tills nolaiioii is, apparently, more siinjile than the other ; 
6ul, it deprives ns of wlial is of great iinporlance in geomeld- 
cal dojiionstrations, a coiitiiuia! and easy reference lo the 
ligiire- To distinguish the i wo methods, ca^i(n/s are gener- 
ally used, for that whicli is peculiar to geonieiry ; and small 
/eilers, for that which ia properly algebraic. The latter has 
the advantage in long and complicated pmcesses, but ihe 
other is often to be preferred, on account of the facitiiy wiUi 
which the fignres are consiiiled. 

507. If a line, whose length Is measured from a given 
point or line, be considered posfln-e; a line proceeding in ihe 
ojipnsile direciiou is: I" be considered negative. If AB (Fig, 
2.1 reckoned from BE on the righl, is positive ; AC on the 
lejt 18 negative. 

A line may be conceived to be produced by the molion of 
a point. Suppoi-e a point lo move in ihe direction of AB, 
and to describe a line v^tryiiig in length willi (he dislance of 
ihe |H)iii( from A. AVhile the point is moving towards B, its 
diiitance from A will increase. But if it move from B to- 
wards C, its distance from A will dimin'tsli, till it is reduced 
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lo imlliing', niid Ihen will increase on the opposite side. As 
'hat wliicli increases tlie distance on the rigfii, diininisliea it 
on ilie left, I lie one is considered positive, ajid tlie oilier nega- 
tive. See Arts. 59, 60. 

Hence, if in tlie course of a calciilation, the algebraic 
value of a Hue is foinid to be negative; il must be measured 
in a direciion opposite to (hat wliidi, in the same ptoces^ 
has been considered [jositive. (An. 197.) 

50S. In algebraic calculations, tliere is frequent occasion 
(or mutliplication, division, involution, &c. But how, it may 
be asked, can geometrical fjiianiitips be iniiliiplied iiiio each 
other 1 One of tlie factors, in iniiliiplication, is aUvays to be 
considered as a nwmter. (Art. 91.) The operal ion consists in 
repeating the multiplicand as niajiy limes as there are witits 
in the multiplier. How then can a line, a surface, or a solid, 
become a multiplier 1 

To explain tliis il will be necessary lo observe, that when- 
ever one geometrical quantity is mulliplied mio aiiotlier, 
some pai-ticular exteal is to be considered tlie unit. Il is innna- 
terial wiml this extent is, provided it remains (he same, in 
dilferent parts of ihe same calculalion. It nuiy be an inch, 
ft fool, a rod, or a mile. If an inch is taken for llie unit, 
each of the lines lo be nmliiplied, is to be considered as mado 
upof somauy parls, as it contains incites. The nuilfijilicand 
will then be repealed, as many limes, as tiiere are uuiis in 
the innlliplier. If, for instance, one of the lines be a foot 
lonjr, and ihe oiher half a foot ; tlie factors will be, o;ie 13 
inches, and the oilier 6, and ihe product will be 73 inches. 
Though il would be absurd to say that one line is to be re- 
peated as ojien as another is long ; yet there is no imptopriely 
m saying, thai one is (o be repeated as many limes, as iliere 
are feel or rods in the other. This, the nature of a calcula- 
tion often requires. 

503. If the line wliicli is lo be Ihe multiplier, is only a 
part of Ihe length (aken foi ihe unil ; ihe producl is a like 
part of the mulliplicand. (An. 90.) Tims, if one of lh6 
faclors is G inches, and the other half an inch, llie producl is 
3 iiiches. 

510. Instead of referring to the measures in common use, 
as inches, feel, &c. it is oflen convenieni lo fix u|K>n one ol 
the hues in a figure, as tne unil with whicii lo com|iiU'call ihe 
Others. When there are a nutiiber of lines drawn wiiliiii 
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ftnd about a circle, the radius is commonly taken for the uniL 
Tliis is fiarticiilarly the case in trigonoinetrical calculations. 

61 1. The observations which lifvve been made concerning 
lines, may be applied lo surfaces and solids. Tliere may be 
occasion to miihij>ly rlie area of a figure, hy the number of 
inches in some given line. 

But here another difficulty presents itself. The product 
of two lines is often spoken of, as being equal to a surfacit ; 
Bnd the product of a line and a surface, as equal to a solid. 
Thus (lie area of a parallelogram is said lo be equal to the 
product of its base and heigltl ; and the solid confents of a 
cylinder, are said to be equal lo the product of its length into 
the area of one of Its ends. But If a line has no breadth, 
how can the multi plication, that is the repelilwn, of a line 
produce a surface 1 And if a surface has no Ihicknets, how 
can a rejietition of it produce a solid 1 

If a parallelogram, represenied on a reduced scale hy 
JiBCD, {Fig. 3.) be five inches loJig, and three inches wide ; 
llie iiei 01 surface is said to l>e equal to the product of 5 into 
3, ilial IS to the nwHiber of inches in JiB, multiplied hy the 
nuinbei m BC. Rut the inches in the lines ^B and BC are 
Imeia tnthes, that is, inches in length only ; while those 
whuli compose the sur^ce .3C are supcrfidat or square 
niches, a difieretit species of magnitude. How can one of 
these he converted into the oilier by multiplication, a process 
which consists in repeating quantities, without changing 
their nature ? 

612. In answering these inquiries, it must be admilted, 
that measures of length do not belong to the same class of 
magnitudes with superliciat or solid measures ; and ihai none 
of the sle|>a of a calculation can, properly speaking, Irans- 
form the one into the other. But, though n line cannot be- 
come a surface or a solid, yet ihe several measuring unils in 
connnon use are so adapted to each other, that scjuarcs, 
cubes, &c, nre bounded by lines of ihe same name. Thus 
llie side of a square inch, is a linear inch ; that of a square 
rod, a linear rod, &c. The length of a linear inch is, there- 
fore, the same as the length or breadth of a square inch. 

If (hfu several sfpiare inches are placed together, as from 
Q to R, {Pig, 3.) the number of them in the parallelogram 
OR is iiiesame as the number of linear inches in the side 
QR : aiul if we know the Iciiglli of lliiw, we have of course 
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llie nren of llie paralleioji-am, wliicli is heio 8ii|i|)OKe(! lo be 
one incli wide. 

Bill, if llie brendlb is sa^eral indies, llic inrger painlli;lo- 
gram conr.iijns as many smaller ones, eacli an iiitli wiile, as 
lliere are inclies in llie wliole breadlli. Tims, if llie paral- 
lelogram JIC (Fig. 3.) is 5 inciies long, am! 3 inches l.ri.nti, 
it may be divided inlo iliree giieli parallelograms a;^ OH. 'I'o 
obtain, llien, t.lie number of squares in the large parallelo- 
gram, we liave only to multiply tlie number of pcpiares in 
one of the small parallelograms, into ilie number of sinii 
iiarallelograms contained in the whole figure. Bui themun- 
lier of sijiiare inches in one of (he small parailelogfamn ia 
equal to the number of linear inches in the length JIB. And 
the mmiber of small parallelograms, ia equal lo the nnniber 
of linear incliet in tlie breadth BC. It is iherefore said con- 
cisely, lliat ihe area of tlie parallelogram is equal to the length 
multiplied into Ike breadtli. 

513. We hence ohiain a convenient algebraic expression, 
for the area of a right-angled pnraiielogram. if two of rho 
sides |ierpendicular lo each olher are JIB and BC, the cxjires- 
sioa for the area is JlBxBC ; that is, putting a for the area, 

a^ABxBC. 

It must be understood, however, that when JIB stands for 
a /ine, it contains only linear meaaurhig uniis; but when it 
entere into ihe expression for the area, it is supposed to con- 
tain superficial units of the same name. Yei as, in a given ' 
length, the number of one is equal to that of the other, they 
may be represented by the same letters, without leading to 
error in cnlcnlation. 

514. The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning van- 
able guanlities, in the 13lh section. Let a (Fig. 4.) represent 
a stjuare inch, foot, roil, or otlier measuring unit ; and let ft 
and I be two of its sides. Also, let Jl be the area of any 
right-angled paraUelogrnm, B its breadlli, and L its length. 
Then it is evident, ilia!, if the breadili of each were the 
same, liie areas would be as tiie lengths; and, if the length 
of each were the same, the areas would be as the breadths. 

That is, Jl: a::L:t, when the breadth is given ; 
And ,1 : a:: B : b, when the length is given; 

2G» 
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Tlieiefoie, (Art. 420.) A: a::BxJ^ : ti, when both vary 
That is, ihc aiea is as the produsl of tlie length find breadth. 
515. Heiice, in tiuoliiig the Eiejiients of Euclid, the term 
prodticl is fieijueiitly siiUstiluled for rectangle. Ami what- 
ever is there proved concerning the efiiialiiy of cerlaiti rect- 
angles, may be apphed to the product of the hues which 
contain t!ie rectangles.* 

6i 6. The area of an oblique parnllelo^am is also obtained, 
hy nuihipiying tlie base into the perpendicular heig-til. Thus 
the expression for the area of the parallelogram ^Jff AVW(Fig. 
6.) is M.Yx-^P or ABxBC. For by Art. 513, ABxBC 
is llie area of the right-angled parallelogram ABCD ; and 
by Euclid 36, l,t parallelograms \\\i(m equal bases, and be- 
tween (he same parallels, are equal; that is^ABCD is equal 

iQABj>rM. 

517. The area of a square is obtained, by multiplying one 
of the sides into itself. Tiius the expression for the area of 

rhe Bcjuare .QC, {Fig. 6,) is ZB, that is, 

For the area is eoual to JiBxBC. (Art. 513.) 

But AB^BC, therefore, JiBxBC=JiBx-JlJi=^^- 

518. Tin; area of a trJmgle is equal to half the product of 
- the base and heiglit. Thus the area of the triangle ABG, 

(Fig. 7.) is equal to half ^B into G//or its equal BC, (hat is, 
a^\ABxBC. 

Fortlie area of the parallclogiam ABCD is JiBxBC, 
(Art. 513.) And by Euc. 41, 1,| if a parallelogram and a tri- 
juiglo are upon the same base, and between the same paral- 
lels, the triangle iahalf the parallelogram. 

159. Hence,aii algebraic expression maybe obtained for the 
area of any figure whatever, which is bounded by right hnes. 
For every such figure may be divided into triangles. 



* See Kole W. 

^ Lego lid re's Geometry, Ami 

i Legendre, 168. 
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.QHCDE (Ficr. 8,) is a-niiiorietl of llie iriaii.'k-s 
jiBC, ACE, ami BCD. 

Tlie urea of ihe (liaiigle .'?i,'C=i.?Cx C/-, 

Tliarof ihelL-iaiigie .ICE^l-QCx t:il, 

Tiuit of Uie iriiii.gle ECD = \ECxDG. 

TSie area of (liewlioie figure h, l.lieiefoie, equal lo 
{\ACxBL)^{^.flCxEH)+{\ECxDG). 

Tiie cxplanalioiis in llic [irficediiig aiticles contain the 
fimr, priiiuiplos of Ihe merisuralion ofmperjkks. Tlie object of 
iiilroiJuciiig tlie subject in this place, liowever, is not lo make 
a practical appiicaiioii of it, at preseiU ; but merely lo s!iow 
tlie grounds of the meiliod of lepresentiiig geometrical quan- 
tities in algebraic language. 

520. Tlic expression for the superficies lias here, been de- 
rived from Ihat of a hnc or lines. It is frequently necessary 
to reverse this order; to find a side of a figure, ironi knowing 
lis area. 

If the number of a^uare inches in the parallelogram 
^BCD (Fig. 3.) whose breadth BC is 3 irvclies, be divided 
by 3 ; the quotient will bo a parallelogram JIBEF, one inch 
wide, and of the same length with Uie larger one. Bui the 
length of the small parallelogram, is the length of ils side 
AB. The number of square niches in one is llie same, as 
ihe number of linear inches in the ofher. (,\.rt. 312.) If 
iherefore, the area of the large parallelogram be I'epiesenled 



is found by dividing tlie area h\j the breadth. 

62 1 , If a be put for the area of a squiire whose side is AB, 

Then by Art. 517 a^As' 

And extracting both sides /i,/a=AB. 

That is, l)ie side of ihe square is found, by extrartiiig iht 

square root of the mimber of measitring units in, ils area. 

532. If JlB be the base of a triangle and BC its perpeii 

dicular lisight ; 
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Then by An. 5iS, a=lBCx^B 

AlilI (livitiiiig by \BC, J^-=AB. 

I'lial is, the base of a tnangle is found, by dividing Ike area 
by half llie height. 

523. As a surface is expicssetl, by the protlucL of ils length 
ami brt;;\tU!i ; Uie coiUeiUa of a solid may be espressctJ, by 
tlte ])rii(lin;t of ils Iciigliij breadlli and tlepth. It is necessary 
to buar in mind, lliat I lie measuring unit of solids, is a cube; 
niid ibat (lie side of a cnbic inch, is a square incli ; the side 
of a cidiio fool, a square fool, &c. 

Let JIBVD {Fig. 3.) represent the base of a parallelopi- 
ped, 6 incites long, three iiiclies broad, and one ini;li deep. 
It is evidetit there imisi be as many cubic inches in the solid, 
as tliere are square inches in its base. And, as the product of 
the liiies^^aiid BC gives the area of this base, it gives, of 
course, the contents of the solid. Butsuppt^e that the depth 
of the imraileiopiped, instead of being one inch, is four inches. 
Its coiiienis must be four limes as great. If, then, the 
lengili be .W, liie breudlh BC, and the depth CO, the ex. 
presdion for the solid contents will be, 
£BxBCxCO. 

524. By means of the algebraic notation, a gcomctricai 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, (Enc. 
4. 2.) tliat when a straight Une is divided into two parts, the 
squiii-e of the whole hne is equal to the ^--quares of tiie two 
parts, together with twice the product of the parts, is demon- 
Mtrated, by involving a binomial. 

I^t the side of a square be represented by s; 

And let it be divided into two parts, a and 6. 

By the supposition, s—a-\-b 

And squaring both sides, 8'=«'-J-2«6-j-^'- 

That is, s' the square of the whole line, is equal to a' and 

b"; the squared of the two pails, together with ^(ib, twice iho 

product of the parla. 

525. The algebraic notation may also be applied, with 
great advantage, to the solution of geometrical problems. In 
doing (his, it will be necessary, in (he first place, to raise an 
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algebraic equation, from die g-eometiica! relntions of the 
quaiililies given and leqiiirod ; aiid iheii by tlie uwital reduc- 
tions, to find the value of llie uuliuown quantity ii) liiia equa- 
tion. See Art. 192. 

Prob. I. Given the base, and the sum of the hypolheiiuse 
and perpendicular, of tlie riglit angled triangle, AbC, (Fig. 
9.) to find the perpendicular. 

Let (.he base JlB~b 

Tlie perpentlicular BC=x 

The sum of liyp. and perp. x-\-!iC— 
Then transposing x, "" 

1. By Euclid 47. 1,* BC+Jb='Jc 

2. Tliat is, by the notation, x^-\-h^—{a-x)''—a''~2ax-\-i:' 

Here we have a common algebraic equation, containing 
only one unknown qiianiity. The reduction of this eqoa 
tion in the usual manner, will give 

1= — I — =:JBC, the side required. 

The so! u I ion, in letters, will be the same for any right 
angled triangle whatever, and may be expressed in a gene 
ral theorem, thus ; ' In a right angled triangle, ilie perpendi- 
cular is equal to the square of the sum of the hypothenui-e 
and perpendicular, diminished by the square of the base, and 
divided by twice the sum of the liypothenuse and perjjendi- 
cttlar.' 

It is applied to particular cases by substituting mmhe^-s, for 
the letlera a and b. Thus if the base is 8 feet, and the yum 
of the hypoilienuse and perpendicular 16, the expression 

?-Il— becomes ",^ =6) 'be perpendicular; and (liis sub- 
mit 2x16 ' 
tracied from 16, the sum of the liypoihenuse and perpendi- 
cular, leaves 10, the length of the liypoihenuse, 

Prob. 2. Given the base and the difference of ihe hypotbc- 
ntiM and perpendicular, of a right angled triangle, to iind the 
perpendicular. 
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L<it (lie Iwse AJi (Fig. 10.) -6 = 20 \ 

The jierneiulinitiu, BC=x ( 

The given (lilliMi'Dce, -</-IO. ( 

Then will ihe hyiK»ilienusc AC=x-]-U. ) 

Then 

1. By Encli.1 47. 1, ISC^jTB+TW 

2. Tliiil is, hy llie noladon, {x+dy'^b'-^x^ 

3. E_x[j;\]i(liLig (!+</)=, x'Jr^dx+d'^b'-J^x' 

4. Therefoi-e x^'^^Z^^ld. 

2d 

Proh. 3. If tlie hypolhennse of a rigiil aiigletl triiingle is 
SO fuel, niici ilie dillerence of tlie oilier two sides G feet, what 
is tlie length of tlie Un^el Aiis. 24 fee* 

PioI>. 4. If f!ie hypoilieinise of a right nngletl (liiingle is 
50 riwh, iiiiti lilt; hii.se islo I he peijieniiicuUtr a^ 4 lo 3, wimt 
is Ihu leiigili of ilie [.eipeiulicular t Ans. 30, 

PiobS, niu'ina:ihe perinieier and ilie diagonal of a par 
ftllelograni .iBCl), (Fig. II.) loJiiid ihe sides. 

Loi Ihe diagonal SC^h^\0 'J 

The s 



Hull' (he perimeler BC-^AB^BC-{-x=b^\-X 
TI.eii t-y liati.-iwsiiig x, BC~i - 

By Euclitl 47. 1, AB+Uu ^TTv 

Thai is, x'-^{b-xY^h'' 



• ) 



Therefore i=i/.tVii'+yi'- i6'-8. 

Here ihc side JIB is found ; and ihe side BC is eqna! to 
(.-r^l4-8-(!. 

Prob. G. The area of a right angled triangle JiBC (Fig. 
12,) being given, iini! ilie sides of a jjaialleiogii'.in iiiseiibed 
mil, to find tlie side BC. 

Let the eiven niea ::^n, I)E^BF=b ) 

EB^PF^il, BC^x. } 

Tlienby the ligure, CF^BC - BF^x~b.) 
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1, Ky similar Irian 

2. TliiU is 

S. Tliyrefoie, 

4. ]!y Art. 51S, 

5. DivJai]igbyJ.r, 



CF . DF:: EC: JIB 

x~b: d::x: JIB 

a=JiBx\BC^JlBx\x 
— =.J1B 



6. Tbci-efore 



7. And 



dx—{x~h) X— — 3a- 



-^v^- 



P.-ob. 7. The lliree sidesof arig!itang!etUrianj!;le,„?BC, 
|,f ig. 13.) being given, to fiml rlic segiueiila inaiie by a pei- 
pendiciiiar, drnwii from llie viglit angle to tlie hypoUienuse. 

Tlie perpendicular will divide the originul triangle, into 
two right angled iriangies, BCD ami JIBD. (Eug. S C.}* 

1. ByEnc. 47. 1, Bi5 + CD~SC 

3. By the figure, CD^.5C-AD 

3. Sipiar. both sides, CY)={AC~k\)y 

4. Tlierefore, BD+(.-3C- AD) = ^ 

5. Expanding, B"D-i-ZO-2.5C.AD+Ai5*:.W 

6. Transposing, BD^BC-ii^C+SWC.AD- AD 

7. By Eiic. 47. I. FD=JB- AD 

8. Mak. 6l1i & 7th eq. BC-ACJf'i^C.k'[>=.Mi' 

:¥n+Jc-BC 



9. Thei-efore 



AD= 



2.'ia 



The wrtfcnown lines, to distinguish thetn from those which 
are known, are here expressed by Roman letters. 

Prob. 8. Having the area of a parallelogram DEFG (Fig. 
14,) inscribed in a given triangle, JIBC, to find the sides ol 
the piirallelogiam. 
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Draw CI ptirpeiidictilar to »3B. i)y siipposilion, DO is 
}nm'M to. /IB. Therefore, 

The triangle CJIG, is similar lo CIB ) 

Add CJJG, voCJiB \ 

Lei Cl=d DG^x} 

AB^b Tlie given niea^aj 

t. By Piiiiikir triangles, CB : CG: : .IB : BG 

2. And CB : CG::CI: CH 

3. By eqiiiil ratio?, (Art. 3S4.) .HB : ])G:. CI : CH 



4. Therefore 




OGxCl_cu 




JiB 


5. By tlie figure 




CI-Cir^HI^DE 


6. Substituting 


for CII, 


a.l^y^B^nE 


7. That is, 




d-^^DE 


8. By Art. 513, 




a=DaxDE=xx{d-^\ 


9. That is, 




4 


10. Tliis reducet 


\ gives 


.='+/»:- 55=i>G 



The side BE is found, by dividhiglhe area by BG. 

Prob. 9. Through a giveu point, in a given circle, so to 
I'raw a light line, iliat ila parts, between liie point and the 
periphery, sliall have a given diU'erence. 

In tlie circle AQBR, (Fig. 15.) let P be a given point, in 
Uie diameter JIB. 

LctJlP=a, PR=:.x, 

TlP=b, Tiie given dilTereiice=rf^ 

Then will PQ=x-\.d 
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1. By Euc. 35. 3.* PRxPQ=-SPxSP 

2. That is, 3rx(^+(i) = «x6 

3. Or, x'+dx^ab 

4. Completing the square, x^-\-dx-\-^^—^d''-\-ab. 

5. Extract, and transp. x= - ldt\/^d'-\-ab — PR. 

With a h'ule practice, the learner may very much abriijjre 
these solutions, and others of a similar natuie, by reducing 
several stejis to one. 

Prob 10. If the stim of two of the sides of a triangle be 
1155, the length of a perpendicular drawn from tlie angle in- 
eluded between these to the third side be 300, and the diifer- 
ence of the segments made by the perpendicular, be 495 ; 
what are the lengths of the three sides 1 

Ans. 945, 375, and 7S0. 

Prob. 11. If the perimeter of a right angled triangle be 
720, and the perpendicular falling from the right angle on 
the hypothenuse be 144 ; what are tlie lengths of the sides 1 
Ans. 300, 240, and 180. 

Prob. 12. The dtilerence between the diagonal of a square 
and one of its sides being given, to find the length of the 
sides 

If x= the side required, and d— the given difference ■ 
Then x^d+d^2. 

Prob. 14. The base and perpendicular height of any plane 
triangle being given, to find'the side of a square inscribed ':.: 
the triangle, and standing on the base, in the same maniM^r 
as the parallelogram Ufi/'G, on the base JIB, (Fig. 14.) 

If x=: a side of the square, b= the base, and k= liie 
height of the Iriangie . 

Tl.e„ 1= J^. 
b+l, 

Prob. 15. Two sides of a triangle, and a line bisecting ilie 
included angle being given ; to find the length of the ba^e 
or tliird sidn, upon which the bisecting line falls. 
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If x= the linse, d— one iif ihe given sides, «= ihe other, 
aiid^^ the bisecting line ; 



Til 



en.= («+c)x^^-^ 



Prob. 16. If liie liypotheimsc of n. liglil angled triangle 
be 35, nnd ihe side of a si^uare iiiij'v.ibed in it, in ilie snine 
mnniier as the pamllelograin BEDF, (Fig. 12.) be 12 ; what 
are the lengths of the other two sides of the triangle t 

Alls. 28, and 21. 

Prob. 17. Tlie ytnmber of feel in the perimeter of a right 
angled triangle, is eqna! to the nuinber of square feet in the 
area ; and the base is to the perpendicular as 4 to 3. Re- 
quired llie length of each of the sides. 

Alls. 6, S, and 10. 

Prob. 18. A grass pkt 12 rods by 18, is smrounded by a 
gravel walk of uniform brcadih, whose area is equal (o liiat 
of the grass plat. What is the breadth of the gravel walkl 

Prob. 19. The sides of a reclangiilar field are in the ratio 
of G to 5 ; and one sixth of the area is 125 square rods. 
What are the lengtlis of l!ie sides 1 

Prob. 20. There is a right angled triangle, the area of 
vFhich is to the area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and the other side of the tri- 
Bftgle ndjaceni to the right angle, is equal to the diagonal of 
llie iiarallelogrrtni. Retiuircd the area of each 1 

Ans. 4800 and 3000 square rods. 

Prob. 21. There are two rectangular vats, the greater ol 
which contains 20 cubic feel more than the other. Their 
capacities are in the ratio of 4 to 5; and llieir bases are 
squares, a side of each of which is equal to the depth of the 
other vat. Required the depth of each ? 

Ans. 4 and 5 feet, 

Prob. 22. Given the lengths of three perpendiculars, 
drawn from a certain point in an equilateral triangle, to the 
three sides, to find the length of the sides. 

If a. 6, and c, be the three perpendiculars, and a= hall 
the length of one of ilie sides ; 

■n,.M ,=?+^. 
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Proli. 23. A sfjiiarc public green is sin roii tided by a street 
of iiuirorm l>reudrh. Tlie side of (he stjiiare is 3 rods less 
llian 9 [iiiics ilie i)i*endih of liie sl.reet. ; and llie niiiiiber of 
squase ro<ls ill tiie strcel, ex'ceeds Uie number of rods iti (he 
periinelerof ihe s([iiare by 228. Wiutl i.= (lie area of the 
squiire 1 ^ns. 570 roiK 

Prob, 24. Given the lengths of two lines drawn from the 
acute angles of a right angled iriiiiigle, 10 tlie middle of (lie 
opposite sides : to find (lie leiiglJis of the sidea. 

If x~ half llie base, y^ half the jierpendleularj and a 
and b equal the two given lines ; 



Then 3 



V^ »v^ 
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SECTION XXII 



EQUATIONS OF CURVES. 



Art 526. IN tlie preceding seclion, algebra haa heen 
applieil 10 geometrical figures, bounded by rigkl lines. Its aid 
is required also, in invesiigariiig the nature and relations of 
mrves. The advances wliicti in nKxlein times have been 
made in i his department of geometry, are, in a gi-eat measure, 
owing to the method of expressing llie distinguishing proper- 
ties of the dijrerent kinds of lines, in the form of equations. 
To uiideistiind the principles on which inquiries of this sort 
are conducted, it is necessary lo become familiar with the 
plan of holation which has been generally agreed upon. 

537. The positions of the several points m a curve drawn on 
a plane, are determined, by taking tke distance of each from two 
right lines perpertdicidar to each other. 

Let the lines JIF and JIG (Fig. 16.) be perpendicular to 
each other. Also, let the line^i DB, D'B', f)"B" be perpen- 
dicular to ^F; and the lines CJ), Ciy, CD", perpendicu- 
lar lo JiG. Then the position of (lie point D is known, by 
the length of the liiies BD and CD. In the same manner, 
!he point D' is known by the hues B'D' and CD' ; and the 
poii.t //', by ihe lines B"D' and C'ly. The two lines 
which are tliiis drawn, from any point in the curve, are, to- 
gether, called tha co-ordinates hebiiging to that point. 

But, US there is frequent oixasion to speak of each of the 
lines separately, one of iheni for distinction's !=ake, is called 
an ordinate, and the otlter, an abscissa. Thus BU is the or- 
dinate of tlie point D, and CD,ov ilsequal JIB, ihe abscissa 
of the same point. It is, generallv, most convenienl to liike 
the abscissas on the line JF, as ."iB is eqii^il lo CD, JIB' 
l« CJy, and JIB'^ to 0"B". Euc. 3^. 1 The lines Jll 
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a.nAAG, lowliidi the co-ordinates are drawn, aie called the 
axes of the co-oiiliuaies. 

528. If co-ortii nates conkl be drawn lo every point in n 
curve, and, if the relationsi of the seveiai abscissas lo tlieir 
corresponding ordinaies could be expressed by an equation ; 
the posirioii of eacli poini, and consequently, the iiaiiire of 
the curve, wonld be determined. Many iniporlant proper- 
ties of tlie figure might also be discovered, merely by throw- 
ing tlie equation into diiferenl forms, by transposing, dividing, 
mvolving, &c. But the number of poinis in a line is unlim- 
ited. It is impossible, therefore, aclualiy to draw co-ordi- 
nates to every one of them, Srill there is a way in \v\mh an 
equation may be obtained, that shall be applicable to all the 
parts of a curve. This is eifected by making the equation 
depend on some properly, which is common lo evenj pair of co- 
ordinates. In explaining this, it will be proper to begin with 
a straight line, instead of a curve. 

Let AH (Fig. 17.) be a line from which co-ordinales are 
drawn, on the axes AF and AG perpendicular to each other. 
And let the angle JFAH be such, that the abscissa CD or AB 
shall be equal to Itoke the ordinate BD. 

The triangles ABD, AB'iy, AB"D" &:c. are all bimilar. 
(Euc. 29. 1.)* Therefore, 

AB-.BD:: AB' : B'jy : : AB" : B'lJ", 
And UAB=2BD, i\ienAB'=tB'D',nnAAB" = 2B"D",Sic 

That is, each abscissa is equal to twice the corresponding 
ordinate. But, instead of a separate equation for eacii pair 
of co-ordinates, one will be sufficient for the whole. Let » 
represent any one of the abscissas, and y, the ordijinte be- 
longing to the same point. Then, 

x=^, or y=\x. 

This is an equation expressing the ralloof the co-ordinates 
of the line AH to each other. It differs from a common 
equation in this, that x and y have no determinate magiu- 
lude. The only condition which limits them is, tiiat they 
shall be lire abscissa and ordinate of the same piint. 
If a:=AB, then yr^BD 

If x=AB', y==iriy 

If x=AB", y^B"D", &c. 



27* 



t Legendie, 
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From this it ia evident, lliat, if one of the co-ordinates be 
lakt!ii of any jxinicidiir ieiigih, the otlier wiSi be given by the 
eqiiaiioii. if, for instance, tlie abscissa x be two inches long, 
the ordinate y, which is lialf a;, must be one inch. 
If 1=8, theni/^4. If !t=50, then i/=15, 

If 3'=!0, ■ y=a, If 3^=100, 1/^50, &c. 

On ilie otlier hand, if y = 2, tlicn x = 4, &c. 

529. If the an^le HAF be of any different magnitude, aa 
in Fig, 18, the general equation will be the same, except the 
co-efficient of x. Let the ratio of y to x be expressed by a, 
dial is,\ei y : x::a : \. Then by converting this into an 
equation, we have 

ax^y. 
Tbe co-elfident a will be a whole number or a fraction, 
aciH)rd!ng as y in greater or less thiiii x. 

530. To apply these explanations to curves, let it be re- 
quiicd to find a general equation of the common paraboUt. 
(Fig. 19.) It is the distinguishing fjroperty of this figure, as 
will be shown under Conic Sections, that the abscissas 
nre proportioned to the squares of Ihek ordinatea. Let the 
ratio of the stjuare of any one ordinate to its abscissa, be 
expressed by a. As the ratio is the same, betweenthe 
square of aiiv other ordinate of the parabola and its abscissa, 
we have uniVeisally y^ : x:: a : \ ; and by convening this 
into an equation, 

ax=y\ 

This is called the equation of ike curve. The important 
advantages gained by this general expression, are owing to 
this, lliat the equation is equally applicable to every point of 
the ciu've. Any value whatever may be assigned to the ah- 
acissa a;, provided the ordinate u is considered aa belongnig 
to the same point. But, while x and y vary together, the 
quantity a is supposed to remain constant. 

Hv the equation of the parabola, ax-=y'', and eslraciing the 
root of both sides, (Art. 297.) 

y=^ax. If a^2, theny^ V^j . And 
If x^ 4.j^.jfi (Fig.lO.) then y=V2x4.5 = V9=^ 3 = CiJ 
U x= 8. =.3i/' y^^/'ixS^A^\6=4=B'iy 

If x=U.o=AB" y=^2^\2.6=\/2o^5-=B"n" 
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531. W}ien ordinnles are drawn on both sides of the axia 
to wliicli ibey are applied j lliose on one side will be positive, 
wliilc Uiose on llie otJiersiilc w>ll be negative. Thus, in Fig. 
19, if llie ordinales on theuppef sWe of 3f be considered posi- 
tive, those on llie under side will be negative. (Art. 507.) 
The abscissas also are either positive or negative, according 
as they are on ojie side or ihe otlier of the point fi'oni which 
they are measured. Thus, in Fig. 20, if the abscissnson the 
right, .^B, ^B", &c. be considered positive, those on the left, 
•SC, JIC, &c, will be negative. And in the solution of a 
problem, if an abscissa or an ordinate is found to lie negative, 
It must be set off on the side of the axis opposite to that on 
which the values are positive. 

532. In the preceding instances, the straight line or curve to 
which the ordinates and abscissas are applied, c]"osses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Fig. 19.) and the straight line ^'/^{Fig. 
20.) ci'oss the axis JiF, in the point A, where it is cut by the 
axis AG. But this is not always the case. The abscissas on 
the axis QF, (Fig. 21.) maybe reckoned from the line GN. 

Let X represent any one of tlie abscissas, MB, MR. Ac- 
and y the corresponding ordinate. 

Letz=^B, b=MA. 

And a= the ratio of BD to AB, as before. 
Then az=y, (Art. 529.) that is, i^2 

But by the figure, .aB=^B-Jl/A '■ e. z^x-b 
Making the two equations equal, x-b=¥. 

Therefore x=y+b. 

533. In investigating the pioperties of curves, it is impor- 
tant to be able to distinguish readily the cases in which tho 
abscissas or oriVinates are podtive, from those In which they 
are negalwe; and to determine under what circumstances, 
either of the co-ordinates vanishes. An absdssa vanishes at 
the point where the curve meets the ads from which the abscissas 
are Pleasured. And an ordinate vanishes, at the point where 
the curve meets the axis from winch the otdmates are 
ineasurpd. 
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Thup, in Fig. 1 9, ihe ortlinntes are ineiisiired from i,lie line 
.4F, Tlie leiiglli of each ordiiiale is i])e distance o{ a pmucU' 
lar point in llie curve from (lie line. As the ciirvB approaches 
the axis, the ordinate diiiiiiiislies, (ill il becomes noitiiiig, at 
the point of iiiiersection. For, here, there is no distance 
between l!ie curve and the axis. 

The abscksas are measured from (he line JIG. Those 
must diminish also, as the curve approaches tliis Ihie, and 
become uodiing at «?. 

534. From this it is evident, lliat when the two axes meet 
the curve at (iic same point, the two co-ojtli nates vimsli to- 
gether. In Fig. 19, the two axes meet the curve at .4, the 
one culling, and the oilier touching it. But in Fig. 21, the 
axis MF crosses llie iine .YD at Jl ; while G„V crosses it at 
J^. The ordiimte, being the distance from JlIF, vanishes at 
^, wliere the distance is noihing. Biil ihe abscissa, being 
the distance from GJ\'\ vanislics at JVor ^1/. 

535. An abscissa or an ordinate changes from posilke to 
negative, by passing linough the point where it is equal to 0. 
Thus the ordinate y, (Fig. 20.) diminishes as it api)roache9 
the point A ; Jiere it is nothing, and on llie olher side of ^, 
it becomes negative, beuMise it is below tlie axis CF. {Art. 
507.) In the same nmnnor the atischm, on the riglit of ^G, 
diminishes, as it approaches this line, becomes at Jl, and 
then negative on tlie left. 

In Ihis case, ihe two co-ordinn(es change from poKiiive to 
negative, at the same point. Bnl in Fig. 21, the ordiiiaies 
change from positive to negative at .,4 ; while (he abscissas 
contiinie positive to GJV, being still on the right of liiat hne. 
On the right from ..9, the co-ordinates are both positive : be- 
tween ^ and (he line G^V, lite abscissas are positive : and 
the ordlnates negative: and, on the left of GJV both are 



536 The most important applications of the principles 
stated in (his sec[ioii, will come under consideration, in sue 
ceeding branches of (he mathematics, particularly \i\ Flux- 
ions. A few examples will be here-given to illustrate llio 
observations which have now been made. 

Prob. 1- To find the ecpiation of the circle. 

In the circle FGM, (Fig. 22,) let the two diameters GJV 
and FM be perpen<iicular to each other. From any point 
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in the curve, draw the oidiiiate T)B perpendicular lo JIF; 
and AB will be the correspoiiditig abscissa. 
Let the radius AD=r, AB^x, 

Then, hy Euc. 47. 1,* BL 

That is, y 

And by evolution, y—t^/^^'' 

In the same manner, x='t\/r' - y'. 

That is, the abscissa is equal to ilie square root of the dif- 
ference between the square of the radius and the s([uaie of 
the ordinate. 

If the radius of the circle be taken for aunil, (Art. 510} its 

square will also be 1, and the two last equations will become 

=j:\/l - 1% and a:=i\/l -j/". 

These equations will be the same, in whatever part of the 
arc GDF the point D is taken. For the co-ordinates will be 
the legs of a riglit angled triangle, the hypolhenuse of which 
will be equal to AD, because it is the radius of the circle. 

537. To understand the application to the other quarters 
of the circle, it must be observed, that, in each of the 
equations, the root is ambiguous. The values of y anc of x 
maybe either positive or negative. This results from the 
nature of a quadratic equation. (Art. 297.) It corresponds 
also with the situation of the diilerent parts of the circle, wiili 
respect to the two diameters FM and GJV, In the tii-st 
quarter GF, the co-ordinates are supposed lo be both positive. 
Ill the second, GM, the ordinates are still positive, but tlie 
abscissas become negative. (Art. 531.) In the third, JilJS", 
both are negative, and in the fourth, J^'F, the ordiiialcs ore 
negative, but the abscissas positive. That is, 
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538. Ill geometry, lines are supposed to be prothiced by 
tlie vwHon of a point. If ihe point moves uniformly in one 
direction, it protfiites a straight line. If it continually varies 
its direction, it produces a curve. The particiiljir nnture of 
the curve depends on cerlain conditions by whicli ihe motion 
is regulated. If, for instance, one point moves in such a 
manner, as to keep constantly at Ihe same disiaiice from 
anoilier point which is fixed, (lie figure described is a circle, 
of whicli the fixed point is the centre. It is evident from 
the preceding problem, that the equation of (his cmve de- 
pends on ihe manner of description. For it is derived from 
the property that different parts of the periphery are er|nally 
disfant from the center. In a similar manner, liie equations 
of olhev curves may be derived from (he law by whicli lliey 
are described ; as will be seen in the following examples. 

Prob. 2. To find the equation of the curve called the Cts- 
suid of Diocles. (Fig. 23.) 

The desrripMon, which may be considered iis the definition 
of the figure, is as follows. 

!n the dianister »2j9, of the semi-circle ^?,YB, let Ihe point 
R be at the same dislance from J3, as P is from A. Draw 
RJV peri>endicidar to J3B, to cut the circle in JV. From ^, 
through JV*, draw a straiglit line, extending if necessary be* 
yond tiie circle. And from P, raise a perpendicular, to ciil 
(his hue in Jil. The curve passes through the point jl/. 

By taking P at different distances from .3, as in Fig. 24, 
any number of poinl« in tiie ciuve may be determined. As 
the line PJ/ moves Inwards B, it becomes longer and longer; 
so as to extend the Cissoid beyond the semi-circle. 

To find the equation of the cruTe, \el\3II and JIB be the 
axes of the co-ordiuates. 

Also, let each of the abscissas .QP, JiP' JiP", &c. =x, 
eachof theoidijiatosW/.P'*!/', P" M'^hc^y, 
and the diajneter AB =/., 

Tiien by the construction, PB=.'iB-J]P=b-x. 

As PJAand fi^Vare each perpendicular \o AB, ihe (rian 
gles AP.M and jm.Y nve similar. (Euc. 27 and 29. I.) 
Th'-.refore, 
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I. By similar triangles, AP : PM: : ^R : JtJV 

S. Or, by putting PB for its equal JJR, 

JP : PM :.PB: RJV 

3. Therefore, ^^^Jt^^IlJV 

AP 

4. S(i«aring bolli sides, 



AP 

5. By Elic. 35. 3, and 3. 3,* ARxRB=IlX 
6. Or, putting PB for its equal AR, ajul Af for its equal RB, 

PBxAP^liJr 

_Pjf''x~Pli 



7. Making 4lh and 6th equal, PBxAP= 



AP 



8. Tliercfore, AP =PM xPB 

9. Of, x^=y'x{>}-^)- 

That is, the cube of the abscissa is equal io the square of 
the ordiuale, miilii]>lied by the diirereiice between the diame- 
ter of the circle, and the abscissa. The eipiaiioji is the same 
for every pair of co-ordinates. 

Frob. 3. To find (he equation of the ConckoU of Nico- 
medes. 

To describe the ci rve, let AB, Fig. 25, be a line given in 
position, and C a poi. it without the line. About ihis point, let 
the line Ch revolve. From its intersections with AB, make 
the distances EM, MM, E"M", &c. eaHi equal to AD. 
The curve will pass through the points D, M, M, M", &c. 

To find its equation, let CD and AB be the axes of the co- 
ordinates. DiawjFVtf parallel to .aP, and PJI/ parallel loCJ^ 
From the construction, AD is equal Lo EM. 

Let the abscissa AP=FM=x, 

the ordinate PM=AF=y, 

the given Une CA—a, 

and AD^EM=b, 

Then will CF=CA+AF=a^y. 

• Legendr^, 105, 224. 
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4s CJI cuts tlie parallels CD and PM, and also ihe paral- 
lels ^P and FJ\I, ihe Li-iangles CFM anii JilPE are eimilar. 
Then 

I . By similar triangles, CF : FJ\f : : PJ\l : PE 

%. Therefore, PE^?^^^^ 

CF 

3. Siniarin^ both sides, PE ^f^^L^I^ 

CF 

4. By Eoc. 47. 1 PE =EJU -PJf 

5. Mak. 3d and 4lh equal, EJ\l' -~PJ\f=:^^^^i 

cf' 

6. That is, h'-,i'- "V 

7. Or, («-i-j/)'x(i=-!/=)=A'- 
539. lu these examples, the equation is derived from the 

description of the curve. But ihis order may be reversed. 
If ihe equation is given, the ciu've may be described. For 
the equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, therefore, 
by lukmg abscissas of different lengths, and applying ordinales to 
CJcft. The line requiied, will pass through the extremities of 
these ordinales. 

Prob. 4. To describe the curve whose equation is 

2a;— 1/', ori/=v'^>'^- 

On the line JlF, (Fig. 19.) take abscissas of difTereot 
lengths : 

For instance, AB=i.5, then the ordinate BD=S, (Art. 530.) 
^B' =8. B'jy = 4, 

AB"=U.5 B"n"=5, 

^B"'=i8. B"'D"'=(i, 
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Apply these several ordinal.es to their abscissas, and con- 
nect ilie exireiTiilics by die line JiDl)'!)", &c. which will be 
the curve rei|iiired. The description will lie more or leas 
accurate, according to the number of poinia for wiiich ortli- 
nates aie found. 

540. If a pomt is conoeived to move in such a manner, aa 
to pass through the exireniitics of ail the ordiiiates assigned 
by an equation ; tlie line which it describes is called tlieTocws 
of the point, that is the paili in which it moves, tuid in which 
it may always be found. The line is also called the locus oj 
the equation by which the successive positions of the point era 
determined. Thus the common parabola (Fig. 19,) is called 
the loms of the points, i>, jy, D", &c. or of (he etiualion 
ax=y\ (Art. 5 30.) T he arc of a circle is the loctis of the 
equation a:=zt\fr'-y\ (Art 536.) To find the locus of 
an equation, tlierefore, is the same thing, as to find tho 
straiglit line or curve to which the eqnariou belongs. 

Prob. 5. To find the locui of the equation 

x=U, or ax=y, 

in which x and y are variable co-ordinates, while a is a deter- 
minate quantity. 

If the abscissa a; be taken of different lengths, the ordinate 
y must vary in such a manner as to preserve «x=y ; or con- 
verting the equation into a proportion, y : x : : a : I. There- 
fore, as a is a determinate quantity, the ratio of a: lo y will be 
invariable ; that is, any one abscissa will be to its oi'dinate us 
any other abscissa to its ordinate. Let two of the abs:;iBsas 
be ^B and .4B', (Fig. 17.) and their ordinates, liD anj 
ITD'; then, 

JIB : BJ) ■.-.AW : BV. 

The line ^DD' is, therefore, a straight line ; (Euc. 52. G.) 
and this is the locus of t!ie equation. 

If the proposed equation ig x='>-\-h, the additional term b 

makes no dilTerenee In the nature of the locus. For the only 
effect of (i, is to lengthen tlie abscissas, so that they must no'l 
be measured from .3, but fiom some otiier point, as Jtf 
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(Fig. 21.) The ratio of AB,J1B', &c. to BD'.B'iy, &c. sdll 
remains (lie same. See ArL 532. The locus of Uic equation 
is, iherefore, a straight line. 

541, From this il will be easy to prove, thai tlie loctts of 
every equation in wliioh tlie co-oidiiia(es x ami y are in sepa- 
rate leniis, and lio not riae above the jirsl power, is a straight 
line. For every such equation may be brought to the foim 
x=^tb. All the terms may he reduced to three, one con- 
taining X, another u, and a third, (he aggregate of llie con- 
stant quantities which are not co-efficienls of x and y ; as *vill 
be seen in the following problem. 

e locuH of the rouiillon 
-a^hx^y+m=n. 

cx-J(-h:i:=ij+n-m-\-d. 
y n-ni+d 
c+li c+k ■ 
Here the constant qnanliiies, in each term, may be repre- 
sented by a single letter. (Art. 321.) !f, then, we make 
e-{-h=a, and" ~'"+' — f,- the equation will become a:=i-|-6, 

whose locus, by the last article, Is a straight line. 

542, But if the ordinates are as (he squares, cubes, or 
higher powers of the abscissas, the locus of the equation, in- 
stead of being a straight line, is a curve. For the ordinates 
applied to a straight line, have the sa.me ratio to each other 
which their abscissas have. Bnt qTiantities have not the 
e.\me ratio to each other, which tiieir sijuares, cubes, or higher 
Dowera have. (Art. S54.) Thus, if i^=y, the ordinatea 
will increase more rapidly than the abscissas. If the abscis- 
sas De taitcii, 1, 2, S, 4, &c. ihc ordinates will be equal to 
their squares, 1, 4, 9, 16, &c. 

01ZS. AS an unlimited vaneiy of equations may be produ- 
ced, by different combinations and powers of the co-ordi- 
nates, and as each of these has its appropriate loctis ; it is 
evident lint the forms of curves ntust be innumerable. They 
may, however, be reduced to classes. The modern mode of 
classing them, Is from the degree of iheir equations, T/w 
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different orders of lines are distinguishnl, by the greatest index, 
or sum of the indices of Ike co-ordinates, in any term of Ike 
equation. 

Tims ihe equation ftT=j/ belongs to a line of the first or- 
der, because (lie index of each of the co-ordinates is 1. But 
this order includes no curves. For, by Art. 541, the locus of 
every such eqiiatiou is a straight line. 

Tlie e(|untion cx^ -axy^^y", beiojigs to (he second order of 
jnes, or the first kind of curves, because the greatest index 
is 2. Tlie etjuation ay-\-xy=bx also belongs to the second 
order. For, although tbere is heie no index greater tjian 
1, yet the sum of the indices of a: and y, in ihe second temn, 
is 2. 

The equation i/'~3((j'j/=6/ belongs to the i/ttVif order of 
liuos^, or the second kind of curves, because ihe greatest in- 
dex of y is 3. 

544, In curves of the higher orders, the ordinate belong- 
ing to any given abscissa may have differe/tl values, and may 
therefore meet the curve in several poiiU.s. For the length 
of Ihe ordinate is determined by tlie equation of the ciu've, 
and if the ecuiatiou is above the first degree, il may have two 
or more roots, (Art. 493.) and may, ihcrefore, give dillerent 
values to the ordinate. 

Ail erjiiaiion of the Jirst degree has but one root ; ajid a 
inie of t!ie lii-st order, can be iniersected by an ordinare, in 
one point only. Thus the equaiion of ihe line ,311 (Fig. 
17.) is aa:=y, in which it is evident y has but one vahie, 
while X remains ihe same. If ihe ab:*cissii x lie taken e(|*.al 
loJIB, the ordinaie y wili haBD, which can meet the line 
^7/ in iJ only. 

But the eqimlion of the jiaralwla y'=nx, (Art. 550.) ha3 
two rools. For, by exrracling both side?, y=:iA/ax. (Art. 
297.) It is true, ihat in ihis case, the two vabius of ;/ are 
equal. But one is positive, and rlie oiher nei;alive. This 
sliowa that the ordinate njay exfend bolh ways from the end 
of the abscissa, and niav meet llie opiioeite liranclies of tho 
curve. Tims the ordinaie of the abscUa ^« (Fig. 19.) may 
be eitlier HD above Ibe abscissa, or Bd belcn it. 

A cubic equaMon has three roois ; iwmI an ordinaie of the 
curve belonging to this cqnaiioii, may liave ibree diirerenl 
values, and may meet the curve in ibrce dii]"eretit p-ims 
Tims !he ordinaieof the abicissa.'J/i (Fig. 2G.1 may he » ' 
or BD', or Bd. 
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320 ALGKBIfA. 

545, When ihe curve meels the axis ofi wliich the abscis- 
sas are measuied, the oi'diii!ite,!ifler becoming less and leas, 
is reduced to nothing. (Art.. 633.) But, in some cases, a 
turve may coniimiaily approach a line, without ever ineeiiiig 
It. Let t'lie distances ^S, ^j5', B'if", &c. oil the line ^F, 
(Fig. 27.) be equal; and let the cuive i.>I>-'jD", &c. be of 
sucli a nature that of the several ordinatee at i!ie poinis Ii,B', 
B", &c. each succeeding one shall be lutlf the preceding, 
that is, B'ly, half BD, B"D" half B'jy, &c. It is evident 
that, however far the straight line be carried, the cirrve will 
become nearer and nearer to it, and yet will never quite reach 
it. ^ line which Ihui contimmtly approaches a curve Mii/iottl ever 
meeting it, is called an ASVMrroTE of Ihe curve. The axis .9F 
is here the asympioie of the curve DiyD'', &c. A« ihe ab- 
scissa increases, the ordinate diminielies, so ihat, when the 
abscissa is mathematically infinite, (Art. 447.) tlie ordinate 
becomes an infinitesimal, and may be expressed by 0. (Art. 
455.)* 
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Note A. Vagt, I. 

A3 (lie term quanlihj is linrc u^imI to wigniry whalevrr is 
llie object of iiiallieitiiilinil imitiiry, il will be obi'ioua lliiU 
number is meant to be itictutled ; so far at icast, as it can be 
the subject of mathematical investigation. Dngald Stewait 
asserts, indeed, ttiat It might be easily shown, tliat nuitiber 
does not fall under the definition of qiianlity in any sense ol 
that word. Pliilosnphy of the Mind, Vol. 11. Note G. For 
proof that it is included in the cojtimon acceptation of the 
word, it will be sufficient to refer to almost any mathematical 
work in which the term quantity is explained, and particu- 
larly to the familiar distinction between continued quantity or 
magnitude, antf discrete qiiantily or number. 

But does number " fall under the definition of qiiantity V 
Mr, Stewart after quoting the ohservation. of Dr. Reid, that 
the object of the mathematics is commonly said to be quan- 
tity, which ouglit to be defined, that wfttcA may be measured, 
adds, " The appropj'iate objects of this science are sucli 
things alone as admit not only of being increased and dimin. 
ished, but of being multiplied and divided. In other words, 
the common character which characterizes ail of them, is 
their menswability." That number may be multiplied and 
divided, will not probably be rjuestioned. But it may per- 
haps be doubted, whetlier it is capable of mensuration. If, 
as Mr. Ijocke observes^ " number is that which the mind 
makes use of, in measuring all things that are measurable," 
can it measure itself, or be measured i it is evident that it can 
not be measured geometrically, by applying to it a measure ol 
length or capacity. But by measuriiig a quantity mathe- 
matically, what else is meant, than determining the ratio 
which it bears to some other qtiantity of the same kind ; in 
other words finding how often one is contained in the other, 
either exactly or with a certain excess ? And is not this as 
applicable to number as to magnitude ] The ratio which a 
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322 ALGEBRA. 

given number hears (o wnt'iy cniinot, indeed, be l!ie siiltject 
of inmiiry ; because ii is expressed by tlie luiiiiber irself. 
Bui ifie ratio which it bears lo olher niiiiibers may he ns pro- 
per an obiecl of niatbematjcnl investiguiion, as ilie ratio of a 
mile to a furlong. 

For proof ihalmunberis not quantity, Mr. Stewart refers 
to Barrow's Malliematical Lectures. Dr. Barrow lias start- 
cd an elymologkal objeclion to the application of the term 
quanlily to number, which he inl.isriales might, wirli more 
propriety, be called qmtUy. He observes, " The general oh- 
jsrl of the mathematics has no proper name, eitlier in Greek 
oi l,itiii." And add^, " It is plain the mathematics is con- 
versant about two things especially, quantity strictly taken, 
anct(]notity; or magnitude and midlitude." There is fre- 
quent occa'sion for acommon name, lo express number, dura- 
tion, &c. as well as magnitude ; and (lie term qitanlity will 
probably be used for this purpose, till some other word is'sub- 
etimted ill it^ stead. 

But though Dr. Barrow thus distinguishes between mag- 
nitude and number, ho afteavards gives it as his opinion, 
(page 20, 49,) that there is really no quantity in nature dif- 
ferenl from wiial is called magnitude or continued quantity, 
and coiise(|iienlly, that this alone ougkl to be accounted the 
olyjecl of the mallw.mr.!ks. He accordingly devotes a whole lec- 
ture to the purpose of proving the identity of ' arkkmelk and 
ffsometrtj. (Lcct. 3.) lie is "convinced (hat number really 
rtilfers nothing from what is called continued quantity; but 
is only formed to express and declare it ;" that as " the con- 
cepiions of magi:;itude and number could scarcely be separa- 
ted," by the anciejits, " in the name, they can hardly be so 
tn the mind," and " that number includes in it every conside- 
ration pertaining lo geometry." He admits of metaphysical 
number, which is not the object of geomelry, or even of the 
mat hematics. But, in his view, magnitude is always inclu- 
ded in malkemalical number, as the units of which it is com- 
posed are eiuul. On the other hand, magnitudes arc not 
lo be considered as mathematical quantities, except as Ihey 
are measured by number. In slioi't, quanUty is magmtude 
measured by number. 

!t would seem, then, that according to Dr. Barrow, num- 
ber considered as separate from magnitude, has as fair a 
claim to be called quantity, as magnitude considered as sep- 
arate from number. If arithmetic and geometry are ine 
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same; ([Tiaiitily is as iiiucli the objecl. of one, as of tlie other. 
How far Uiis fllieine is jv|)|>iiciible lo duration, motion, &c. it 
is not necessiviy, in iliiy place to inquire. 

Note B. p. I. 

It is to be regretted, Mial llie science of Fluxions lias re- 
ceived its iiaine from t!ie particular manner in which its in- 
ventor. Sir i-iaac Newton, explained its principles, rather limn 
from the ii-i!we of llic science tlseif. This has served to 
coiiiileiKuico tlic oj>ijiioi!, (Ii;u. tl>e doctrine of flnxions, and 
tliudilii;ronii;>l v.ixl in!cgr^U <;;i1(miIiw, in which a diflerent lan- 
guage, and uilForcLit mode of expliinalioii have been adoplefl, 
lire distinct nielliods of investigation. Whereas the funda- 
mental laws of calculation are tlie same in both. These 
nave no necessary dependence on motion, or even on geo- 
metrical majviiitndes. The method of Anxious has heen 
greatly enlarged and modified since Newton's day. But it 
is difficult to change the name, lo adapt it to the present 
stale of the science, without seeming (o derogate from thai 
profound regard which is due to the originai inventor. 

NoteC. p. 33. 

It is common lo define multiplication, by saying that ' it is 
finding a product which has the same latio to the nuihipli- 
cand, that the multiplier has to a imh.' This is Ktricily and 
universally true. But the objection to it, as a dejinitioit, is, 
ilmt the idea of ratio, as the term is understood in arithmetic 
and algebra, seerns to hnply a previous knowledge of multi- 
plication, as well aa of division. In this work at least, the 
expression of geometrical ratio is made to depend on division, 
and division on multiplication. Ratio, therefore, could not 
be properly introduced into the definition of mid ii plication. 

It is thought, by some, lo be absurd lo speak of a unit as 
consisting of parts. But whatever may be true with respect 
lo number in the abstract, there is certainly no absurdity in 
considerhig an integer, of one denomination, as made up o( 
parts of a different denomination. One rod may contain 
several feet : one foot several inches, &c. And in muhipH- 
calion, we may be required to repeat the whole, or a part of 
the mulliplicand, as many limes its tliere aic niches in a foot, 
or part of a foot 
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Note D. p. 66. 

Il is peiliaps mure [liiilosojiliiRiiliy exiict, (o cori?iilcr an 
e([u;uioii as aHinning l.lie o(|uivaleiiceof two dilTcren I expres- 
sions of the same qimiiiiiy, tlian lo si>eak of ii as expressing 
an equality between one quantity and anot.Iier. Bill it is 
tloiiiHetl wiietlierlhe fontier definition is the best ad;i|>tet) to 
tlie apprcliension of llie Sennier; wlio in tliis early part of his 
niallieinatical conrse, may tw snppopcd to be very little accns- 
lonied loabsiraotion. Tliongh be may see clearly, that the 
area of a triangle is f.qual (.0 Ihe area of a parallelograiri of 
the same base and half tlie height ; yet he may hesitate in 
pronouncing Uiat the two surfaces are precisely the same. 

Note E. p. 36. 

As the direct powers of an integral- quantity have posiim 
indices, while the reciprocal powers have negative indices ; it 
is common to call die former positive potoera, and tlie latter 
negative powers. Bni this language is ambiguous, and may 
lead lo niistalie. For the same terms are applied to powers 
with positive and negative signs prefixed. Thus +8a* is 
called a positive pott-er ; while -8tf is called a negative one. 
It may occasion perplexity, to speak of the latter as being 
both positive and negative at the same time; positive, be- 
cause it has a positive index, and negative because it has a 
negative co-efficient. This ambiguity may be avoided, by 
using the terms direct and vecipiocal ; meaning, by the for- 
mer, |J0wers with positive exponents, and by the latter, pow- 
ers with negative exponents. 

Note F. p. 109. 

I have been unwilling to admit into the text the rules of 
calculation which are commonly applied to imaginary quan- 
tities ; as nmthemalicians have not yet settled the logic of 
ihc principles upon which these rules must be founded. It 
appears lo be taken for granted by Euler and others, that the 
proriwci of the imaginary roots of two qiianiiiies, is equal lo 
the TOO of tlie product of the quantities ; for instance, that 
'\^^aX\^ ~b—\^ -ax-f'- If this principle be admitted, 
certain limitations must be observed in the application. If 
we make V^xV^- V-aX -«, and this in confor- 
imty wilh the common ride for possible quantities, =^/a'; 
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NOTES. 326 

yet we are not at lilieriy to consider tlie iatler expression as 
eqiiivaJenl to a. For tliou^li \/u\ wlieii ttiken witliout re- 
feieiice to its origin, is ambiguous, and may be eitiier -\-a or 
— a ; yet when we know that it lias been produced by inul- 
tiplyingv' — " '"i-o itself, we are not permitted to give it any 
other value than -«. (Art. 262.) 

On the principle here etaietl, imaginary expressions may 
t)e easily prepared for calcula",ioii, by resoloing the quantity 
under tlie radical sign into two factors, one of which is - \ ; 
thereby reducing the imaginary part of llie expressioji to V-1. 
As -o=-j-ax-l, the expression V -«— V^X^-T^V^X 
V~- SoV^ir^^V^iPixV^. The first of the 
two factors is a real quantity. After the impossible pari of 
imaginary expressions is thus reduced to V- 1, ihey may be 
multiplied and divided by ilie rules already given for other 
radicals. 

Thus in Multiplication, 

2. +V-"ax-V"^^ -V'a''X -1=+V<'''- 

3. V^9xV^:= ~V5g:=-G. 

4. (1+V^)x(l-V~r) = 2. 

From these examples it will be seen, that according to llie 
principle assumed, tlie product of two imaginary expressions 
ia a real ([uantity. 

5. V~axV''=V'^xV^xV''^V"^xV~. 

6. V'~2xVIS^6xV^T. 

Hence, the pro^luct of a real (niandiy and an imagitiarj' 
expression, is itself imaginary. 
In Division, 

1 V^„V«xV^^ /a „ V- 

f V6' 



V-6 ■v'''xV-f "^ ^ V-ft 



Hence, thei]nolient of one imaginary expression divided 
by another is a real c[uanlily. 

Vt V'' ^ ^ 
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4. V^- V" __ - ' 

V-" Vx-V-i" v-^ 

Hence, the quotient of an imaginary quantity divided by a 
real one, or of a real quanlhy divided by an imaginary one, 
is ilself imaginary. 

Ry mulliplyiiig V- 1 continually into !lsclf, we obtain tlie 
following jwiwers, 

cv^)^=-i (V£r)"=-i 

(v^i_)^= -V- 1 Wz}y= -^•'^^ 

{V-\y=+i _ (V-r)'=+i __ 

(V- i)'=+v'- 1 {V^\y=+V - 1 

&c. &(:. 

The even powers being allern.Tlely - 1 and +1 and the 
odd powers, - V - T and +V - 1 . 

On the nature and use of imaginary expressions, see Eii- 
ler's Algebra, Rees' Cyclopedia, the Edinburgh Review, Vol, 
I. mid I he London Philosophical Transactions for IStJl, 1S02 
and 1806. 

Note G. p. 146. 

Every alfecled quadratic equation may be reduced to one 
af llie three foUowijig forms, 

1i.x"'-ux=-bS 
These, when they are resolved, become 

1. zz^-i«+VX+6 ) 

2. xz= ^aW ju'+b > 

3. a:= ^atVin'-b ) 

In the Iwo fHsl of liiese forms, the roofs are never jmngi 
iiai-y. Tor the terms under the radical sign are bolli pusi 
live. Bnt in the iliiid form, whenever b is greater than J«-, 
the expression J«* - & is negative, and therefore its root is 
iniporfaible. 
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Note H. p. 175. 

For tlie sake of keeping: clcn.r of tlie miilliplicd coiiliover- 
sies. a great poitioii of lliem vefbnl, respeciiiig llie iiadrre ol 
ratio, I have chosen to define gcometiical ratio to be lliat 
which is expressed by llie qiioiieiil. of one qnanl.ily divJLietl by 
anolher, nitlier than to say tliat it consists in iliis qnolient. 
Eveiy ratio which can be matlieniaticaily assigned, may be 
expressed in this way, if we iiicliide surd qiiiiiilities among 
those wliich are lo bo admitted inlo tlic luimeralor or denomi- 
nator of the frai:Uon representing llie qnotienl. 

Note I. p. 177. 

This deiinitioii of compound ralio is more coinprclionmve 
than the one which is given in Euclid. That is inchuled In 
this, but ia iimiled to a particukar case, wliich i^; yimed iti 
Art. 353. It may answer the purposes of geometry, but is 
not sufficiently general for algobiii. 

Note K. p. I'iS. 

It is not denied tliat very respectable wLiters use these 
terms indiscriminately. Hut it appears to be without any 
necessity. The ratio of 6 to 2 is 3. TJicre ia certainly a 
difference between lieke this ratio, and tlie square of it, iliat 
is, between twice three, and tlie srju.ire of three. At! are 
agreed lo call the latter a duplicate ratio. What occasion is 
there, then, lo apply lo it the term dotihle also 1 This is 
wanted, to distinguish the other ratio. Aiid if it is confined 
to that, it is used accoiding to the common acceptation of the 
word, in familiar language. 

Note L. p. 185. 

The definition here given is meant (o be a])plicable to 
quantities of every description. The stibject of proportion as 
it is treated of in Euclid, is emharrassed by the means w)iich 
are taken to provide for the case of incommensurable qiianli- 
ties. But this difficulty is avoided by the algebraic nota- 
tion which may represent the ralio even of incommensur- 
ables. 

Thus the ralio of 1 to \/2 is —. 
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It is impossible, indeed, to express in mlional numbers, 
die s([iiare root of* S, or (lie ratio wlilidi it lienrs lo I. But 
lliis is ]iol necessary, for tiie purpose of sliowing its etjuality 
with anoliier ra.lio. 

Tlie product 4x2=8. 

And, as equal quantities liave equal roots, 

2XV2=V8, Uierefoic, 2 : VS : = 1 : V^- 

Here tiie ratio of 2 to \f8, is proved lo be llie same, as 
tlial of 1 to *^2 ; allliou;,'h we are unable lo find the exact 
value eiilier of \/8 or \/2. 

It ia imi>nssible to delermine, with perfect accuracy, the 
ratio wliich ilie side of a square lias lo its diagonal. Yel it 
is easy lo prove, (hat the side of one square lias the same ra- 
tio to ils diagonal, wliicli the side of any other square lias to 
its diagonal. When iiicommeMsural)!e quamilies are once 
rettncet! to a pmportion, ihey are subjecl io the same laws as 
other proportionals. Tlirougliout ilie section on proportion, 
ihe demonstrations do not imply ijiat we know the value of 
the terms, or iheir ratios ; bm only that one of the ratios is 
equal to Liie otlier. 

Note M. p. 190. 

The inversion of the means can be made with strict pro- 
priety in those cases oidy in which all tjie lerms are quanti- 
ties of the same kind. For, if the iwo last be difTerent from 
llie two first, llie antecedent of each couplet, after the inver- 
sion will be different from the corisequeni, and therefore, 
there can be no ratio between (hem. (Art. 355.) 

This disiinction, how^ever, is of little importance in prac- 
tice. For, wiien the several (|uaniiEies are expressed in num- 
bers, there will always be a ratio between the numbers. And 
when two of them are (o be multiplied together, it is imma- 
terial which is the muUipIier, and which the multiplicand. 
Thus in the Rule of Three in arithmetic, a change in the 
order of the two middle terms will malie no difference in the 

Note N. p. 197. 

Tlie Icims composHion anil division are deiived from ge- 
ometry, and are introduced here, because they are generally 
used by writers on proportion. But they are calculated rathei 
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to perpiex, than to assist (he learner. The o!>jectioit (« (lie 
word comp}sUion is, that its iiieanlrig is liable to be iiiiHfalceii 
for the composition or compoTiiTcliiig of ratios. (An. 390.) 
The two cases are entirely different, and oiighl to lie carefully 
(liatinguished. In one, the t.erma are added, isi the oilier, 
they are mulliplkd togetlier. Tlie word coHrjxmnci has a simi- 
lar ambiguity in other parts of the matlieniatics. Tlie ex- 
pression a-\-h, in wliieh « is addtd lo b, is called a conipoimd 
einanlity. The fraction \ of f, or | xfi i" which ^ is midti- 
plied into i, is called a conipoiuu! fraction. 

The term dhiswn, as it is tised liere, is also exceptionable. 
Tlie alteration lo which il is applied, is effected by subCraction, 
and haa nothing of tlie nature of what is called division in 
arithmetic and algebra, IJtit there is another case, (Arl. 
392.) totally dislinct from ihis, in which the diaiige in the 
terms of tlie iiraporlioii is actually produced by division. 

Note 0. p. 206. 

Tlie pi-irici|rfes stated in this section, are not only expressed 
in different language, from the corresponding proj^sitions in 
Euclid, but are in several instances more general. Thus ihe 
first proposition in the fifth book of the Elements, is confined 
to eqmmultiples. Bnt the article referred to, as containing this 
pi'oposition, is applicable lo al! cases of eqnal ratios, whether 
the antecedents are multiples of the consequents or not. 

Note P. p. 3J2, 

The solution of one of the cases is omttled in the lex.'., he. 
cause it is performed by lo^aritHms, witit which the learner 
is supposed not to be acqnamted, in this part of the course. 
When the tirst term, the last term, and the ralio are given, 
the number of terms may be found by the formula 
log, — 



Note Q. p, 327. 

Wiien it is said that a matiiemalical quantity may be sup- 
posed to be increased beyond any determinate limits, it is not 
intemled that a quantity can be specified so great, (hat no 
Eimits greater than this can be assigned. The nuantiiv and 
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tl>e limits may be allemateli/ extended one. bej'ond tlie other. 
If a Sine be conceived to reach to the most distant point in 
the visible heavens, a limit may be mentioned beyond this. 
The line may then be supposed lo be extended farther than 
this limit. Another point may be specified still farther on, 
and yet the line may be conceived to be carried beyond it. 

Note R. p. 230. 

The apparent contradictions respecting infinity, are owing 
tothe ambiguity of the lerin. it is often thought that the 
proposition, thai quantity is infinitely divisible, involves an 
absurdity. If it can be proved that a line an inch long can 
be divided into an infinite number of parts, It can, by the 
same mode of reasoningTbe proved, that a line two inches 
long may be first divided in the middle, and then each of the 
sections be divided into an infinite number of parts. In this 
way, we shall obtain one infinite Ittike as great as another. 

If by infinity, here is meant that which is beyond any as- 
signable Umits, one of these infinites may be supposed greater 
than the other, without any absurdity. But if it be meant 
thai' the number of divisions is so great thai it cannot be in- 
creased, we do not prove this, concerning either of the lines. 
We make out, therefore no contradiction. The apparent 
absurdity arises from shifting the meaning of the terms. We 
demonstrate that a quantity is, in one sense infiiute ; and 
tlien infer that it Is infinite, in a sense widely different. 

Note S. p. 233. 
Strictly speaking, the inqitiry to be made is, bow often the 
telwle divisor is contained in as many terms of the dividend. 
But it is easier to divide by a part only of the divisor ; and 
this will lead to no error in the result, as the whole divisor is 
multiplied, in obtaining the several subtrahends. 

Note T. p. 244. 
The deniOQstraticai of this proposition, particularly in its 
application to fractional indices, could not be introduced, with 
advantage, in this pact of the course. It does not appear 
thol Newton himself demonstrated his theorem, except by 
induction. And though various demonstrations have since 
been given ; yet they are generally founded upon principles 
and methods of investigation not contained in this introduc- 
tion, such as the 'aws of combination, iluxions, and figurate 
numbers. 
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NOTES. 331 

Those who wish to examine the inquines on this subject, 
may consuU Simpson's Algebra, Section 15, Euler'g Algebra, 
Section 2, Chap. 11, Vince's Fluxions, Ait. 99, Lacroix'a 
Algebra, Art. 138, &c. Do. Ccmp. Art. 71, Rees' Cyclopedia, 
Mannnig's Algebra, the London Phil. Tranc. Vol. xxxv, p. 
298, Woodhouse's Analytical Calculations, BonnycastleS 
Algebra, and Lagrange's Theory of Analytical Fun'cliona. 

Note U. p. 277. 

The very limiled extent of this work would admit of no- 
thing more, than a few specimens of the Summation of Se- 
ries. For information on lliis subject, the learner is referred 
to Emerson's Method of liicrements. Sterling's Summation 
of Series, Waring's Fluxions, Maclaurin'a Fluxions, An, 828, 
&c. Wood's Algebra, Art. 410, Lacroix'e Cotiip. Alg. Art. 
Si, &c. Euler's Anal. Infln. C. xiii, Simpson'e Essays and 
Dieserlations, De Moivre's Miss. Analyt. p. 73, and the Loji^ 
don Philosophical Transactions. 

Note V. p. 291. 

To those who have made any considerabie progress in the 
mathematics, this section will doubtless appear very defec- 
tive. But it was impossible to do justice to the subject, 
without occupying more room than could be allotted to U 
here. !n going through an elementary course of malhenia- 
tica_ and natural philosophy, the student will rarely have oc 
casion to solve an equation above the second degree. 

Those who, wish to examine particulariy the different mettN 
ods of solution, will find tliem in Newton's Univei-sal Aritli- 
metic, Maclaurin's Alg. I^t. 2, Euler's Alg. Part 1. Sec. 4, 
Waring's Algebra, Do. Medit. Algeb., Wallis' Algebra, Simp- 
son's Alg. Sec. 12, Fenii's Alg. Ch. 3 and 4., Saunderson's 
Alg. Book X, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions. 
Note W. p. 29S. 

It will be thought, perhaps, that it was unnecessary to bo 
80 particular, in obtaining the expression for the area of d 
parallelogram, for the use of those who read Playfair's edi- 
tion of Euclid, in which "JiD.DC is put for the rectangle 
contained by AD and DC" It is to be observed, however, 
that he introduces this, merely as an article of notation. 
(Book II. Def. 1.) And iLongh a point interposed between 
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the leKers, is, in A!<^ebia, a sign of muU.pHcalion ; yet be 
does rioL Iiere uiuleilake t.o show howihe sides of a parallelo- 
gram may be niuli.ipiied together. In (he first bmik of the 
Supplement, he has indeed decionalraled, thai " equiangular 
parallelograms are to one another, as the products of the 
mimberg proportional to their sides." But he has not given 
to the expressions the forms most convenient for the suc- 
ceeding pans of this work. In making the transition from 
pure geometry to algebraic solutions and demonstrations, it is 
important to have it clearly seen that the geomelrical princi- 

ElcB are not ahered ; but are only exprcssiid in a dillerent 
mguage. 

Note X. p. 307. 

Tliis section comprises very httle of wha! i? commonly 
tmderstood hy lite application of algebra to geometry. The 
priiicipa! oliject has been, to pre])are the way for ihe other 
parts of the' course, by slating ilie giounds of ihe algehrac 
notation of geometrical quantities, and rendering it fanilliat 
by a few examples. 

On the construction and solution of problems. See New- 
ton's Arithmetic, Simpson's Alg. Sec. 18 and appendix, Ln- 
croix's App. Alg. Geom., Saunderson's Alg. Book xin, Ana- 
lyi Inst, of Maiiii Agnesi, Book i, Sec. 2, and Emerson's 
Alg Book n, Sec. 6. 

Note Y. p. 320. 

On the equations of curves, the geometrical coiistructiort 
of equations, tlie finding of loci, &c. see Maclaurm's Alg_ 
Pari III, and appendix, Newton's Arilh., Emerson's Alg. 
Book II, Sec. 9, Do. Prob. of Curves, Eiiler's AnaL Infin., 
Waring's Prob, Alg. and Mansfield's Essays. 

Among the subjects which, for want of room, are entirely 
omitted in this introduction, one of the most interesting is the 
indeterminate analysis. No part of Algebra, perhaps, is bel 
ter calculated to exercise the powers of mvcniion. Bnl other 
Iwanches of tlie mathematics are so little de|iendenl on this, 
that it is not absolutely necessary to give it a place in an ele- 
vneniary course. , 

See, on this subject, Euler's Alg. Vol. u, with Lagrange 9 
additions, Saunderson's Alg. Book vi, Bonnycaslle'a Algebru, 
and the Edinburgh Phil. transJictions, Vol. u. 
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